
l.llTANTI]N/I I E''ADS ANTTì IT^ÍTì\I|.\A,,,/rJt r.. lJ ¡¡.I \¡., Lr\,, tLJlìll_rr-t

Scattering Theory

Malcolm McMillan

Department of PhysÍcs

The University of British Columbia

Copyright @ 1996 by Malcolm McMillan





Preface

Contents

SCATTERING THEORY

INÏRODUCTORY REMARKS

PRELIMINARIES,....
introductory remarks

Fundamentals

Coordinate/m omentu m bases .

Angular momentum bases .

Green's operators

SCATTEBING STATES , .

lntroductory remarks

ln- and out-asymptotes

Møller operators

Scattering eigenkets

Coordinate-space wave f unctions
ln- and out-wave f unctions

Scattering f unctions

Preparation in a mixed state . .

Some derivations .

v

I

!)

5

10

17

31

o/

Chapter 1

Chapter 2
Õ1

2.2

2.3

2.4

2.5

Chapter 3

3.1

\).¿

o.ö

.)- +

QE

.J-r)

Q-7

Chapter 4

4.1

ÀÒ

4.4

4.5

4.tt

40

44

49

49

52

56

60

SCATTERINGOPERATOR .....,.. 65
lntroductory remarks ......65
Definition ........ 65
Properiies .......66
Scatteringamplitude .......71
Cross sections ....74
Differential cross section ....75
Total cross section. .......76
Some derivations. .... 78



Chapter 5

5.1

5.2

5.3

Chapter 6
6.1

o-z

6.3

6.4

6.5

6.6

Chaplet 7

7.3

TOPERAïOR ....87
lntroductory remarks ......87
Definition ........ 87
Properties .......88
Determining phase shifts and bound-state
energies ... .... 92
Themethod ......92
Soluble example: separable potential ........ 93
lnverse scattering problem: separable potential 94
Some derivations. .....95
SCATTERING EIGENKETSREVISITED . . . . 101

lntroductory remarks 101

Properties of scattering eigenkets 101

Propenies of partial-wave eigenkets 103

First Born approximation: some results 1OB

Solving the nonrelativistic scattering problem . . 111

Standard integral and differential methods . . . . 111

Some exact results . 113

Variable phase differential method 116

Some derivations. 118

PARTIAL-WAVE AMPLITUDES REVISITED. - .

lntroductory remarks

Def in ition

Complex momentum and energy

Analytic properties

Resonance

Levinson's theorem 132
¡ry, equations ß2
Complex angular momentum; Regge poles . . . 136

Analyticproperties .......137
Regge expansion of the scattering amplitude . . 138

121

121

121

122

123

127

7.4



7.5

Appendix A
4.1

4.2
4.3

Appendix B

Some derivations .

Unitarily-equivalent potentials
lntroductory remarks
The unitary transformation
An example

Riccati f unctions

141

146
146
146

149

152





Preface

Tlre six volumes of notes Quantum Leaps and Bounds (eLB) form the basis
of the introductory graduate quantum mechanics course I have given in the
Depa'tment of Physics at the university of British columbìa at various times
since 1973.

Tlre six volumes of QLB arc

. Introductorlt Topics: a collection of miscellaneous topics in introductory
quantum mechanics

. Scrûtering Theorl: an introduction to the basic ideas of quantum scattering
theoty by considering the scâfteritg of a relativistic spinless particle from a
fìxed target

. Quantum Mechanics in Fockspace: aî in:'odttclion to the second-quantization
description of nonrelativistic mâny-body systems

. Relativistîc Quantum Mechanics: an introduction to incorporating special
relaLivity in quantum mechanics

, Some Lorentz Invariant Systetns: some examples of systems incorporating
special relativity in quantum mechanìcs

' Relativistìc Quantum Fieldrheory: an elementary introduction to the relativis-
tic quantum freld theory of spinless bosons, spin ] femions and antifermions
and to quantum electrodynamics, the relativistic qïunto- fìeld theory of eleo_
trons, positrons and photons

pLB assumes no familiarity with relativistic quantum mechanics. It does
assume that students have taken undergraduate courses in nonrelativistic quantum
rnechanics which include discussion of the nonrelativistic schrodinger. equation
and the solutions of some standard problems (e.g., the one-dimensional harmonic
oscillator and the hydtogen atom) and perturbation theory and other approximation

v11



methods.

pLB assumes also that students will take other graduato courses in condensed
matter physics, nuclear and particle physics and relativistic quantum field theory.
Accordingly, our puryose n QLB is to introduce some basic ideas and formalism
and thereby give students sufficient background to rcad the mâny excellent texts
on these subjects.

I am happy to have this opportunity to thank my friends and colleagues I.K.
Affleck, R. Banie, B. Bergersen, M. Bloom, J. Feldman, D.H. Hearn, W.W. Hsieh,
R.I.G. Hughes, F.A. Kaempffer, A.H. Monahan, P.A. Kalynìak, R.H. Landau, E.L.
Lomon, W. Opechowski, M.H.L. Pryce, A. Raskin, P. Rastall, L. Rosen, G.W.
Semenoff, L. Sobrino, F. Tabakln, A.W. Thomas, W.G. Unruh, E.W. Vogt, G.M.
Volkoff and N. Weiss for sharing their knowledge of quantum mechanics wlth me.

I also thank my wife, Henrietta, for suggesting the title for these volumes
of notes. Quite conectly, she found my working .j.tle Elements of Intermediate
Quantum Mechanics a borc.



SCATTERING THEORY





Chapter 1 INTRODUCTORY REMARKS

Much of our understanding of the structure of matter including the existence of
the atomic nucleus and the existence of quarks comes from analyses of scattering
experiments.

Our purpose in this pafi of QLB is to introduce the basic ideas of quantum
scattering theory for the simplest case, the scattering of a spinless particle by a
fixed target, and thereby give the reader sufficient background to read research
papers ald the many excellenf fexts on the subject.

Goldberyer and Warson (1964), Landau (1996), Morse and Feshbach (1953),
Newton (1966), Taylor (1972) and Weinberg (1995) are recommended for furrher
reading.

Monahan (1995) is recommended for the theory of scattering of two relaúvistic
particles with spìn, scattering in relativistic three-particle systems and scattering
in a relativistic two-body system where a third pafiicle can be created.

In the six chapters which Îollow, the quantum mechanics of a single spinless
par-ticle is reviewed in chapter 2, scattering states and Møller operatol.s are defined
and discussed in chapter 3, the scattering operator is defined and discussed in
chapter 4, the 7 operator is defined and discussed in Chapær 5, standard methods
for solving the scattering problem are given in Chapters 5 and 6 and exlensions
to complex momentum and energy and complex angular momentum are given
in chapter' 7. A construcúon of a familty of interaction potentials which are
equivalent for scatteri'g is given in Appendix A and some properties of Riccati
functions which are important for solving the scattering problem are given in
Appendix B.





Chapter 2 PRELIMINARIES

2.1 lntroductory remarks

In this chapter we consider a relativistic spinless particle of rest mass r¿
interacting with a fixed target. The material presented in this chapter is a review
and extension of QLB: Some Lorentz Inyariant Systems Chapter 2 wherc the
quantum mechanics of a fiee relativistic spinless paricle is discussed in detail.

The machinery of quantum mechanics is set up and properties of the in-
teraction potenûal between the particle and target are discussed in Section 2.2;
coordinate/momentum and angular momentum bases for the Hilbert space are dìs-
oussed in Sections 2.3 and 2.4 and Green's operators are defined and discussed
ìn Section 2.5.

2.2 Fundamentals

The physical system is a spinless particle of rest mass rn interacting with a
t¿ü-get fixed at the origin of the coordinate system. The fundamental dynamical
variables of the system are the Cartesian coordìnates and momenta

x7, x2, x3., P1 ,P2., p3 (2.1)

whioh satisfy the fundamental quantum condrtions



[x,,xÀ] 
: o

lr;,rol : o

lxi,ehf : m¡x

(2.2)

(2.3)

(2.4)

wherej,k-1,2,3.

The s tate of the particle I lþ(t) > ar úme ú is

I ,þ(t) >: u(t) l,þ > (2.s)

where I ty' > is the stato at time zero and t/(l) is the evolution operator, that
is,

tl(t): 
"-;nt¡n

(2.6)

H: HolV (2.1)

whe-re-



Ho : JF 
"2 

+ *:44 (2.8)

wlrere P2 : F .F ana

v : v (xI, x2, x3, P7, p2, p3) : v (f , F) (2.e)

TIre potential v given by (2.9) specif,es the inreraction of the particre with
the fixed ttget. V is a local potential if

v:v(r) (2.10)

V is a central potential if

v : v(R) (2.1U

/ -"=-------=where Ã : t/X X.

Comments

1 . Relativistic kinematics

(2.8) indicates rhat the speed of the particle is restrjcted only the the principle
of special lelativity.



Reiativistic krnematics will be used throughout this material unless stated
otherwise.

2. Nonrelativistic kinematics

When nonrelativistic kinematics are used (2.8) is replaced by

3. Restrictions on the interaction potential

We assume that the physical system is invariant unde¡ rotations, space inver-
sion and time reversal. As discussed in QLB: Relativistic Quantum Mechan-
j¿s, it follows that Y must satisfy

where P is the space-inversion operator, T is the time-reversal operator and
fi/(d) is the rotation operator for a rotation by d about the j-axis. That is,

PJ(0): e-iue/h (2.t6)

p2
H¡: ?- '2m,

(2.12)

f( (qv RIi (q : v

PVPT - V

TVTT:V

(2.13)

(2.t4)

(2.ts)



where

L:XxP (2.17)

is the angular momentum operator. It follows from (2.13) that

lv, ril : o (2.18)

that is, angular momentum is conserved and it follows from (2.14) that parity
is consered.

It follows from (2.13) to (2.15) that

v$,F) :v(*R,,Fø) :r( È,-F) :v(Ì,-F) eß)

i¡r,: ttçe¡iøtçq

Fp,: ø1e¡Føt1s¡

(2.20)

(2.2t)

(2.19) holds if V is a central potentiat (2.11)



2.3 Coordinate/momentum bases

The operators XI , X2 , X3 and P1, P2 , ps each form a complete set of
compatible observables. We denote their simultaneous eigenkets by

I i >:lx\,12,rr >

l i >:l pt ,p',pt >

(2.22)

(2.23)

respectively. These eigenkets may be used as bases for the Hilbert space. That
is,

<Éli>:6(i-y)

<ilí>:6(i-í)

(2.27)

(228)

where á(/ - y') and 6(f q] are 3-dimensional Dirac delta functions.l

(2.24)

(2.2s)

(2.26)

xi: l a3,l i >.ri <il

P¡ : I ¿'rlF> pi <Fl

t : I a3, I i >< i,: I o'ol p-><dl



I ,þ@,t) I 
2 drr d'2 dr3 (2.32)

rs the probability thât the patticle is in the volume drl drz dz3 about the point
(r1 , 12 , "3) at time ¿.

4. Momentum-space wave function

The momentum-space wave function for the particle is

,þ@,t) :< il,þ(t) > (2.33)

and

l rþ@,Ð I 
2dp1 

d,p2 dp3 (2 34)

is the probability that the particle has momenûm in rhe volume d1| dp2 dp3
about rhe point (pr,p2,p3) at time r.

5. Relationship between wave functions

t2



Comments

I . Transformation function

It follows ftom (2.2) to (2.4) that

2. Notation

l will usually be replaced by f,.k as per (2.30).

/+\
And we write /({'.) in place of /(p1 if it is convenienr

We choose not to use units where k : c : 1 for pedagogic reasons.

3. Coordinate-sDace wâve function

The coordinate-space wave function for the particle is

tþ(î,t) :a i 1lþ(t) > (2.31)

< É tf >: (*)' ",,, (2.2e)

i: f"É (2.30)



,þ(i, t) : (*)' ¡ o r 
",Ê 

u+ (i,,¡

.q/ f \2 I -al*.t ) - l"A) J 
d3r "-iþ'i,¿tt.i)

(2.3s)

(2.36)

It follows ftom (2.29) that

6. Spectral decomposition of the free-narticle Harnilfonian

The free-particie Hamiltonian (2.8) is a functton of momentum so

,e: l@;¿i ^z.E (2.38)

1twnereP-: P P.

J. Lorentz factor

The Lorentz factor 1 is

no: f ar¡,lF>,0<Fl (2.37)



")Tkrl¡r-!-
' mc2 cLlc Y ' p'" /t--æl¿

(2 39)

where

ep:ka (2.40)

and u2 - d. u- where

- c'p
ep

(2.42)

p6 rs the inverse of the Compton wavelength of the particle and o- is the
velocity of the particle when its momentum is pÌ.

8. Spectral decomposition of the free-particle evolution operator

The free-particle evolution operator U¡(f) is defined as

LIs(t): .-iuot¡n (2.43)

TNC

Fc: .n (2.41)



It follows hom (2.37) that

9. Form of the Hamiltonian

It follows using (2.37) that the Hamiltonían (2.7) may be expressed as

< i I V I y" > and < i I V I { > are, respectively, rhe coordmate_space ancl
momentum-space representatives of the interaction potential.

If the porerfial is local, thar is, if (2.10) holds, then

<ilv Ii>:v(i)6(i-y) (2.46)

10. Nonrelativistic free-trarticle Hamiltonian

'When nonrelativistic kinematics are used (2.37) is replaced by

15

u'@: ld'pli>" -¿eet/rL <il (2.44)

(2.4s)

u : / o'o I F>,, < øl + | cfrtl3y | È >< i lV I y- >< a- |

- I o', I F>,, < Þl + | a'ra3q I i>< ilv I d>< il



tto: I ¿'plt, fi.¡1 (2.41)

It follows hom (2.29), (2.35) and (2.47) fhàf

1 1. Nonrelativistic Schrodinger equation

When nonrelativistic kinematics are used in the coordinate-space Schrodinger
equation

< i 1 H l,þ(t) >: ;nfi < e l,þ(t) > (2.49)

it follows from (2.48) that, with a local potential (2.I0), ú(d,t) satisf,es rhe
nonrclaúvistic Schrodinger equation

Sv',ltt. t ) t v (ì)t)(i.r ) -,uUÚX' " (2.s0)

(2.48)

< i I Ho 1.,þ(t) >: I o'0. t t i, * < i),þ(t) >

r,2- h''r'¡'')



2.4 Angular momentum bases

The operators R, L2 , L, and p, L2 , L" wherc

each form a complete set of compatible observables. we denote their simult¿neous
eigenkets by

I rlm¡ >

lplrq >

(2.ss)

(2.s6)

tespectively. These eigenkets may be used as bases for the Hilbert space. That

17

/+-R:VX.X

/-= -D 
- 

\/ D D

L2 : i,-í

L" : L3

(2.st)

() \1\

(2 s3)

(2-s4)



(2.s7)

co+¿i
R:t L lo,lrtm¡>r1rtm¡l

/=0 m¡:-l "O

oo+rT
P-I t ldp'pt*¡>p<ptmtl

-l:o *--:t(
(2 s8)

co+i?
L' --, \) I o, I rlm¡ > t(t t ttk2 <. r'tm¡ 

.

tÁ i-,-r(

co+¿T
:t t I aplpt-,>1(/+r th2 <ptm¡1

tÁ *-,-t(

(2.s9)

co+¿i
¿.-t t I drlrt-¡ > m¡ñ.< rtm¡lz---J z---t I '

¿-0 r¿¡:-l I

co+lT
: I t I apl pt-,) m¡k < ptm¡ 

1

--,*=,J

(2.60)



co+¿T,:t t la, 1,t-,><rr,m¡l
t:O mL:-I lt

,)o +¿ T
-t t lap1pt",><pt-tl

1=0 m¡:-l "n

(2.61)

< rlm¡ | r' l'm', >: 6(r - r') 6¡,6^,*i

< plmt I ptltml >: 6(n - 7t')6¡,6^,*i

(2.62)

(2.63)

Comments

1. T[ansformation functions

The transformation functions connectìng the I d >, i d >, I rlm¡ ) and
I pl*t > eigenkets are

6(r - r'\lilr'lrn¡>: \ / Yt,n,(g,.?,)r

/-:- 1, , ,
I 1Z llKrl< .i I nlmt >- i¡ r /- Y Yt.,(0r.;r)Vrk ?'

(2.64)

(2.6s)



< il p't*t;:6(P --P') Y^,(op,pp)p

a f I rtm¡ r: (-o)'l #1$u*,{ro,ro)

(2.66)

(2.61)

l rtm¡ t pt'.'t ,- / 
1f I itrt rld¡pt^,.,
v În

(2.68)

, ,-=----=
where r : \/ì'i in \2.64) and (2.65), p : .,fii in (2.66),'it(r) is a
Riccatì-Bessel functionl and Y¡^,(0,g) is a spherical harmonic.

2. Partial-wave expansion of a Þlane wave

It follows wing (2.29), (2.61), (2.64) and (2.67) tha?

,;i ; - ooË Ë i'lP Yi.,rg¡.e¡)\i.,10,.ç,r¿---t z--2 krl:0 m=_l

= Ë,r, +,tli",Ï) P¡\coso4-¡)
ín tíT

(2.6e)

where d¡ , is the angle between k and d and P¿(z) is a Legendr.e polynomial

(2.69) is t.l.re standard par'úa1-wave expansion of a plane wave.

' So-" p.oFerties of Riccâti furctions are given in Appendix B.
2 The second equality in (2.69) follows using the adclition theorem fo¡ sphedcal ha¡monics.

20



3. Coordinate-space/angular momentum wave finction

The coordinate-space/angular momentum wave function for the particle is

tþ¡*,(r,t) :< rlrnt ) rþ(t) > (2.70)

and

I tþ¡, ,(r,t) | 2 d,r (2.71)

is the probability that the particle is a distance from the origin between r and
r * dr with angular momentum Ik and z-component of angular momentum
'm¡k al fime t.

It follows ftom (2.64) that the coordinate-space wave function (2.31) may be
w¡itten as

(2.12)

4. Momentum-space/angular momentum wave function

The momentum-space/angular momentum wave function for the particle is

,h*,(p,t) :q plm¡ 1rþ(t) > (2.73)



,þm,(p,t) I ",lp (2.'14)

is the probability that the particle has magnitude of linea¡ momentum be-
tween p and p I dp with angular momentum /fi, and z-component of angular
momentum m¡ft at time t.

It follows from (2.66) that lhe momentum space wave function (2.33) may
be written as

co +¿

ati. t) :t I !!!!!)Y¡-,10r.çot
n

l:0 mt--l
(2.15)

5. Relationship of wave functions

It follows from (2.68) thât the coordinate-space/angular momentum and
momentum-space/angular momentum wave functions are related according to

. lt.n. r
úr*,(r.t\ - ;'ll _ I dkjt(kr)tþrnt(k.t)y 7T ,l

0

. rr"¡
{¡^,1k.1) : t il 1f } I (trir\k, )ut.Jr. t)y rn .l

0

(2.'76)

(2.7'7)

which equations are consistent with (8.27).



co+¿T
øo-I D lorlpt.t>cpcptm¡ |

I:0 mt=-I I
(2.18)

6. Spectral decomposition of the free-¡¡article Hamiltonian

Tlre free-partiole Har¡iltonian (2.8) is a funcrìon of P defined by (2.52). lt
follow.s that

7. Spectral decomposition of the free-particle evolution operator

It follows from (2.78) that the free-particle evolution operator (2.43) may be
expressed as

8. tr'orm of the interaction potential

It follows using (2.18) that

< rlm¡ lV I r'l'm'¡ >- Dr(r,r')6¡'6or*i

< plru lV I p'l'm'r>: ut(k,k')6¡,6^,,-,

(2.80)

(2 81)

+¿T
ur(/l-I t I aplpL-¡> e-iPtlh <ptntl?.: _ ,.]t:A m L--t 0

(2.19)



u¡(r,rt) and u¡(k,kt) are, respectively, the coordinate-space/angular momen-
tum and momentum-space/angular momentum representâtives of the interac-
tion potential.

It follows from (2.68) that

9. Central potential

For the central potential (2.11)

u¡(r,r') : V(r)á(r - r') (2.84)

u ¡ (k, *' ) : I i o, o,' ¡,rk,¡u¡ (,, r,)ît (k, r,)
0

oor-
u¡(r.r/) : n I atat'i¡1t'r)t)t(k.k')î{k'r')

.l
0

(2.82)

(2.83)

1r
; I dr j¡(kr)V (r).j ¡(k' r\n.l

0

u¡(tt.k'): (2 8s)



10. Yukawa potential

V(r) is a Yukawa potential if

V(r) : -se-P'lr (2.86)

The constants g 
^nd 

l lp are the strength and range of the potential.

It follows from (2.85) and (8.28) rhar

^.tr- t-! \ I n lt'2 + k'2 I /2\urftr.r/-- "qr\ Zkkt )
(2.87)

where Q¡Q) is a Legendre function of the second kind.

11. Coulomb potential

The Coulomb potential

V (r) : Zr7t"z ¡, (2.88)

where ¿ is the charge of a proton is the special case of (2.86) when

¡t:0

g: - Zt Zze2

(2.8e)

(2.90)



While the Coulomb potential decreases too slowly at large distances to satisfy
the roquirements of the scattering theory developed in Chapter 3, we will
nevertheless recover the Rutherford cross-section fonr-rula in Chapter 6 via
the special cases (2.89) and (2.90) of the Yukawa potential.

12. Superposition of Yukawa potentials

V(r) is a superposition of Yukawa porenrials if

y,,¡ - i p@) e-" do

.l r
(2 eI)

where p(o) is any arbitrary real function for which the integral converges.

13. Square-well potential

V(r) is a square-well potential if

The constants Vo arld a are the strength and ralge of the potenúal

14. Hard-sphere potential

V(r) is a hard-sphere potential if

V(r) : -Yo

:0

when r<CL

r>a
(2.92)

when

26



7(r) : 6¡

:0

when r<a

when r>a
(2.93)

The constant a is the range of the potential.

15. Separable potential

The potential is a rank- 1 separable attracúve potenfial if

Dt(k,H) : -,t(k),iØ')

ut(r, r') : -u¿(r)t,i (r')

(2.94)

(2.9s)

It follows from (2.82) and (2.83) that

It r
(k) : | ; l a,'i,$'r¡,,1,¡

0

co

-t(,'): t/n I d.ki¡(kr)u¡(k)
.t
0

(2.96)

(2.e7)



16. Boundary Condition Model

In The Boundary Condition Model the potential is assumed to vanish for
distances greater than a boundary radius (which may be depend on the an-
gular momentum) while at lhe boundary radius the logarithmic derivative of
the coordinate-space/angular momentum wave funcúon satisfles a boundary
condition.

The Boundary Condition Model for nonrelativistic kinematics is equivalent
to the rank-2 separable potential

wìrere /¿/r¡, is the logarithmic derivative, r¡, is the boundary radius and
rü-ro,+o'

It follows from (2.82) that the momentum-space/angular momentum repre-
sentative of (2.98) ìs

where prime on the nght side means differentiation with respect to the argu-
ment and a : kro, and fJ : ktrol

Fol further discussion of the Boundary Condition Model see Breit and Bouri-
cius (1949) and Feshbach and Lomon (1956).

ro, *0 meaDs that r.'¡(r,r') is evaluated atro, *4 where4> 0 a¡rd the limit4 * 0 then tâken.

= #l#,tO- "fr)o(r'-'il) + á(" -,*)á'("'- "")]u¡(r,r') (2.98)

2mrg, Irît@)1,@) - pî,r"ûífÐl,¡(k, k') (2.ee)



For fulther discussion of the separable potential (2.98) see McMillan (1961)
and Lomon and McMillan (1963).

17. Expressions for the Hamiltonian

It follows from (2.78), (2.80) and (2.81) rhat rhe Hamiltonian (2.7) may be
expressed as

which forms show explicitly that angular momentum is conserved

I 8. Nonrelativistic free-particle Hamiltonian

For nonrelativistic kinematics (2.7 8) is replaced by

c.,+¿T
#:t t I aplpt^¡>ro< ptm¡l

t:O mL:-l I

co+li
+t I l,L¡,ap' lpln¡> u¡\k.tr) < pltmt

tÁi-,-td

(2.101)

(2.100)

" -Ë Í i or1 r,-,> c,< ptm¡l
-F-o --,-t J

-Ë Ë i o,o, 1 rt,m¡ > u¡(r.rt) qr'!Lm¡l
t:o me-[(t



+¿?2Ho:I Ð l rrlpl.t> fi < nt^rl
t=o '¡,--¡ {

(2.r02)

1"2<rlm¡l H¡lq(t)t- I ¿p 1 rlm¡ pl.t> !- < plm¡ ) þ\t) >.l 2rno 
(2.103)

ft2 I a2 t(t + til__t__, . -,t"., 
,1r./)2ml Arz ' ¡-z

It follows using (2.68), (2.76) and (2.102) thàt

19. Nonrelativistic Schrodinger equaton

When nonrelativistic klnematics are used in the coordinate-space Schrodinger
equation

^<rlm¡l H I alt ) r:,rô, <rlm¡ a(t) > (2.104)

it follows from (2.103) fhat, with a central porential (2.11), ry'¡-, (r, l) satisfies



l*( #- ry+) + y(r)l tb¡_,(r.t) - ,nô,,2(,,-tI (2.r05)
Lzm\ orz 7¿ / ) "'"' ðt

the nonrel ativistic Schrodinger equation

2.5 Green's operators

We detne Green's operators

Gs(z) : 1

-ùz-LlO

1

z-H

(2.106)

(2.101)

where 116 is the free-partìcle Hamiltoniarì (2.8), H is the Hamiitoni an (2.7)
including interaction, 7 is the interaction potential (2.9) and z is any complex
number (which has the dimensions of energy) for which the inverses exist.

Properties

1. Spectral decomposition



G¡(z) is a known operator. It follows fuom (2.37) and (2.78) that

cot¿t - [ dtpl p', -_l-. ¿¡
J / - (p

co+Ii
= t I I ar rr-,t r-1- < pLrn¡ 

,

t-om¡: lf z-tt'

(2.108)

2. LiÌrpmann-Schwinger equations

It follows from (2.106) and (2.107) that

G-1Q)-G;1(z)-v (z.roe)

and therefore

G(z) : coç,¡ + Go(z)v G(z)

G(z)-Gç(z)+G(z)VGoQ)

(2.110)

(2.tt1)

(2. 1 10) and (2.71,1) are Lippmann-Schwinger equarions lor G(z).

3. Neumann series

It follows from (2.110) and (2.111) that

G(z) - Ll - G¡(z)Vl-tG¡(") : Go(")Í - vG¡(z)l-I (2.112)



Expandìng either inverse in (2.i12) yields

G(z) : Gs(z) + Go(z)VGn(z) + Go(z)vGç(z)VG¡(z) +... (2.113)

(2.113) is the Neumânn sedes for G(z); ít yields an approximation for G(z)
when truncated at a finite number of terms.

4. Analytic properties

It follows from (2.108) rhar rhe funcrion < ó I Go(") | X > of rhe complex
variable z has branch points at mc2 and cr,.

5. Principal-value Green,s operator

In vìew of the identity

(2.114)

where 2 denoæs principal value, it follows that for ¡eal e

G6(e | i0) : Go(.) ¡ ir6(e - Ho) (2.11s)

where t-he plincipal-value Green's operator G-6(.) is defined as
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do(.) : -+ - I atp I p'r,I . t,e n0 J (-rl

c.+ri
-t t Jao1r,*,t ' <ptmr,

| | _ (p
I:0 mt:-l "o

(2.116)

I (2.117)

denotes that the prìncipal va.lue of the integral is taken.

Go(.) ß often calied the standing-wave Green's opeÍator.

6. Matrix elements

It follows from (2.29), (2.68) and (2.108) thal

< i 1c6(z) lr': 13)t I d3kcii tí-il
\L^/ J 4-(p

. ') i ¿*i,t *,û,tt,, t<rln¡lCo\z) y'lm¡>-1, 
2 (p

(2.1 18)

(2.119)



7. Nonrelativistic expressions

When eo is replaced by rnc2 ¡ p2 f 2m in (2.118) and (2.119) ìt follows using
(8.29) rhat

- "iy6Ã, 
..'t1t-¡¡n

<.r l(J0(¿) | lJ >: -21úr-- lr _ gi I Q.l20t

< i I Gç(e, + i0) | í >: - -t- ##
- --,= m cos*lr-y-l1r l0¡(t ol I s )>- 2,tF-l¡_ n

(2.t21)

(2.t22)

1r.lm¡ t Cs(rr*i0)l /tm¡t -ffij,,1r,¡îf¡.r,t

< rlnt¡l Co(,¡l | ,'lm¡ >- -#jrlkr.)ñtlkr,)

(2.123)

(2.124)





Chapter 3 SCATTERING STATES

3.1 lntroductory remarks

We begin the description of scattering of the particle by the target in this
chapter. Our main purpose here is to defrne and describe scattering states; further
development of the theory and techniques for solving the scatterìng problem are
given in Chapters 4, 5 and 6.

We define scattering states in Section 3.2, Mgller operators in Section 3.3
and scattering eigenkets in Section 3.4. Coordinate-spâce wave functions are
considered in Section 3.5 in order to give further insight into the scattering process.
Preparation in a mixed state is considered in Section 3.6 and derivations of some
results are given ìn Section 3.7.

3.2 ln- and out-asymptotes

The esser.rtial feature of scattering is that the partìcle behaves as a free particle
well before and well after collision with the target.

The average position z-(¿) :< ,þ@ I i l rþG) > of the particle in a scatrering
state is a straight line weli before and well after the collision; ã(l) can be as

shown in Figure 3.1.



Figure 3.1 A scattering state

In mathematical terms, a scattering state (2.5) satisfies

rr.ft)lL)

â

d.ø= d(<.se)a g

U"k)lv,) uoltJl9,")

qrt)tt")

U(Ð l,þ >-- Uo(¿) | úin >

U(t) l,þ >-- U¡(r) | úout >

as

as

¿ --+ -co

I --+ *co

(3.1)

(3.2)



for some | úin > ana | úout > where U¡(l) is the free-paticle evolution operato(
(2 43).

Comments

1. Restrictions on the potential

The existence of the limits (3.1) and (3.2) restricts the form of the interaction
potentiâl. Clearly, < ilV li > must be sufficiently shoft-ranged, not roo
singular at the origin and reasonably smooth.

A central potential V(r) must fall off faster that r-3 at infinity and be less
singulal than r.-ä at the origin.

2. Tn- and out-asÌ.mptoles

Uy(t) | Iþin > is the in-asymprote of rhe scanering state U(f) | r/ >.

Uo(¿) | úout > is the out-asymprote of the scattering stafe U(t) | 1þ >.

3. Bound states

Not all states of the system are scattedng states. If the potential is attractive
and sufficiently strong, there may also be bound states

(3.3)

which satisfy
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H Ib>:(blb> b:1.2., .,nb

1 b I bt >: 67'¡,,

(3.4)

(3.5)

No in- or out-asymptotes exist for the stâtes

l,k(t) >:u(t) lb>: e-i.bN/r'lb> b:r,2,...,nt, (3.6)

3.3 Møller operators

Mgller operators f)l are defined by

fì+ - lim Lrt ft\(/o(t)t- +co
(3.1)

Properties

1. Relationship between states

It follows from (3.1), (3.2) nd the unitarity of the evolution operator (2.6)
that



l,i t:,jll utlt¡uolt¡ l,þ¡n>: f¿+ l,/a > (3.8)

(3.e)| ú r: ,lïL ut 1t¡uoçt¡ | úout >: f¿_ | úout >

That is, the Mpller operators relafe the actual state of the system with the
free-particle in- and out-states.

2. Isometric operators

cllO*: r

f)+Ot:1-B

Bf)+ : olB: o

(3.10)

(3.1 1)

(3.12)

where B is fhe projection operatol onto the bound states (3.3), thât is,

nb

B:\-là><ål
12 1

ò:1
(3.13)

f)4 are one-sided unitary or isometric operators.

In view the lact that I ,þ >,I ,þin > and I lou¡ > all have unir norm, one
might think that f,)1 must be unitary. The one-sidedness of (3.10) ancl (3.11),
that is, the presence of B in (3.11), results from the fact that not all states
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of the system are scattering states.

(3.12) and the fact rhar B is projection operator fol1ow from (3.10) ancl (3.11).

(3.12) expresses the fact that scattering states are ofihogonal to bound states.

3. Intertwining equation

We show in Section 3.7 that

(3.14) is the intertwining equarion.

(3.16) is consistent with the facr rhat when B I 0 the MþlIer operarors are
not unitary and f1 and 116 have different spectra.

4. Space-time transformations

It follows from (2.13) to (2.15) thar

Rr (0)çL+RIi Q) - o+

[c,+, ¿r] : o

(3.t7)

(3.18)

u(r)ç¿+ : c¿+%(¿)

I1f,)1 : ç¿*¡70

ellacl*: øo

(3.14)

(3.15)

(3.16)



PO+PÍ : f)+

To*Tt : f^) -

(3.1e)

(3.20)

where Ër (d) is the rotation operator (2.16), p is the space-inversion operator
and T is the time-reve¡sal operator.

5. Integral formula

We show in Section 3.7 fhal

(3.21) is a key equation in developing Lippmann-Schwinger equations for
solving the scatterìng problem.

6. Relationship to the Green's ofierator

We show in Section 3.7 thàf i:t follows from (3.21) that

f^
f 11 . I I- .l 

rt'nG(t,, +iO)y I i>. i;l

+¿ i (3'22)

- | + t L, I arCf ,o + r0)r/ l ptm¡ >< ptm¡t
l:0 mt:-l í¡

+co

I drul (t)vuo(t)
.l
0

f)*:l+1'fr. (3.21)

and therefore



< q-lo+ )Ì;>:6(F- 4-')+ < ílG(op+i})v li> ß.23)

< qlmt I Qa I y.'l'rn'¡ >

: 6u'6^,^',16(p - ,j)+ < ql'm¡ | G(eo + i})v I ptrnt >l
(3.24)

We show in Section 5.5 how (3.23) and (3.24) lead ro methods for solving
the scattering problem.

3.4 Scattering e¡genkets

We defìne scattering eigenkets i p-t > and I plm¡X > by

I p-+ >: f¿+ lp->

I plrn¡t 2: Q¡ | plm¡ >

(3.2s)

(3.26)

Properties

1. Eigenkets of the Hamiltonian

It follows using (3.15) that



rIlF+>:rolFr>

H I plrn¡I >: ep I plmtX >

(3.27)

(3.28)

That is, I pa > ând I plrn¡X > are eigenkets of ,H belonging to spectral
value er.

2. Orthonormality

We show in Section 3.'7 that

< pa i sa >:6(i- i)

<P-*lô>:6

(3.29)

(3.30)

< 1:Im¡I I p'l'rnlt >: 6(p - p,)6u,6^,^,,

lplm¡Ilö>:0

(3.31)

(3.32)

3. Spanning the Hilbert space

It follows from (3.11), (3.25) and (3.26) fhat

l:ç¡+f¿l+B (3.33)



where B is given by (3.13) and

(3.33) is a decomposition of the unìt operator into orthogonal projections
onto the scattering states and the bound states.

4. Spectral decomposition of the Hamiltonian

It follows f.om (3.27), (3.28) and (3.33) that

II: H"l Ht (3.3s)

,t'-
Ar0+ - .l O"r' i- >< p-t 

I

co+¿T
: t t I rlp I ptrn¡+ s1 ptn¡t 

I

Á ^---t 
Jn

(3.34)

f^u":.1 o"oliI>rp

co+la:t t ld,plpt-¡+>
-,:o 

j1-rrn

< ii+

e, < plmtl 
)

(3.36)



no--Ðlb> e¡ <bl (3.37)

5. Spectral decomposition of the evolution operator

It follows from (3.29), (3.31) and (3.35) to (3.37) that

U (t\ - t 
"(tJUt(t) 

-- Lib(r)Llsll ) (3.38)

whele

f^
U "lt) 

: 
.l 

dt p I .i+ > P-i' PL/h < '+ 
|

.x, +t T
= t I I dp 1pt .¡-> e-itpr/t¿.- ptm¡-l

l=O *,: I I

r1 101

and

u^t) Ll1,, , "-i"tla . ut
ð:1

(3.40)



6. Spectral decomposition of the Green's operator

It follows from (3.35) to (3.37) that

G(z):G"(z)+G6Q) (3.4r)

where

nb .l

C¡z¡:f l¡t ' .öl
L=i ' 'þ

(3.43)

7. Analytic properties

It follows from (3.41) to (3.43) that the function < ó I G(") | X > of the
complex variable z has branch points at rnc2 and oo and poles at the bound-
state energies e1,. ,enn of H.

(3.42)

G"(z): lo'olF*,
oo+¿i:t t I aplptm¡+>
l-O mt:-t I



3.5 Coordinate-space wave functions

In- and out-wave functions

The coordinate-space scatfering wave function þ(í,t) def,ned by (2.31) sar-
rsfies

wlrere the in- and out-wave functions ,þin@,t) and y'roo¡(r-,1) are defined by

,Þi"@,t¡ :< ã | uo(¿) l,/in >

,þo"r@,t) :< i I Uo(t) I úout >

(3.46)

(3.47)

It follows lrom (2.37) and (2.43) that

,Þin@,t¡ : (*)+ f a, r,"o{i,-,,1ø,, (Ë)

rþoo¡(i, L) : (*)+ | a, r,"o{i r-,,1ø"* (t)

(3.48)

(3.4e)

tþlã,t) -+,Þi"@,t¡

1þ(i,t) - úout("-, ¿)

AS

âs

f ---+ -oo

I --+ *oo

(3.44)

(3.4s)



ú*(¿) :. F ,þin>

,/*t(Ë) :< p-l úour >

(3.50)

(3.51)

Comments

1 . Wave-packet

It follows from (3.44) and (3.46) that as I ---+ -oo the scattering wave function
t/(z',f) is a wave-packet whose shape is determined by l*(A)
, /:-\

úi¡ f) ß a known function determined by the preparation apparatus for the
particle.

/-\ /,\
úour [k). on the other hand. is noL known a priori: properües of ,aou¡(f 

)
ale detemined by the detection apparatus for the particle.

2- Averaqe initial momentum

The average momentum of the particle

<,,þ(t) I F 1.,¡1t¡ >-- ¡rn as I + -oo (3.52)



P¡n -< U¡(t)úin I P I Uo(t)1bh >

-f-. ú¡n I P I urin >, .l O', ,'l úintp'¡ ,

(3.53)
2

p-1n is the average initial momentum of the pafücle.

In practice, frr, is pointed towards the targer and úin(p] i, sharply peakerJ
about p-irr.

3. Average position well before the collision

The average position of the particle

<,þ(t) I x t,l,ttl >-+ din(t) as f -+ -oo (3.54)

rin(¿) :< Uo(t),þ¡n) i I Uo(t),þ,Ít>

: É¡+ õint

(3.s5)

din:<,y'in lÌ l.,t¡r: lat*il,þ¡n@)l 
t (3.s6)



üi,,:<úm lfftør",- lo'of t+i,alt 2 (3.s7)

and

where

which equation deflnes the scatterìng function ry'o-(r-).

'þtn@) -< d I úitr > (3.s8)

zir,(l) is the average position of the particle well before the colhsion.

The last line of (3.55) indrcates that the particle behaves as a relativis tìc free
plrtìcle well before the collision.

Similar equations hold for average position dool(l) of the particle well after
the collision.

Scattering functions

We writc the coordinate-space replesentative of the scattering eigenket I p1f >
defìned by (3.25) as

_n/ 1 \'< r lp+ r: \r.n) 
,p¡rl (3.5e)
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We wrrte the coordinate-angular momonfum representative of tho scattedng
crgenket I pl*t+ > defined by (3.26) as

< rtm¡l pttmt,¡ >: o,l-hfU,,k)6tl6*ú ,r (3.60)

which equation defines the paltial-wave scattering function ry'¿(r, k)

Comments

1. Notation

We use a Grook leter to label the funcrions defined by (3.59) and (3.60) for
consistency with other works on scattering theory; tþ¡(i) and tþ¡(r,,t) are not
repfesentâtives of a state of the system.

2. Normalization

It follows from (2.26), (2.61), (3.29) and (3.59) that

(*)' I a'-¡¡t¡'1';çi):6(F- tt (3.61)

f*
I tlru¡(r.k1,pi(,.|t) = ;¿(t, - t')¿,u
.l¿
0

(3.62)
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co +l
ú¡:*(r-t - n"t t i' 4Py¡^,tl*.s¡)y¡-,í0,.s,)

t:o mt--t 
(i.6i)

- î,r, + t t;t !!!:!) P¡tcos o¡-,\
l=o l¡ r

3. Partial'wave ex¡ransion

We show in Sectron 3.7 that

(3.63) is the partìal-wave expansion of tþ¡(Ê).

(3.63) becomes the partial-wave expansion (2.69) of a plane-wave when the
potential vanishes.

4. Relationship to the scattering wave function

We show in Section 3.'7 thrú

(3.64) shows how the scatterìng wave function tþ(É,t) is related to the
scattering function /;(ã).

The coordinate behavior of tþ(i,t) is approximately given bv tþ;. (ì) if
/-\ ' Yln

ú¡n[k) is shalply peaked about p-¡n.

Comparison of (3.64) with (3.48) shows that ry'(z-, f) becomes the in-wave
function ,Þ¡(i,t¡ when r/¡(d) is replaced by sik r .

(nli t À, -iut ,-.,
\; ) I dr k"-''t r/'Ëtin'in(É),þ(r',t) : (3.64)



5. Time-independent methods for solving the scattering problem

While scattering is inherentþ a time-dependent process, it follows from (3.64)
that time-independent methods can be used to solve the scatterìng problem.

Methods for determìning ú¡(4 an¿ .þ¡(r,k) are given in Chaprer 6.

Other úme-independent methods for solving the scâttering problem are given
in Chapters 4 and 5.

6. Time-independent Schrodinger equation

It follows ftom (3.27) that ty'r-(ã) saúsfies

It follows from (3.28) thaf tþ¡(r,,4) satisfies

7. Nonrelativistic time-independent Schrodinger equation

When the free Hamiltonian 11¡ is replaced by its nonrelativistic forrn (2.12)
and the interaction porential V is local (2.10) it follows from (3.65) that
ú;(ã) satisfies

.l o'r.ilHly' > 
'þr'+(Y) 

: €n,!¡¡(d) (3.6s)

T o,' . ,,*., , ,.t"
0

l,r'lrn1 > ,h(r' ,t1 : e¡þ¡(r,k) (3.66)
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lv'+t, -u(ã)],þi+@)-o (3.67)

where U(ã) is defined by

v(i\: u(í\
zm

(3.68)

Similarly, when the interaction potential I/ is a central potential (Z.II ) tt
follows from (3.66) ttrat ry'¿(r,fr) satisfies

I d, /(1+ 1)
I-;-; .Ldr r" + r,'z - uç,¡|,¡t(r,k) - o (3.6e)

The most general free-particle solution of (3.69) is a linear combinarion of
the Riccatì-Bessel function fiifrr) and the Ricceti-Neumann function ñ.¡(kr).1

Further discussion of how (3.69) is used to solve the scattering problem for
a nonrelativistic particle are given in Chapter' 6.

3.6 Preparation in a mixed state

So far in this chapter we have assumed that the particle rs prepared in a pure
state. When the parlicie emerges from the collimator of an accelerator, however,
the particle is prepared in a mixed state because the collimator has a non-zero
aperture size. We discuss the properties of such a mixed state in thìs section. We

I Some properties of Riccati functions a¡e given ilr Appendix B.
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assume that the pa¡ticle is prepared in a pure state in the devel0pment of scattering
theory in later chapters merely for convenience in writing.

A mixed state of the particle is represented by the nonidempotent density
operator

\n(t) : ¿/(¿)ìnuï(¿) (3.10)

The scattering state (3.70) satisfies

U (t)i! Ut þ) -+ Uo (t) \nin¿d (¿)

U (t)ú Ut @,-+ ¿/0 (¿)\nour¿4(¿)

as I + -co (3.7 t)

(3.72)AS f ___" +co

for some ùin and üout where i/o (t) is tlie free-parlicle evolution operator (2.43).

We assume that the collimator of the accelerator produces a particle with
average initial momentum perpendrcular to the plane of the aperture of the
coliinator. In order to accommoda.te the nonzero size of the âperture ü/in is
specified as

*ur: 
.l d2al D(d)tþin> p@.) < D(d)úinl (3.73)

where p(ã) is the probability per unit arca for preparing the particle in a pure
state with in-asyÍr-rptote derermined by ) D (d)tþin > where



D(ã):e iÞd¡' (3.74)

is the operator for displacement of the system by d.

We assume that p(d) differs from zero only if d is perpendicular to average
initial momentum of the particle. Accordingly, the integral in (3.73) is a 2-di-
mensional integral. The function p(d) is a characteristic of the aperture of the
collimator and is restricted only by the condition

Comments

1. Mixed states and the density operator formalism

Mixed states of a physical system and the density operator formalism of
quantum mechærics are described tn QLB; Introductory Topics, Chapter 5.

This formaüsm is used in Chapter' 4 to express the differential cross section
in tems of the scattering amplitude.

2. Average initial momentum

The average ìnitial momentum p]r, of the parlicle is

f a'" eça¡ : t (3.1s)
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iin:T (F u,Øv,"uj1r¡)

t^: 
.l 0"" p(d) < U0(t\D(d,\úr"l P I U¡(t)D(d)1[n> (j16)

:< úi,, I F I,þ¡n>: I o', Ut,þ¡n(ù l'

which, of course, is the same as (3.53) because rhe mixed srate (3.73) cliffers
from the conesponding pure state form only by a space displacement which
operation leaves momentum unchanged.

3. Averaqe position well before the collision

The average position rln(t) of the particle well before the collision is

xinu t -- n (i u6trr ,l¡nujrrr)

= i a2" p(d) < U|(t)Dlã)úinl Ê lU|(t)D(d)úiî> ß.17)
.t

z: ãi,, F dint

iin: ãin+ | a'*aeça1 (3.78)



where ãin and uin are given by (3.56) and (3.57), respectively.

The last hne of (3.7'l) shows that the particle behaves as a relatìvistic free
parúcle well before the collision.

The second tem in (3.78) is a vector in the plane of the aperture of the
collimator and reflects the lack of precision of the initial søte of the particle
by the collimator.

3.7 Some derivations

Derivation of (3.14) to (3.1O

It follows from (2.6) and (3.7) that

U(¿)O+: .-zlh/rt lirn "irlr/h" 
iuarlh

_ lim oiHt'-tt/rLe-iHorlf¿( e;Hot¡t r-;Uot¡n\r-Too \- - )
(3..79)

: li]r ei 
E G -t) I rL e-i H o(î -r) / rL e-iHot /r¿

¡_Tæ

: f¿+%(¿)

which is (3.14). (3.15) follows on differentiating (3.14) with respecr ro ¿ and
setting ¿:0, and (3.16) follows using (3.10).

Derivation of (3.21)

It follows from (3.7) that

where

0a: lim F(l)
¿-+co

F(Ð - uÏ(Ðuo(t)

(3.80)

(3.81)
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so (3.21) follows on noting that

t

r(r): F(o) . | *#? (3 s2)

0

dF(r\ i ,
f : iutt,tçn - H,)u¡(r): iutç,¡vuo(") (3.s3)

Derivation of (3.22)

It follows f.om (2.26), (2.44),

[ ,.,n,,]r- -; - (3.84)/ ;r*i0

and (2.107) that

+co +co

f atutçtyuoçÐ: I atutç¡vu'Q) 
l(t'elF><Fl00

+co

- [ ¿¡";ru ',,1,¡t I pru I o >< ¡-l (3.85)

J .l 
_.. ,r-,rl

0

;f: _, I d3pC(,p+io)y I p-><íln,l

The first equality ln (3.22) then follows from integral formula (3.21) for Oa.

Tlre second equality in (3.22) is derived in a similar fashion.
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<dli+>:<tlo+lp->:

: t I ar' ar' < l l rthn¡ >< rtlm¡J e¡ lp,l,rn¡ >< p,l,^,rli>
ln¡t'miN

oo tt î (3.86)

: I t l dr',lp' < Í | rt lrr¿t > < r' I-¡ I p' I*t+ > < p' t*t I i >
[:0 m¡:-l f,

I t * '' ,úttr.lc\-^t " \- \-
U rtí3 z- t-.- ''f,Yth,(9t'pt)Y-,(9''ç")

l-0 m L--l

whrch with (3.59) yields (3.63). The second equality in (3.63) follows using the
addition theorem for spherical harmonics.

Derivation of (3.29) to (3.32)

(3.29) to (3.32) follow ftom (2.28), (2.63), (3.10), (3.12) (3.25) and (3.26).

Derivation of (3.63)

It follows from (2.61), (2.64), (2.67), (3.26) and (3.60) that

Derivation of (3.64)

It follows using (3.8) that

,þ(i,t) :< i I u(t) l,þ >:< i. | ¿/(¿)o+ j úin > (3.87)



the right side of which is

t,
.l o"o . i ) U(t)a+ | p->< p-l úm >

: [ ¿', < i lu(t) lp-+ >< FI,þin> (3.88)
.t

r^: I d3 pe-i,,t/h < ¿- | pì ,< d I /in >
.J

which using (3.50) and (3.59) is the right side of (3.64).

Derivation of (3.77)

It follows using

ujlr;.{uo1r; :i+it (3.se)

and

DI@)iD(d):È+a (3.e0)

that the expectation value in the integrand in the second line of (3.77) is

<Uo(t)D(ã)úit1l i lU|(ÐD(.ì),þin>: iir* drú¡t (3.91)

which leads immediately to the lasr line of (3.77).





Chapter 4 SCATTERING OPERATOR

4-l lntroductory remarks

In Chapter 3 we introduced Møller operators Oa which relate the actual stâte
of the system with free-particle in- and out-states. In this chapter we introduce the
scattering operator s which relates the out-stâte with the in-state without direct
¡eference to the actual state.

The scâttering operator is defined in Section 4.2 and properties are given
in Section 4-3. The scattering amplitude is introduced in Section 4.4 and the
relatronship between the scattering amplitude an<l measurable scattering cross
sections is given in Section 4.5. Derivaúons of some results are given in Section
4.6.

4.2 Definition

It follows from (3.8) ro (3.i0) rhar

| 'y'out 
>: ,9 | '/in > (4.1)

where | {in > and I /oo1 > are given by (3.1) and (3.2) and whe¡e rhe scattedng
operator ,9 is def,ned by

s : r¿ir¡+ (4.2)

where f)1 a1e the Møller operators (3.7)



4-3 Properties

Relationship between states

(3.8) and (3.9) show that the Møller operâtors ¡e1ate the actual srare of rhe
system with the free-particle in- and out-states.

The scattering operator (4.2), on the other hand, relates the out-state with the
in-state without direct reference to the actual stâte.

Main goal o[ scattering theor.y

The main goal of scattering theory is to express the out-asymptote
I/o(t) | r¡oo, > in terms of the in-asymptoæ ft(r) I ú¡., > wrthout further
direct reference to the experimentally indeteminate detaits of the scattering
stateU(¿) lú>.

The main goal of scattering theory therefore is to determine the scattering
operator S.

3. Unitarity

'We 
show in Section 4.6 th^t

gIg: ggf : 1 (4.3)

Unlike the Møl1er operâtors, the scattering operator S is unitary

4. Conservation of

We show i¡ Section 4.6 th¿.t



uo(¿)suJ(/) : s (4.4)

ând therofore

[s, ¡¡o] - o (4.s)

(4.5) states thât energy is conselved in the scattering process.

The appearance of f16 in (4.5) corresponds to the fâct that the particle is
asymptotically free.

It follows using (3.8), (3.9) and (3.16) that conselvarion of energy in the
scattering process may be expressed

<,þ(t) | H I?r(¿) >:<,þ I H l,þ >

=< úm I Ho l,þin >:< úour I Ho l,þow>

(4.6)

The last equality in (4.6) with (4.1) is consistenr wit¡ (4.5)

5. Space-time transformations

It follows from (3.17) to (3.20) thaf



ni ¡o¡s ati 1o¡ : g

[s, r'1 : g

(4.1)

(4.8)

pspl : .9

tstl:.9.1

(4.e)

(4.10)

where Ar (d) is the rotation operator (2.16), P is the space-inversion operaror
and T is the time-reversal operator.

6. Spectral decomposition; phase shifts

It follows from (4.3), (4.5) and (4.8) thar

(). +l i
5:t t I aplpL*,> e2i6L\P\ < ptmtl

l=o rnt--I I
(4.11)

where á¿(p) is real. (The lactor 2 rn the exponential is inseræd for later
convenience.)

6¿(p) is the l-th partial-wave phase shift. We show in Chapter 6 that á¿(p) is
the shift in the phase of the partial-wave scattering function due to scattering
by the target.



It follows from (4.11) that the main goal of scatterrng theory is to determine
the parrial-wave phase shifts.

7. Reactance operator

The reactance operator 1l is defined by

fq
l(:¡: ", (4.t2)1+S

It foilows from (4.12) rhar

^ 1+;h
I - Xh

(4.13)

1l is hermitian; its spectral values ar.e i.eal. It follows from (4.11) that

co+li
/(-I I la7'lpt.,¡ianò¿fp) <ptntl

1=0 m¡:-/ fi

(4.1.4)

8. Dyson series

We show in Section 4.6 that

,e:1r 2#A I cttl- .dtnP(uo(tr) .vo(t,,)) (4.15)



where

Vo(t) -- eig"l/hV e-iHatlh (4.16)

P(uo(tl "'Vo(t")) - Vo(L¿)'..v0(t¡) where r¿ > .. > t¡ (4.17)

V6(l) is the potential in the interaction picrure.

When operating on a product of time-labelled operators, the oporâtor P yields
a time-ordered product of operators, the latest occurrìng f,rst in the product.

(4.15) is the Dyson series for the scattering operator; it yields an approxima-
tion for "9 when Íuncafed at a finite number of tems.

It is clear from the derivation that (4.15) is not restricted to the scattering
of a spinless particle by a fixed target. Valid quite generally it is one of the
main tools used to calculate the scattering operator in relativistic quantum
fleld theories.

9. Integral formula

We show in Section 4.6 Ihat

and

il; I dtu¿(Ð{v,u (2t)} u ;(t )n, I
0

or (4.18)
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where {,4,8} : AB + BA.

(4.18) is a key equation for developing Lippmann-Schwinger equations for
solving the scattellng problem.

10. Relationship to the Green's operator

We show in Sectìon 4.6 fhat ir. follows from (4.18) that

< q-l (s - 1) I p->: _.T. 
U t {v,G(z)} 1'¡ > (4.1.9)

<rtlmtl$-1)lpl'mt¡>

: -T6u,6,.,,.1 < qt*t I {v,G(z)} J ptm1

(4.20)

wherez:TGr+eo) +i0.

We show in Section 5.5 how (4.I9) and (4.20) lead, ro methods for solving
the scattering problem.

4.4 Scattering amplitude

It follows from (4.5) that the momentum representation of the scattering
operator (4.2), thaL ìs, < q- | ,9 I p- > ("the 5 matrix"), which conesponds ro
the scattering of a particle with initial momentum p- to fina1 momentum q-, has
the form
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< s-]5 | F>- t(i fl -2ri6(eo- ròt(F,î) (4.2r)

which equation defines l(p-, q].

Using

6(e, - eò :6(p - q)

^lm p
(4.22)

and deflning Í(p-,il by

f (F,Ð: -(212ñ4mt(f ,fl (4.23)

it follows from (4.21) that

< s'i,e I i >: 6(F - Ø + fi¡tr -,j)f@,î) (4.24)

Comments

1. On-shell 7 matrix

As shown by (5.16), the momentum-space representative of the operâtor
T(e,n + i0) defined by (5.1) is l(p-, ql.



Because of the factor 6(eo - e) 1n (4.21), t(f, f¡ lor given p- only involves
values of q'on a spherical shell of radius I p- l.

t(f, () is called the on-shell 7 mar¡ix.

2. Scattering amplitude

The function /(p-, fl, which has the dimensions of length, is the scattering
amplitude.

/(p-, q] corresponds to rhe scattering of a particle with initiat momentum p-

to final momentum q-.

3. Restrictions by space-time invariances

It follows from (4.7) to (4.10) that

J@,î): f@n',d¡"): fGF,-î)- feí,-p-) (4.2s)

It follows from (4.25) that f (f, q] is a function rhe variables i.F, d.i, F.d
Because of the factor 6(p - q) 1n (4.24) we write

f (i,i): .f (k,0) (4.26)

wlrere k -l F I lf, and d is the angle between f and f.

4. Orientation of the coordinate system

When the 3-axis of the coordinate system is in the di¡ection of l the angle d

defìned in the previous item is a spherical polar coordinate of q-.



There is no dependence of f(F,îl on ¡he azimuthal coo¡dinate of g- because
of rotational invariance.

5. Partial-wave expansion of the scatterinq amplitude

We show in Section 4.6 Íhat

f(k,o) :i tr, * 1)ø¿(k)p¿(cos d)
l-0

(4.27 )

(4.28)

and where P¡(z) ß a Legendre polynomial.

(4.27) is the partial-wave expansion of the scattering amplitude.

a¿(fr) is the partial-wave scattering ampJitude.

4.5 Cross sections

We show in this section how the scattering amplitude (4.26) ts related to
experimental observations.



Differential cross section

In Section 4.6 we defìne the differential cross seclion

d.o

,n(n,il (4.2e)

for a particle with average initial momentum p- in the 3lirection to scafter to
final momentum q* with spherical polar coordinate s d : @,0,ç).

We show in Section 4.6 fha:I

ffiø,ø:t r&,0) t

2 (4.30)

Comments

L Effective cross-sectional area of the fareet

The diffe¡ential cross section (4.29) is the effective cross-sectional area of
the target for the scattering of a particle with initial average momentum p- to
final momentum q-.

2. Experimental observations

We show in Section 4.6 how the differential cross section is reÌated to the
number of particles detected by the detector. That is, we show how (4.29)
is measurable.



ffirr,ø: Ë ,r, +r)(2t'
r,¿'-0

+ t)a¡(k)ai,(k)P¡(cosd)P¡,(cosá) (4.31)

3. Dependence on the initial state

The differential cross section (4.30) depends on the average initial momentum
of the particle; it is otherwise independent of the details of the initial state.

As shown i¡ Section 4.6 this follows because the scattering amplitude is
essentially consfant over the region where momentum-spaco representative of
the incoming wave function is appreciable.

4. Legendre series

It follows from (4.27) Ihat

&tal_çrSË rgSqg!

The totâ1 cross section o(p) for dre scattering of a particle with iniúal average
momentum p- is defìned as

"rnt: I anffirø,ø (4.32)

where dS) : d(cos 0)dç
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Comments

1. Effective cross-sectional area of the target

o(p) is the effective cross-sectional area of the target for the scattering of a

particle with initial average momentum pÌ.

2. Optical theorem

We show in Section 4.6 ¡hat

11î
t\p): , tmf \p, p) (4.33)

(4.33) is the optical theorem

3- Partial cross secti

It follows from (4.31) that

o(k):\o¡Q,:)
¿=0

(4.34)

"t(t) 
: #er+ 1)sin2 6¿(k) (4.3s)

a¿(k) is total cross-sectional area of the target for a paÍicle with momentum
y' and angular momentum lfi..



4.6 Some derivations

Derivation of (4.3)

It follows from (4.2) and (3.10) to (3.12) rhat

sts = lr¡lc¿ .)iolo- : ç¡ln-nr n+\- ./ -

:al(r-B)r¿F-ofo*-r

sst : cllcl* (ot n*)t : erlo*clf cl-

= Qi (t - B)a-: nlo- = I

(4.36)

(4.37)

Derivation of (4.4) and (4.5)

It follows from (4.2) and (3.14) that

ul(t) sul Q) : u0 (r)CILCI+ uJ (¿ ) : [r¿ uj 1r ¡] 
tn* 

uj 1r¡

(4 38)
r , ri ,- futtr¡n ] 

'urir lcl* : et_u t t tui (t le+ : er f¡- : s

(4.5) follows on differentiating (4.4) with respect to I and setting f :0.

Derivation of (4.15)

It follows from (4.2) that

"9: lim lim F(f,f6) (4.39)

where

F(t,to): u¿(t)u(t)uIþùuo(t0) (4.40)



Thus, S may be determined from the linear Voltena integral equation (4.43);
(4.15) corresponds to the (iterative) Neumann solution to (4.43).

Derivation of (4.18)

Taking the two limits simultaneously in (4.39) yields

Now

where

(4. 1 8) follows on notirg

where

tr â Fî. to)F(/./o): [(/0.10) -L I dr:lÔr
fo

ãtr(r.r"\ ;___i--.-: .7Vs(r)F(r.t¡)
UTN

ti.tFfi./o): I -7 | drVç¡(r)F{r.t6;n.l
to

S: lim ¡.(¿)
f -+oo

r.+
F (t) : U ¿ 

(t )u 12î )U ¿) (t)

that

t

F(¿):F(o) + [a,dF,(')
.l dT

0

d, F(r\ i ,

T - - ¡ulçr ftv. u tzr ùulr r )

(4.41)

(4.42)

(4.43)

(4.44)

(4.4s)

(4.46)

(4 47)



Derivation of (4.20)

It follows from (4.18), (2.61), (2.79), (2.107) nd (3.84) that

<plmtl(S-1) lp'l'*l>

co
,l: -; I dÌ <ptrn¡lul@tv,u(2t)ju¿(Ðlp't'^',>

0

: -f,au,q-,*i < ptmt I 
{v, 

j ar",G,*,,,-zaùra} I p,t,*l > 
(4'48)

1-: -j6¡¡,6^,^', < plrnt I {V,G(ò} I p'l*t >

where z: l(eo+€eò+i0.

Derivation of (4.27)

It follows from (4.11) and (2.66) that

<s-l(-9-1)lp->

co+¡T
- t I I or' t'il ít^¡> ("zit'r''' -,) . p't.tli>

t:o -,: tN (4.49t

6( p - q) S + y¡.,10n. sq)yt'.,t0r, po1("2;o,rrt l)P2 ?-, --'--,

(4.27) follows from (4.24), (4.49) and the addition theorem for spherìcal
harmonics.



Derivation of (4.30)

We suppose that an accelerator and a detector are pointed toward the target
which is at the origin of the coordinate system.. We suppose that a particle
approaches the target with in-asymptote determined by | ,/n > (3.1) and with
average initiai momentum p]n (3.53) in the 3 direcúon.

The probability that after scattering the pafücle has momentum in the volume
d3s about i : (q,0,Q ís

l< s-l U0(¿)úout>l 2 
d.3 q: l< s-1,9 ),Þi¡>l 2d3q

(4.50)

:l< d I ^9 l,þ¡n>l 2qrdqdl

where d0 : d(cos?)dtp.

The probability p(1þin,0) thar after scanering the particle emerges anywhere
in the solid angle element d0 about the directron of g- is2

n(,Þin,e): anj ø'a,t l< s-l ,e l,þin>l2
0

So far we have assumed that the particle is prepar.ed in a pure state. When
the particle emerges from the collimator of fhe accelerator, however, it is actually
prepared in a mixed state because the collimator has a non-zero aperture. For
prcpalation by an accelerator the particle approaches the target with in-asymptote
determined not by ] ú¡ > but by rlrin as given by (3.73).

The probability that after scattering the particle emerges anywhere ìr-r the
solid angle element d0 about the direction of q- when it has been prepared by
dre accelerator is

.f 
a'. 7,6¡ r,(D (ã),þ',', o) (4.s2)

(4.s1)

There is no dependeDce on the azimÌìthal angle p because of rotational inv¿¡iance
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When the experiment is repeated over and over again with a single particle
or, more efficientþ, when a beam of particles is used, the number of particles
n(ain 0) scattering into d0 is

n(,þ¡n o) : l r, 
" 

n(d) t)(D(d)úiÍ, o) (4.s3)

where n(ä) is the number of particles per unit area with impact parameter ã.
This number of particles is measurable.

We proceed to evaluare the right side of (4.53). We nore first thar in
practice the beam spot is much larger than the target, so we can safely take
n(ä) : s.rr¡.rt: nin over the region where p(D(d)þ¡n, d) is nonzero. Thus,

where

o(rþi",0) is the effective cross-sectionâl area of the target for scattering scâttering
of a particle with in-asymptote determined by I ,þrn > inro d,0. Now because of
the lactol d0 in (4.51), we ca¡ write

" 
(Þ in, e) : nin 

" 
(l'in, o)

r^
o(pin.0): 

.l O'o p(D!)uin.0)

o(,Þin,o) : aaffi(ti,,o)

(4.s4)

(4.s5)

(4.s6)

where, using (4.51),

(4.s7)

#(þi", g) is the differential cross section for an accelerator-prepared particle
to scatter to spherical polar angles (d, rp) when its in-asymptote is determined by

I ,þ¡n >.

tl.atl^l^:L("t.. a\_ t )¿_ t ^z:^l<dlSD(¿;\ l,/in >l ,de\Y''n,")-J*'.1 o*o
0



We evaluate the right side of (4.57). First,

< dl sD(d) ,þh>: | #rc iíatn < s-l s I i>,þ¡(Ð

;i.î/h. i f . 
(458)

- e '¡t 
otLrr. 

¡41 + zrE J 
rlrpe-,n o/hò1p - qlI(í.q)þ¡n(û

We now assume drat the detector is not placed in the beam, that is, we assume
tha:t ( I ?-1¡. For such 1, r/in(q-) : O, ss

do 
t9

ffi(u,i,.ot:lÐ Jr'"Jr,o (4.59)

|,f n,tt 7; r; ti -¡;) 
"' 

t t 6 @ - q t6 ( p, -,ù I 6. n t, (l,r) /;nrrl øin (/)

The rìght side of (4.59) is a 9-dimensional integral. The double integral over
d yields a two-dimensional delta function

LÊori\o' ir).,;/r, : tzofrf ó(,-, - j 
\

't '- ' ' -) (4'60)

where pl1 and i ¡ are the components of p-and f which are perpendicular to the
average initiai momentum p-¡ so (4.59) becomes

rlo [" 7
¿ç(úi".0) 

: 
I d', I dq6(q- p)

n (¿.ot)

t^
.l d' r' o ( o - t' ) ¿ ( ii. í L) I \ i.q-ll' (pr. d) pinr,a ø1" (al)



Now

açp p'\o(ít- lr):2po(p2 - í'\o(lr_ n1L)

/ , ,, ,2\
-- zr¿l6ttt' - (nt ,¡)'þ(ø, - n'_)

(4.62)

,!lu(r,,- d,t) * d(n¡¡+ t,,)]a(n'_ t ')P¡¡t " "

: llr| - i) + r(n¡ ¡ + n,,,þ(n, - ù,)]pllL '
where p¡¡ and pt,, arc the components of l and pl which are paral1e1 to the

average initial momentum p-ir,.

There is no contribution to, (4.61) from the second term in the last line of
(4.62) because ,þ¡n@) nd rþi"(l) vanish when p// of pt//is negarive. That is,

the accelerator produces particles going away from it, not towards it. Ir follows
then from (4.61) and (4.62) that

co

frton.o): J 
fe l dqò(q-ptLlIti.ít 2 luin(ù 2 Ø.63)

0

'We now assume that I ,þ¡"@) | 2 is sufficiently peake<1 about ir-in that

1 f @,Ð | 2 is essentially constant over the region where úin(p] is appreciable.
Thus we replace

6(q- p) fi l tø,n 1" Ø.64)

by

6(,t - pin) ef; l ttøi^,d) l' Ø.6s)
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in (4.63). The 3-dimensìonal integral over l is unìty and rcmoves any further
dependence of the right side of (4.63) on úin (p] Accordingly, we wrife

do. . do i
ñ(,l*.0) - ñ(p¡".s) 

: 
.l 

oru(, - p¡ì IG;¡n.û l') (4.66)

0

the last equality in which is (4.30).

We write

then (4.3) yields

Derivation of (4.33)

q- 1r P

R+ Rt : -R.nj

Using (4.24) it follows that

<¡l (a+fif) lt>-< í)RlF> + <.dlA ls-> .' \ / ''

: #øur - s)U@''i) - r.(í'i)l

.t<,i RRI lFr: I drd <dlRlF ><ilRlF >.

- *,!!-t) [ 0,,, u(r, - nt t (nt r) f (nì.n)(2rfut)" J
so, fiom (4.68),

r@,ô t.(d,p') : ffi | aV dø' - o;)¡(,i,t) r (01,¡) @71)

whrch is (4.33) when qt : pÌ.

(4.67)

(4.68)

(4.69)

(4.'10)





Chapter 5 7 OPERATOR

5.1 lntroductory remarks

We consider methods for solving the scattering problem in this chapter and
in Chapter 6. Towards this end we define the ? ope¡ator which yields tractable
expressions for matrix elements of the M61ler operators and the scattering operator
delived jn Chaptels 3 and 4.

The 7 operator is defined in Sectron 5.2 ard properties of the ? operator
are given in section 5.3. The standard method for determining phase shìfts and
bound-state energies is given in section 5.4 and some derivations are given in
Section 5.-5.

5.2 Definition

The appearance of the Green,s operator and the interaction potential in the
combinations G(z)V and V G(z) in mafix elemenrs (4. 19) and (4.20) of the
M¿l1er operators and the scattering operator suggests that it is useful to define an
operator which contaìns these combinations explicitly.

Accordingly, we defìne

T (z) : G;l (,¡ç(z)v : v G(z)G 01 (z) (5. 1)

where z is any complex number for which G(z) exists.

That one equality in (5.1) follows from the other follows from (2.110) and (2. 1 1 1).
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5.3 Properties

1. Products with the free Greents operator

It follows from (5.1) that

Go(z)r(z) : G(z)V

T(z)G¡(z) : VG(z)

(s.2)

(5.3)

2. Conventional definition

It follows from (5.1), (5.5) and (5.6) that

T(z):v +vc(z)v (s.4)

(5-4) is the conventional definition of T(z).

3.,A.nalytic properties

It follows from (5.1) and from (3.41) to (3.43) rhar < 4, I f Q) I ¡ > has
branch points af tnc2 and. oo and poles at the bound-stâte energies €1t . . . ¡ €n¿

of H.

4. Lippmann-Schwinger equations

It follows from (2.110), (2.111) and (5.1) rhar



T(z):Y +vco(z)T(z)

1:(z) : t¡ +:t(z)G6(z)v

(5.5)

(5.6)

(5.5) and (5.6) are Lippmann-Schwinger equations for T(z)

5. Neumann series

It follows from (5.5) and (5.6) rhat

rQ):11-vG6(z)l-1V :Vl1-G¡(z)Vl-l (s7)

and therefore

T(z) : V +vGo(z)v +vGo(z)vGs(z)v +.. (5.8)

(5.8) is the Neumann series for :l (z); it yields an approximation for T(z)
when truncated at a fìnite number of terms.

6. Green's operator as a propagator

A term in (5.8) corresponds to a sequence of interactions with free propagation
of the particle between interactions. Accordingly, G¡(z) is often called a
propagator.

7. Principal-value T pperator



In analogy with (5.7) we define the principal-value 7 operator 7(e) for real
€by

7(e): fr -VG¡(íJ|| 'V (s.e)

where G¡(e) is the principal-value Green's operator (2.116).

7(e) is often called the If operator. The relatronship between spectral values

@.V) of the reactance operator 1l and comesponding matrix elemenls of
7(rrt is given by (5.18).

8. Lippmann-Schwinger equation for the principal-value ? operator

It follows from (5.9) that

71,¡:v + yão(€)Z(€) (5.10)

9. Relationship between the ? operators

We show in Section 5.5 that

rQ+i0) -T(e) + irT(€)6(e - 110)"(e + ¿0): o (5.11)

(5.11) is often called Heitler's equation.

10. Lippmann-Schwinger equations for the partial-wave 7_ry44çgC



We define partral-wave 7 matrix elements t{p,p,; ") andl¡(p,ytt; e) by

tt(p, p' ; ") 
:q plrn¡ | T(z) | p' Im¡ > (s.r2)

t,(p, p' ; r) :q plm¡ lT¡(e) | p' Im¡ > (5.13)

It follows from (5.5) and (5.10) and the spectral decomposirions (2.10g) and
(2.176) tbar

and

, I d ntt u¡(p.ptt 1t¡1ptt . pt:r¡t¡\p.p: t ) : ut\p.p') + + -r-J c - to"
0

(5.1s)

where o¿(p,p/) is is the momentum-space/angular momentum representative
of the interaction porenrial as given by (2.81).

The Lippmann-Schwìnger equations (5.14) and (5.15) are one-dimensional
linear Fredholm inregral equations.

ja
0

ut(p,p".
z-

)tt(p"
€ptt

,P'; z)tt(p,p'; r) : "t6,p') + (s.14)



11. On-shell 7 matrix

We show in Section 5.5 that

t(i,í) :< il:t(e, +,0) I p-> (5.16)

when I p- l:l q- I where t(f,f1 is the on-shell T matlx (4.21)

12. Partial-wave scattering amplitude and phase shift

We show in Section 5.5 that

oún - -ry? t¡(p.p:ro L i0)
nK'

(s.17)

(5.18)

where rz¡(k) is the partial-wave scattering amplitude (4.28) and ó¿(k) is the
phase shift (4.11).

5.4 Determining phase shifts and bound-state energies

The method

Phase shifts

(5.15) and (5.18) give a method for solving rhe scartering problem

and



Solve (5.15); the phase shift ó¿(k) is given by (5.18).

Bound-state energies

(5.14) and the analytic propefties of < d I fþ) I X > provide a method for
determining bound-state energies of fI:

Solve (5.14); the bound-state energies of H are the poles of t¡(p,ptt;z)-

Soluble example: separable potential

We show in Section 5.5 that (5.14) and (5.15) can be solved exactly when the
potential is separable (2.94) fo yield

",(k) 
:T# 1,,(k) t , (,. | +y##¡' (s 1e)



tan á¿(À) =
T1m

fLk lu¿1k)12(,.f øLoU:)' (5.20)

There is at most one bound state for each / with this potential. The bound-
state energy €ò for â state with angular momentum /ñ is given by

. . 
Inverse scattering problem: separable potential

We consider the inverse scaftering problem for the separable potontial (2.94).
That is, we regard 6¡(k) as known and determine u¡(É) in terms of á¿(k).

We show in Section 5.5 that when there are no bound states

ut$) I 2 : hk,inó¿(k) 
exp l! j o'Û''0"'

r)m l j," (p-ê/ (s.22)

,_i¿pl,ttt)1,
Jn 

"-'u

(s.21)



Comment

1. Constructed potential

(5.22) shows that is always possible to construct a separable potential (2.94)
from a given phase shift ó¡(k) when there are no bound states.

2. Realistic potential

In view of (5.22), the separable potential (2.94) is a realistic potential because
it reproduces the phase shift 6¿(fr) exactly.

5.5 Some derivations

Derivation of (5.11)

It follows from (2.115), (5.5) and (5.10) rhar

r( + i0) : V -t V Go(e+ iO)"(e f i0)

(s.23)
:7(e) + VG¡ft)lT(e+ r0) - 7(€)] irV6(e - H|)T(e+ i0)

That is,

"(e 
+ i0) - 7(e) + irlt , vc\(e))-'v67, - Ho)T(e + i0) :0 (s.24)

(5.11) then follows using (5.9).

Derivation of (5.17)

It follows from (5.2), (5.3) and (2.108) that

< phnt I {V,G(z)} | p'Ln¡ s-< phry | {T(z),Co(z)} | p't,nt >

:qptrn¡lT(z)lpttm¡r(-' + i 
) 

(s'2s)

" \z tr, z -er,/



(5.17) follows using (4.11), @.28), (4.20) utd

I * | 
-)( 

| 
- 

1 \
z-tp, z (p \tr-rr,f i0 r, tr, -il,f

(s.26)

: _.4¡ iò 4ti¡m1ro ro') - " 
ií"" 0(r - r')

whenz:+(€e+ee,)+i0.

(5.16) is derived in a similar fashion using (4.19).

Derivation of (5.18)

It follows from (5.11), (5.12) and (5.13) rhât

tt(p, p; rp I i0) - T¡(p, p; eo)

d)
I

- -i* | dp'h(p,p' ;e)6(e, - e,o)t¡(p' ,p;e, + i0) 6.2.7).J
0

. tTlm _: -o;l t¡(p.p: t ,\t ¡(p,p: ,, * i 0)

where the second line of (2.61) is used in middle line above. (5.18) then follows
using (5.17).

Derivation of (5.19) and (5.20)

Substituting (2.94) into (5.14) yields

tt(p,p' ; ") 
: -u{p)un(p'; z) (S z8l

where

w¡(p,:,):uî(p,)- lwy#:1 (s2e)

0
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and substituting (5.28) back into (5.29) yields

/ tx:, 
,\ 

-,

u¡\pt:z)'-uìlp')(t* [dp" ]u^t?"\l'),s.ro,
\ / 

z-îP't 
/

(5.28) tlen is

/ cn \ -l

tt(p.p' ;,): _-utlp)ui þ')(t ¡ [dp" 
tutlp"llz ) ,r.r,l

\ í 

¿-t,tt 

/

and (5.19) follows using (5.17).

(5.20) is derived in a similar fashion; it also follows from (5.19) using (2.114).

Derivation of (5.22)

We solve (5.20) to yreld (5.22).

We write (5.20) as

I u¿(k) | 2 - ll,^,l¡ft)D¡(t o) $.32)

where

I')¡\"r): t -ilu'!t''ll '¿'' (s'33)
J tp- cp'
0

We define D¡(z) for complex z by

co

D¡\z):t ¡ [l'tktl'¿P (s.i4)
J z -(p
0
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Dú,0) - |Ln,t,, +r0) * D¿(ep - i0)l (5.3s)

We show below that

loo'l
Dí") :",.o l l / ¿t\n) 4:p l lr ro;

Li", '-'o )

and, therefore, using (2.1i4),

fôol
D¡(ee rio) : exp l! I u'!r''o?' 

| .*o''{n) 63i)
llt J cp'-tp II rnc2 -J

(5.22) then follows from (5.32), (5.35) and (5.37).

Derivation of (5.36)

It follows from (5.34) that D¡(z) is analytic in the z-plane cut from mc2 to
co. Since the discontinuity of ln D¡(z) across this cut is lûìown from

o=t(', - i! - e2iòLtkt (5.Js)
D¡\e,'-l i0)

which is derived below we write a Cauchy integral for In D¡(z). We assume that
D¡(z) has no zeros in which case In D¡(z) is analytic in the z-plane cut from
,.¿"2 to oo so

lnD¡(z):+ trn2:|,')-di (s.3e)
"" " t"

where C is a closed contour about z which avoids the branch cut.



Expanding the contour in (5.39) and assuming the contributìon from the circre
at infinity vanishes yields

f ^"' -l

tn D¡{z)-+l i tnDt(co-i0)dto * 
"[ tnoil,o r¡ol¿rnl

zrtlJ ,t,-2 J ,o ¿ I

L,x, mr2 I
(s.40)

_r T,-p¡(er*io) dr, _tid,(t)¿,n-r"; J"t'õ,\,0-ìo)tr.z oJ z-"p
mc2 mc2

taking the exponentiâl of which gives (5.36).

Derivation of (5.38)

It follows from (5.34) that

D¡(e.oti0)-D¡(eo-i0)

co
ll I ¡ I:/l * -------i- | i ut(k'.} l2dp,J- L(p 't)rU rp-rr'- r0l' "

0

f
- -2ri i ó(co-t¡,) l¿,r(A¡) I 'ap'- z;oJ! lu¿(k; | ,.l fik'-

0

use of which in (5.32) with (5.35) yields (5.38).

(s.41)





Chapter 6 SCATTERING EIGENKETS
REVISITED

6.1 lntroductory remarks

We retulrl in this chapter to the scattering eigenkets I p1 > and I pt*t+ >
and scattedng functions ,/,¡(i) and ty'¿(r,,1) clefined in Section 3.4.

Further propertres of the scatteling eigenkets and scattering functions and
in particular their relationship with the ? operator and phase shifts defined in
Chapter 5 are given in Sections 6.2 and 6.3. Some results for the first Bom
approximation are given in Section 6.4 and standard coordinate-space methods
and the variable phase method for solving the nonrelativistic scattering problem
are given in Section 6.5. Some derivations are given in Section 6.6.

6.2 Propertíes of scattering eigenkets

1. Relationship úo the f operator

We show in Section 6.6 thar

T(erri0) I'i>:v )i+> (6.1)

It then follows from (5.16) that

t(i,Ð :< q'lv I i;+ > (6.2)



2. Relationship to the scattering amplitude

It follows ftom (4.23) and (6.2) rhar for a local potenrial (2.10 )

f @,ít: -* | o',"-'ut/hu6¡4u1t¡ (6 3)

where r/¡(z) is the scattering function (3.59).

3. Lippmann-Schwinger equation

We show in Secúon 6.6 that

I p-+ >:l F > +Goçro + io)v I f¡ ;, (6.4)

(6.4) is the Lippmann-Schwinger equation for I pl¡ >.

4. Nonrelativistic Lippmann-Schwinger equation

It follows f¡om (6.4) thât the scattering function satisfies

- I r il'lî-i
ú¡(it = pik î - -L I at,!---- L LI(Ða,,\s)^ 47t J lr-91

(6.s)

for nonrelativistic scattering by a local potential.

5. Scattering function at large distances

We show in Secúon 6.6 that for nonrelativistic scattering by a local potential

1,02



where r :l ã and 0 is the angle between d and À;

6. Scattering Ìryave function at large distances

It follows from (3.64) and (6.6) that

1þ(Í,t) -- rl,¡@.,t¡ * lscau(ã,f) as ?' ---+ oo (6.7)

whete ry'i,r(r-,1) is given by (3.a8) and where

it follows from (6.5) that

It follows from (6.7) that far from the target the scattering wave function
consists of a free-particle incoming wave packet and a free-particle outgoing
spherical wave packet, the amplitude of which depends on the value of the
scattering amplitude.

6.3 Properties of partial-wave eigenkets

1. Relationshi¡r to the partial-wave scattering amplitude

It follows analogously from the derivaúon of (6.1) that

i,5ç¿1¡ir-.i;: (*)- | rr r,n.o,ry,ri^(Ë) (6.8)

as 7' ---+ CrJ (6.6)
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T(eo + i0) | plrn¡ s: V I ytlm¡I > (6.9)

It follows then from (5.17) that

oilk): -T# < ptmtlv I ptm¡! > (6.10)

2. Partial-wave amplitude for a central potential

It follows from (6.10) that for a central potential (2.11)

where /¿(r, fr) is the partial-wave scanering function (3.60).

3. Phase shift for a central potential

It follows from (6.11) that for a cenfral potential (2.11)

-i
o ¡1k1 : --- | tlrj ¡lkrlLl (r)tb¡lr. lc)

K' .l
0

(6.11)

.vf
-+ I dr jt(kr)U(r)þ¡(r,k)

0

tan á¿(,4) : (6.12)



where the real function /¿(r, k) is def,ned by

$¡(r, k) : .i6'(k) .ot 6t(k),þ ír, k) (6.13)

4. Lippmann-Schwinger equation

It follows analogously from the derivafion of (6.4) that

I plrn¡l s:l plrn¡ > lG6(eo + i1)V I plmtl > (6.14)

5. Nonrelativistic Lippmann-Schwinger equation

It follows from (6.14) and (8.29) that for nonrelativistic scattering by a central
potential /¿(r, fr) satislìes

wherel

t^
Got(t. r' . k) : -¡ir(kr<)îttkr>J (6.16)

I As shown by (2.124) the Creen's functlon -Go¡(r, r',1!) is proportionaÌ to the coordinate-space/angul¿r
lnomenLuln replesentative of Ule DonrcÌativistic principal value Green's operator C,e(eo).
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^i,þÁ,,k) : j¡(kr) + | dr'Gr¡(,,,',k)U(/)øtØ ,k) (6.ls)
,]
0



^lf^tþt(r. k) : jt\kr) - kî,rlkr) .l al ¡¡(rr')u (r, ),þt(r'. k)
'0

co1^ r
- rllt rl I dr'ñíkr')u(r'),Þ¡1r' .k¡

Ií' J

(6.17)

or, more explicitly,

6. Nonrelativistic Schrodinger equation

ú/(r, k) satisfies the nonrelativistic Schrodinger equafion

I d2 tít+ tt " l-
l¿a - -t t k' - u(r)ltL'¡(r' k) : t) (6.18)

7. Low-momentum behavior

It follows (6.15) that

$,¡r.,k¡okt+I as k :o (6.1e)

8. Small- and large-distance behavior

It follows from (6.15) that



$¡1r,k1 o ,t+1 as r -+ 0 (6.20)

and

$¡(r,tc) -1t&r) +t,an6¡(k)ñ¡(kr) as r --+ oo (6.21)

It follows from (6.21) thar

tþ¡(r, k) ---> sec á¿(k) sin (Ér - rl 12 + 6ík)) as r ---+ oo (6.22)

whioh equation shows that the scaltering by the target has shifted the phase
of the partial-wave scattering function by ó¡(k).

9. Finite-range potentiâI

It follows from (6.21) and (6.22 ) rhât for varues of r outside the range of
a finiæ-range potential

it¿ 1.,, k) : 1t&,) + t an 6¡(k) ñ.¡(kr) (6.23)

$rçr, t ¡ : sec ó¿(k) sin (frr - rl 12 + 6¡(k)) (6.24)



10. Low-momentum behavior of the phase shifts

The effective lange expansion

k2I*1 co\ 6,(k) : -:, + |,ú2 + o(k4) (6.2s)

follows from (6.12) and (6.19). Then

ó¡(1,) r n¡r - a¡l?t+l as k --+0 (6.26)

As shown in Section 6.6, the constant n,¿ is the number of bound states with
angulal momentum /.

The constant a¡ is the scattering length. It follows that the partial S-wave
closs section at zero energy is

o¡(0) : ar a2¡ (6.27)

6.4 First Born approximation: some results

The first Born approximation is to take

rQ): v (6.28)



as an approximation fo¡ the 7 operator and

;i.;
?Dil x: | : e"' -

$rç,,t"; :j,1t"r¡

(6.2e)

(6.30)

as an approximation for the scattering functions.

1. Scattering amplitude for a Iocal potential

It follows ïrom (4.23), (5.16) and (6.28) that the firsr Born approximarion for
the scatfering amplitude for a local potential (2.10) is

2. ScatterinÊ amplitude for a central potential

It follows from (2.11) and (6.31) that rhe first Bom approximarion for the
soattering amplitude for a central potential is

r@,í) : -* I o, ¿'b--û ttnuç¡¡ (6.31t

-t I drc sn nrU(r)t.l
0

f(t¿,0) = (6.32)



where

3. Phase shift

It follows from (6.12) that the first Bom approximafion to the /-th partial
wave phase shift á¿(p) for a central potential is

It follows from (6.34) that the fi¡sr Born approximation to 6¿(fu) is positive
for an attractive potential.

It is shown in Topic 6.5.3 that this result follows more generally from the
variable phase equations.

4. Yukawa potential

The first Born approximation for the scattering amplitude for the yukawa
potential (2.86) is

TG,O) =
2g'ym

(6.35)
n2(u2 * 4k2 sin2 $)

The first Born approximatron for the phase shift for the Yukawa potentiâl

0K:2ksint (6.33)

,i
-¡ | rtr ji@r)U(r)

0

ór(k) : (6.34)
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t,@): T# o,('. #) (6.36)

(2.86) is

5. Rutherford formula

It follows using (2.89) and (2.90) that the first Bom approxìmation for the
cross-section for nonrelaúvistic scattering by the Coulomb potential (2.88) is

ffiø,ø:(##,¡' (6.37)

where -E : p2 f 2m. (6.37) the Rutheford fomula.

The above quantal derivation of the classical Rutherford formula was first
given by G. Wentzel 1n 1926. Improved and exact derivations of the same
result were given by J.R. Oppenheim er in 792'1 and W. Gordon in 1928.

6.5 Solving the nonrelativistic scattering problem

Standard integral and differential methods

Integral method

The standard integral method for solving the nonrelativistic scâtteljng problem
is:



Solve (6.15); the phase shift 6¿(k) is given by (6.12), (6.2t) or (6.22).

Differenti al method

The standard differential method for solving the nonrelativistic scattering
problem is:

Solve (6.18) with boundary condition (6.20);
the phase shjft á¡(,4) is given t:y (6.12), (6.2D or (6.22).

Qualitative picture

A qualitative picture of r/¡(r, É) and 6¡(k) for arì artractive porential is given
in Figure 6.2.

An attrecûve potential increases the curvature of ,¡,0tr.,4)l it pulls õsçr.k)
towârds the origin and ó¡(k) is positive.

A lepulsive polential decreases Lhe cun/alure ol ¿01r.À.¡: it pushes aoþ,k1
away from the origin and á6(k) is negative.



Figure 6.2 Quaütative pictüe of lb (r, È) fo¡ a¡ attractive potential

Some exact results

I. Phase shifts for the hard-sphere potential

It follows from (6.21) that the exact phase shifts for the hard-sphere potential
(2.93) are given by

-î,(ko)
ñ¡(ka)

ln particular,



6s(k): -¡. (6.39)

where a6 is the scattering length.

2. Phase shifts for the square-well potential

The differential method can be solved exacrly for the square-well potential
(2.92) to yield

6.41')

where pdme means differentiation with respect to the argument and

^ ao Ji\Ó.o)
Yl- î

û "?¡(a0J

(6-42)

(6.40)ao:a



" . 2ma2V6
0'*- ' flz

do= (6.43)

a:lca (6.44)

3. Phase shifts for the Boundary Condition Model

Tlre Boundary Condition Model specifies the logarithmic derivative fif ro, of
$r(r, tt) ar a boundary radius r¡, . That is,

,t$rçr.,k¡ , .fi -.--f I .-.0, : ;,'Þl,o,.k\
(6.45)

(6.45) is equivalent to the rank-2 separable potential (2.98).

It follows from (6.21) that exact phase shifts fo¡ the Boundary Condition
model âre given by

r â,n ¿,r r.r _ Ii ila) oi',t o l

-/¿â¿(o) | a ñilo )
(6.46)

wlrele prime means differentiaúon with respect to the argument and a: kro,.
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The parameters f¡ ànd rs, can be chosen to accommodate a phase shift which
changes sign at some value of À.

'': Variable phase differential method

The variable phase method for solving the nonrelativistic scattering problem

Determine the variable phase function ô¿(r, Æ) from

þ#þ : -Irrrþ(r")"o. oi(", k) + ô¿(kr)sinó r(,,r,¡f'z 6.4i)

with boundaly condition

6¿(0, fr) : o (6.48)

Tlre phase shift ó¡(k) is determined from

6¿(co, k) : á¿(ft) (6.4e)



(6.47) for S-wave scanering is

@#9 : -Irolsin2 lkr + áo(r, fr)] (6.50)

Comments

l. Calogero equaton

(6.47), which we de¡ive in Section 6.6, is the Calogero equarion.

The calogero equation is a nonlinear first-order ordinary differential equation
for the variable phase function á¿(r, k).

The variable phase method for solving the nonrelativistic scattering problem
was invenfed by Calogero (1967).

2. Direct method for solving the scatterinq problem

In contrast wrth the standard integral and differential methods which give
6¿(A) indirectly via$¡(r,É), the variable phase method gives á¿(ft) directly
via (6.49).

3. Sign of the phase shift

It follows from (6.47) to (6.49) that 6¿(k) is positive for an ârtracrive porenriai
and negative for a repulsive potential.
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6.6 Some derivations

Derivation of (ó.1)

It follows from (3.25) and (3.22) that

id+ >: CI+ ld>- lI +G(eo+i})vllF> (6.s1)

(6.1) then follows using (5.4).

Derivation of (6.4)

It follows from (5.2) and (6.1) that

G(z)v I F >: Go(")r(,) I pt >: G¡(z)v I f¡ > (6.s2)

where z : ep + i0. (6.4) then follows from (6.51).

Derivation of (6.6)

We consider (6.5) for large r :l z- ]. Now

Ii sl- ( Íl' - 2î.l+' iI')+

: ,( t -l:-l ' 
of l tl 'l 

(6 s3)

\ "') 
-\ ,' ./

SO

- 'ikr ¡

,[g ø;(¿) : eik'í - i- | a3a"-ihi íl'u(y),þr@) 6s4)+7rr.J

which, using (6.3), is (6.6).



We write

where

ald

Then

and

it follows thal

and

c¿(oo, fr) : l

s¿(oo, k) : tal ó¿(fr)

Derivation of (6.47) to (6.49)

(6.17) as

,þ tO, t ) : j¡@r)c¡(r, k) * ñ¡(kr) s¡(r, k)

co1r
c¡rr. I J - t - ;. I d/ h r&r')Lt lr' )$¡{r,.k)tí ,l

,,

tt
s¿(r,t.] =, l dr''j¡¡kr,)u(i),þt?,.k)

N.l
0

(6.55)

(6.56)

(6.s7)

(6.58)

(6.s9)

(6.60)

(6.61)

(6.62)

(6.63)

(6.64)

Defìning t¡(r,k) by

t¡1r, k7 -- sJ(Ï'Ð
r¿(r. /. )

'!P - luvtþir', r î¡t kr¡Ltr. L\f2

fr(O, fr) : 0

t¡(cn,k): tan ó¿(fr)

(6.47) to (6.49) follow on detning

6¡(r,k) : tan-1 l¡(r, ft)





Chapter 7 PARTIAL.WAVE
AMPLITUDES REVISITED

7.1 lntroductory remarks

we have previously considered the anaiytic properties of the matrix elements
of the G¡een's operators and the 7 operator as functions of complex energy. ln
thls ohapter we consider üre nonrelativisúc partial-wave amplitude as a function
of oomplex momentum and energy and complex angular momentum.

We show in Section 7.3 how a Breit-Wigner resonance appears ìn the partial_
wave amplitude as a function of complex energy and we also develop another
method (the l//D method) for solving the scattering problem. We show in
Seotion 7.4 how poles of the partial-wave amplitude as a function of complex
angular momentum inte¡polate a family of bound states and resonances. Some
derivations are given tn Section 7.5.

7-2 Definition

Tlre key to extending the definifion of the parlial-wave amplitude a¡(k) to
compÌex vaiues of momentum and angular momentum is the fact that the Bessel
funcúon J ¡(z) is defined for complex argument z and complex order l.

Thus, the funotion rz¡(rc) is defined by analytic continuarion from a¡(k) by

s¡(n ) - I
a^(,{J : - il

/,?, K,
(7.1)



s¡(rc): ¿2tó I (o)
(7 2)

ând where

wherc $s(r, rc) is determined from

(7.s)

7.3 Complex momentum and energy

In this section we consider the partial-wave amplitude for integer angular
momentum I and complex momentum fi.rc and complex eîrcrgy z : fi,2 rc2 l2m.
That is, we consider the functions a¡(n) and a¡(z).

1l
-- | cl,r j¡(nr)U(r)þ¡(r, rc)

0

tan 6¡(rc) : (7.3)

^7tþs(r,x):7¡(cr) + | drtco^(r,r',")U(r'),/,x(r',") (i.4)
.t
0

t22



Analytic properties

The analytic properties of ø¡(rc) and a¡(z) for a potential which is a superyo-
sition of Yukawa potentìals (2.91) arc summarized on Figures 7.3 and j.4.

1s6 r HYStcâL RÉ6loñ
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Fi8ure 7.3 Analytic propefies of ar(r)
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Figure 7.4 Analytic p¡openies of c¡(2)

ttß'
! - zrtfr{É ?HYSrcnL 5H6Fr

2. Branch cuts

THf ?r¡YsÉnL R É6 roil

L

.zLtr
€. = - -I-" 8'¡

Complex momentum

l. Physical region

The physical region in the complex rc-plane is the positive real axis. That is,

rc:k where k>0 (7.6)



ø¿(rc) has branch cuts on the imaginary aús. The branch points at )_i.pl2
depend only on the range of the potential.

3. Branch cuts: first Born approximation

Thc branch points of a¡(n) can be seen by noting that the fìrst Born approxi_
mation to a¡(rc) for the Yukawa porential (2.86) is

oPG):#n,(r.#) (7.7)

and recalling that the Legendre function Q ¡(z) has branch points at z : t7.

4. Bound states, virfual states, resonances

ø¿(r) has poles on the imaginary axis and in the lower-half rc-plane off the
imaginary axis.

The poles on the positive real axis correspond to bound states.

The poles on the negaúve real axis correspond to viftual states.

The other poles in the lower-half plane correspond to resonances.

Complex energy

1. Physical and r¡nphysical sheets

a1(z) is a function on a two-sheeted Riemann surface.

The firs¡ sheet (the physical sheet) conesponds to the upper-half rc_plane.

The second sheet (the unphysical sheet) corresponds to the lower-half rc-plane.
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2. Branch cuts, physical region

a¡(z) has branch cuts on the real axis. The left-hand cut depends on the
the potential; the righrhand cut arises because the Riemann surface is two-
sheeted.

The physical region in the complex z-plane is rhe upper lip of the right-hand
cut on the physical sheet. That is,

z: e*i0 . k2 k2Wllere € - 
-
2m,

(7.8)

3. Left-hand cut: first Born approximation

The branch points of a¡(z) can be seen by noting that the first Bom approxi-
mation to a¡(z) lor the Yukawa potential (2.86) ìs

where

,, : -t""8m (7.10)

and recalling that the Legendre function Q¡Q) has branch points aI z : ll.

4. Bound states, virfual states, resonances

of ç,¡ : ! q,(, -'t-r\¿? \ z,/
(7.e)
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Bound-state poles occur on the physical sheet.

Virtual-state poles and resonance poles occur on the unphysical sheet

Resonance

We suppose fhat sr(z) for some / has a pole when

_tz : €: €t¡ - t-"2 (7.1 1)

where e¡ and f are both positive. (7.11) characterizes a ¡esonance pole of s¡(z)

Now since

6f Q): a,ç,.¡ 0.12')

it follows that s¿(z) has a zero when z : e* æ per Figure 7.5. Accordingly,
we write

^2iótlz) Er -t -zi6n.l"\
7- z

(7.13)

wlrere 6¿r(z) is real on the real axis and where 
"2i6onQ) 

it not singular when
z:Eor 8".
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Figure 7.5 Resonance pole and zero of sr(z)

It follows from (7.13) that

ó¿(e) :Aur1.¡ +ó"",(e) (7.r4)

where á"",(e) is the angle shown in Figure 7.6. That is,

sin ó¡s5(e) =
f/2

(7.rs)
(, - ,n)' + (l p)2

_*
E

rlt



Figu¡e ?.6 The angle ó"..(e)

Comments

Experimental manifestation

Figure 7.6 shows that as e is increased past e¡, ó"""(e) and hence ó¡(e)
increases rapidly by n provided Z is close to the real axis, that is, if I is
suffrciently small.

The rapid increase of á¿(e) by r is the experimental manifestation of a
resonance pole.

Breit-Wigner formula

\f 6¡nQ) : 0, then
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_ ,_\ 4r(21 -t 1) \l l2)'
k¿ G^rn)r+\fp)2

(7.r7)

sin á¿ (e) - (7.16)
(, * ,a)t + (l p)2

for e near en. 0.17) is the BreirWigner resonance formula.

The resonance factor

Qþ)2
(, - ,n)' + (l þ)2

(7.1 8)

has a maximum of unity when e : e¿ and is equal to one-half when
e : ,ntTT.

The resonance occurs when e: e¿ and I is the resonance width.

It follows from (7.16) that

('1.19)



3. Temporary capfure of lhe particle

Far from the target the scattering wave function (6.7) consists of a free-particle
incoming wave packet ,/i"@,t¡ and a free-particle outgoing spherical wave
packet lr.ol(z*, l).

The behavior of tþr"¡y(i,t) depends on the ¡elative sizes of I and the energy
uncertainty Ae of /¡n(ã,1) when there is a resonance.

A bump in the cross-sectron corresponding to tho resonance will be observed
when Ae ( l. In this case, the outgoing wave packet lags the incoming
wave packet by a time interval

which may be arbitrarìly large. The time lag oonesponds to the temporary
capture of the particle in a metastable state.

4. Exponential decay

The resonance must be very narrow (f <1 Ae) for the decay of the metastable
state to be observed directþ. In this case, for a pure Breit-Wigner resonance,
tlre time-dependence of I .þ scat(i, t) | 2 has the form

af' (7.21)

dó¿(e)

d,e
('7.20)

for suffìciently large values of l. 1/l is the lifetime of the metastable state.



Levinsonts theorem

We show in Section 7.5 that 6¿(e) satisfies

6¿(0) -á¿(oo) :(n6-n)r (7.22)

where n¿ is the number of bound states with angular momentum / and n, is
the number of poles of D¡þ) on the physical sheet.

Comments

1. Levinson's theorem

('7.22) ts Levinson's theorem; rt is a remarkable connection between the phase

shift and the number of bound states.

2. Poles

Poles of D¡(z) on the physical sheet aro called CDD poles.

rV/D equations

We show in Section 7.5 fhàf útQ) may be written in the form

a¡(z): N¡(z)lD¡(z) (1.23)

where
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(7.24)

f
Nt(z) - BL(r) I I drl(¡(:..),{¿¡r)

.J
0

(7.2s)

(7.26)

and

and

EL

Dt-\ I Idrlmo¡(tIi0)
r.l c-z

-oo

(7.27 )

where e¡ is a real constant.



^2i6ttò DtG - io)
' D,(. + z0)

(1.28)

We show also that

Comments

1. /f/D equations

(7.23) to (7.27) are the NID equations lor a¡(z).

(7.24) gives D1(z) n terms on 1ú¿(z) and (7.25) is a linear integral equarion
for ,n/¿(z).

Solving (7.25) requires values of B¡(z); that is, values of Imø¿(e -l- i0) on
the left-hand cut.

\\e NID equations were first derived by Chew and Mandelstam (1960).

The NID equations are believed to hold for a wide class of interactions
because the only direct dependence on the interaction potential is through e¿.

2. Self-consistent method

(7.23) to (7.27) provlde a method to determine ø¿(z):

Solve (7.25) lor N¡(z) for some choice of Imø¡(e -ì, i0) on the left-hand cut
then compute D¿(z) usìng ('1 .24). (1 .23) then gives ø¡(z). Repeat the process
until self-consistency is obtained.

3. Determinantal approximation

Rather than solving (7.25) for .n/¡(z) a simple approximation (the determinan-
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tal approximation) is to take

NtQ): aPQ) (7.2e)

where a! (z) ìs the first Born approximation to ø¿(z) [(7.9) gives the firsr
Born approximation for.the yukawa potentiâ11 and to determìn e D¡(z) from
(7.24).

4. Separable potential

The paltial-wave amplitude (5.19) for the separable potenriâl (2.94) has the
form (7.23) with

1ú¿(z): f l,,rol 2 (7.30)

and e¡ : co. Thus the determinantal approximation (7.29) is equivalent to
replacing the actual potenrial'rvith the separable potenrial (2.94) where

lut(k)12: __q..f øl (7.3 r )

5. Bound states

A pole of ø¿(z) corresponds to a bound state. It follows from (7.23) tha¡

D¿(e¿) : g (7.32)
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yields the bound-state energies.

6. Breit-Wigner resonance

We show in Section 7.5 that the resonance parâmeters specified by (7.11) for
a pure Breit-Wigner resonance are determined by

Re D¿(e¡ + i0) : 0 ('7.33)

and

7.4 Complex angular momentum; Regge poles

In this section we consider the function ø¡(k) defined for complex angular
momentum À and real momentum fi,k and real energy € : ft2k2 l2m.

The physical region in the complex À-plane is the set of non-negative integer.s.

):l:0,1,2,... (7.3s)

Im D¡(z) * fr tm D¡(z)I
-f:
2 I z=e p¡io (7.34)



Analytic properties

The analytìc properties of ø¡(&) have been investigated for a wide variety of
potentials and in particular for a potential which is a superposition of yukawa
potentials (2.91). The first investigation was by Regge (1959); see also Bottino,
Longoni a¡d Regge (1962).

Properties

1. a¡(À,) vanisl.res exponentially as I --+ oo.

2. a;(k) has only a finite number of simple poles at ol(fr),...,a"-".(È) in the
upper-half l-plane when Re À > -+.

3. Each a"(k) is real for negative À2, complex for positive À2 and satisfies

n,[- o'(fr) : -n' (7.36)

where z" is a negative integer.

4. Re a"(fu) is bounded above for every r.

Comments

1. Regge poles

The poles of a¡(È) for complex À are called Regge poles.

2. Regge trajectory

A plot of Re a,.(fr) and Im a"(k) as a funcrion of e: y¿z ¡z 12* is a Regge
trajectory. A typical Regge trajectory is shown in Figure 7.?.
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Figwe 7.7 A t'?ical Re8ge t¡ajeclo¡y

Regge expansion of the scattering amplitude

It follows from the theorem of residues in complex variable theory that the
partial-wave expansion of the scattering amplitude /(k, d) given by (4.26) may
be written as

where C encloses the zeros of sin rì in the complex )-plane-

r(k,E = ;l
c

(21 + 1)¿r(k)P.r(- cos d)dì
(7.3'7)

sin rl
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It follows from the properlies of ø¡(k) given in 'lopic 7.4.1 rlrat for a

superpositron of Yukawa potentials (2.91) the contoü in (7.37) can be moved
to yield

where a"(fr) is a (Regge) pole of ø¡(É) for complex I and

p,(k) :.lgl (À - a"(k))a¡(k) 0.39)

is the residuc of Lhe poìe at o.(k).

Comments

l. Watson-Sommerfeld transformation

(7. 37) is the Wats on-S ommerfeld transformaúon.

Re-expressing an infinite summation as an ìntegral in the complex plane is an
old trick: it appears ì¡ Titchmarsh (1939); S ommerfeld (1925), Appendix to
Chapter VI (application to propâgation of radio waves); and was first applied
to lhat problem by G.N. Watson in 1918.

Tmat

flk. d) : -r \-12

-|+,,,"i.f+-l-2.1
-à-¿*

+t

; (2a,(k) + 7)þ,(k)P",(t)? cos0)

' sin ra,(É)

(21 + 1)¿À(ft)PÀ(- cos d)dÀ

sin n)

(7.38)
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2. Regqe expansion of the scattering amplitude

(7.38) is the Regge expansion of the scatterìng amplitude.

3. Regge poles, bound states and resonances

It is seen from the first term in (7.38) thât the scatterìng amplitude has a pole
when a"(k) is an ìnteger.

Indeed, as indicated on Figure 7.7, each Regge pole a"(È) interyoÌates a

family of bound states and resonances:

The negative values of e¿ for which

a,(e¡) = l (1.40)

for I : 0, 1, 2, . . ' are the bound-state energies and /ñ is the angulâr momentum
of the bound state.

The positive values of e¿ and f given by

for / : 0,I,2,... are the resonance palameters of a pure BreirWigner
resonance with angular momentum lã.

4. Separable potential

1r=
2

Re a"(e¡) : I

Im a"(e¡)

('1.4t)

(7.42)
S Re a"(e) | .-.o



, * i dp' l r^s¡lt/) _l' _ oJ er, - €p' + tl)
0

(7.43)

It follows from (5.19) that there is a single Regge pole o(k) for the separable
potential (2.94) given by

For fufiher discussion see McMillan (1963, 1964)

7.5 Some derivations

Derivation of (7.22)

It follows from Cauchy's Theorem that if a function /(z) of the complex
variable z is analytic inside and on a closed contour C then

(7.44)

wheÍe n,",o" ànd n,rote" are the number of zeros and poles, respectively, of f(z)
inside C.

We consider lQ) : Dt(r). D¡(z) has a branch cut along the r.eal axis; the
zeros of D¿(z) conespond to bound states and the poles of D¡e) are C DD poles.

Using

r f , Í'(,\_ 
| Ot tLt : tl"e¡es _ npoleo

J \¿ )(l

d,H=a,f n¡1,7 (1.4s)



and taking into account the analytic propefties of D¡(z) it follows that the contour
in (7 .44) can be moved to yield

0 tx-,fdf.l
ldt;ln D¿(c-¿0) + ld,; lnD¿(r+i0)
Ju(.J0? o (.1.46)

: 2ri(nu - np)

the left side of which is

i,ti¿
I dt , -tn D¡lt ! )01 In D¿(, - iln - | ¿" ln ?'(n r ¡0)

J dr' I d, D¡(. ;0)
00

(7.47)

r¿:2i 
J 

d, fo¡1,7:2i [ó¿lool- óito)]

0

using (7.28).

Derivatio¡ of (7.23) to (7,27)

We write a¡(z) as (1 .23) where ,rú¿(z) is chosen to have only the lefrhand cut
and D¡(z) the right-hand cut. In addition

NiQ): Nr(z.) (7.45)

and

Diþ): D¡(z-) (1.4e)

(7.50)

We write Cauchy integra-ls for 1/¿(z) and D¡(z):

1úrr.): *, I r:1,'t1,
¿]t . .)

C
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D¡(z): * [ 
o'-1"1' (j sl)

.,', t" t -<

Moving the contours and assuming that the contribution from the circle at inflnity
vanishes and using (7.48) and (7.49) yields

f oL -co 'l

/v¿(z)::l i Ntktìo)dt * ¡ uil'-¡o¡¿cl" 2r;ll (-¿ 'J (-z 
IL-co r¿ _l

(7.s2)
eL

_ I I Im Nt(. .L i})d(
n jro c z

and

t0 oo I
Dtê - ll I o,t' 

'o,o' -, I Dl( - )old. 
I2rtlJ (-2 .l ,., IL_.o o l

_ I iIm D¡rc ¡ i0)dc
r J t -z

0

We choose to set r¡(é0) : 1 at some arbitrary real negative energy e6 where
€L < eo < 0, thât is,

I 7 '. Dt(, - io)d(

"l---, _..:' (7's4)

0

so that (7.51) may be written as

Dt(z):1+= i -t::o't'*oolq' (i.ss)lt J \( -z)\(-(0)
0
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The constant e¡ is a subtraction constânt. The subtraction at 60 improves the
conveÍgence of the integral and introduces an ar.bitrary constânt in the forrnalism.

We now re-express Im ¡/¿(€ + i0) and Im D¿(e f i0) in the intregrands in
(7.50) and (7.55). For -cn < e ! e¡,

Im 1/¿(e * i0) : ¡ll1 lD¡(e + i0)ø¿(e + i0)l

(7.s6)
: D¿(e) Im a¡(e F i0)

andfor0le<oo,

(7.58)

(1.se)

(7.59) is (1 .24) and subsútuting (7.59) into (7.58) into yields (7.25).

rm D¡(r I io)- Im 'ry¡lr+ l9)
a¿( e { rU)

(7.s7)

: .Nrf r)tm e+õ , -k.N¿(, r

so (7.50) and (7.55) may be wriuen as

€L

^//-ì 
| / D,(.)lrna¡(c-i})dr,'¿r-r: I I _]t .l

Dttz):1 .'- .oi k|t(')d''
,r J (, z)(r-o¡)

0



--e ''oIl , 
- I lk'Ntkt tct,l

o J L,' -.. ,0 ¿/-.-l-jOl ,,_ roo -r (7.60)

: -2ni'-'o I ug - ,¡k'!t(.'],d'' : -zikNt(e)
" tO ,,_C0

That is,

Nt3: #lDr (e - i0) - D¿(e r- io)l (7.61)

(7.28) follows from (4.28), (7.23) and (7.61).

Derivation of (7.28)

It follows from (7.59) that

D¡(e ¡i0)- D¡(e -i0)

Derivarion of (7.33) and (7.J4)

We suppose lhat E(z) has a pole as specified by (7.1l) and such thal
66oQ) : r¡.

It follows from (7.19) thaT. a¡(ev) is imaginary; (7.33) rhen follows from
(7.23) and (7.48).

(7.34) follows ftom (7.23) on expanding D¿(e + i0) about e : eÃ.



Appendix A Unitarily-equivalent potentials

4.1 lntroductory remarks

We give the main methods for solving the scattering problem for a spinless
paúicle by a flxed target in Chapters 3 to 6. That is, the materiâI in these chapters
shows how to determine the scatterìng opelator .9 for a given interaction potential
v.

Is there a unique V for each S? Clearly not since a scattering experiment
involves a measurement lar from the target and so cannot for any flnite energy be
sensitive to evel'y short-range det¿il of the target-projectile potential.

We show in this appendix how to generate a family of potentials all of which
are equivalent as far as scattering is concemed. The potentials generated are
nonlocal arìd differ from each other only at short distances.

4.2 The un¡tary transformation

We suppose that we have constructed a potential V which via the Hamiltonian
(2.7) yields the observed cross sections and binding energies. We now consider
a new potential V defined so that the new Hamiltonian

is related to the old Hamiltonia¡ (2.7) by

É:unuI (A 2)

É: uo+Í (4.1)

146



where U is unitary. That is,

I : -Ho +u(Ho +v)ul (4.3)

11YÍ :gt¿tr:1 (4.4)

Claim

It is sufficient that

ulr>---+lx> as lr l--* oo (A.s)

in order ÍhaÍ. V and 7 be equivalent as far as scattering is concerned.

Proof of claim

(4.5) follows on noting that 11 and fI have the same spectrum since 21 is
unitary and it follows from (3.35) to (3_37) tliat

H:H"lH¡ (4.6)

where



ft": ld'pl1í>,,<l+l (4.7)

and

uu:Ð1tr> 16<l) (4.8)

where e, and €¿, are given by (2.38) and (3.4), respectively, and

lp-+>:uli+>

ll>:u )t'>

(A.e)

(4.10)

Now since scattering involves <ilF+ > and < i_ þ+> for large distances i t
follows from the material of Chapter 6 thàT H and 11 will give the same scâttering
wave function are lalge distances if

<i)îi¡-;<Jlp-l> as ldl-+oo (4.11)

which holds ìf (4.5) holds



4.3 An example

Tho operator

U:1-2lu><u! (A 12)

ls u tary provided

<ulu>:1 (4.r3)

and satisfies (4.5) if

z(z-) ---+ 0 AS I d l--* co (4.14)

The interaction potential then is

V:V 2{H, ) u. >< " 1} -t 4l u >< u l II l u >< u l (A.15)



Comments

1. Special case

(4.14) is satisfled if ] u > is a linear combinarion of the bound-stare
eigenvectors of -H

nb

lz>:!c¿ló> (4.r6)

The simplest special case, nameþ, i z > equal to one of the bound-state
eigenvectors of .É1

I z >:l ôt > (A 17)

is, however, trivial since it yields

r-:l - r--, -I P-f 2-l p-t 2

ll>:lb> ir t,+t''

Llt - t1tI0 >:-lo >

(4.18)

(4.19)

(A.20)

V:V (4.21)



2. Generalization

A generalization of (4.12) is

î'l:r- | ø¡rluj><ukl
i 'k:1'

(4.22)

where

<u¡lu¡>:6r¡ (4.23)

and where the complex numbers 6¡t - a¡t ate form a unitary ¿ x n matrix.



Appendix B Riccati functions

Definitions

As with Taylor (1972) we define the Riccati-Bessel function]¿(z), the Riccati-
Neumann function ñ¡(z) nd the Riccati-Hankel funcrions îf i..¡ ty

where .i¡(ø) rs the Bessel function.

Relationship to spherical functions

The Riccati functions (8.1) to (8.3) are related to the sphelical Bessel .l¿(z),
splrerical Neumann n¡(z) and spherical Hankel functionr i j*)i , ) defìned in
Messiah (1958) bv

(B 1)

(8.2)

(8.3)

it(z) - zj¡(z)

ñ¡(z) : zn,("¡

/r\
hf (") : zh)-'(z)

(8.4)

(8.5)

(8.6)



As noted in Messiah (1958), most authors denote by n¿(z) the same function
with a.change of sign and deflne spherical Hankel function. ,alt)i, ) : - ¿f,lr+l tr)
aa nl2)1,¡ : tn!-)p¡.

General forms

The Riccati functions (8.1) to (8.3) have the general form

wlrere A¿(z) is a polynomial in 7fz of degree / with real coeflìcienls anð. S¡(z)
is a polynomial ín If z of degree / - 1 with real coefficients. In particular, fr(z)
and ñ¡(z) are real when z is real.

Some derivatives

11 f¡(z) is a linear combination of7¿{¿ ) and â¿(z) with coeff,cients independent
of/andzthen

1t(,) : R{") 
"1" '

ñ¡(z) : P,1"¡ 
""" "

îfØ:lz¡(z)+

t S¡(z) cos z

- S¡(z) sln z

iS¡(z)le+i"

(8.7)

(8.8)

(B.e)

dh(,) _
d.z

l+1
, lr( z) - f +t(t) (8.10)

(8.11)
dft+t?) t+r 

"T:- ,l+t(z\rIt( z\



I d2 /tl + 1)lt. ì ,t ¡./-\ _ 0
l_¿r, ' 

"2 ]rI\< 
)- (8.12)

(8.10) provides /¿n1(z) given f¡(z) and (8.12) follows from (8.10) and (8.11)

Some values

1o(") : "]n "

ñ.¡(z) : ços 2

a-! -hf,lz): e-'"

(8.13)

(8.14)

(8.1s)

îrQ):!';n"-."o""

1n1(z): -cosz+sln¿

î,icl: (t+!)"*'r"-"ru

(8.16)

(8.17)

(8.18)



/t \ ojrG):(å-Ll.ìn¿-9.o,2
\?¿/z

/,
n-2(21 - l4- ll"os¿+lsjnz

\2" / 2

:-r / J; 3\,.,hl1zl: ll+:-l)"+;r. "t\ z z'/

(8.1e)

(8.20)

(8.21)

Behavior at the orisin

î,þ):#!+o("')l

î.rØ:g-:)!tþ+o(2,)l

as

as

z'+ 0

z --+ 0

(8.22)

(8.23)

Behavior at infinity

jl(21, sinrz. lr12¡ -r O(z-tS ¡ìs

ñ¡(z) : ç6s (z - lr 12) + o(z-1) as

î*, ^' ):itz-rr/2\ t.,,tt-t- c | +O(?-t))

z - ) co, reâl (8.24)

z - > æ, real (8.25)

as z->æ (B.26)



f^
I d,:¡¡1rr\i¡¡(t'r) - ;6(k - t')
,J¿
0

(8.27)

i p-pt^ - r,.(kr-k'r+t,r\
J dr-iilkr)jt(k',): ZA,\ zt+, )
0

(8.28)

Some integrals

where Q¡(z) is a Legendre function of the second kind.

f @.)u(u,): f @)s@)

: ffu)g(")

if

if

:x <y
(8.30)

co

f dn j¡(nr)j1(rr' ) n ..-

¡ pffi--fittkr<thlrkr,t
0

(8.2e)
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