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Chapter 1 INTRODUCTION

In Pa¡t I of euantum Leaps and Bounds, we explored consequences of
incorporating the Princþles of Special Relativity (SR) in euantum Mechanics
(QM).

Incorporating SR in eM, that is, setting up the eM of a Lorentz invariant
physical system, led to rhe poincare Argebra, which is a set of commutarion
rolations fo¡ the Hamiltonian and the thÌee components of the total momentum,
total angular momentum and boost operators for the system. These commutation
relations aro the basic equations of relativistic eM.

The last five chapters ofpart I contain exampres of Lorentz invariant systems.

Relativistic quantum fieid theory ßeFT) is not discussed in part I. That is,
not discussed is a physical system whose fundamenta-l dynamical variabres are
quantum fields. This example does not appear in part I because we had not
developed the tools to do this. These tools are developed here in pa¡t II.

In developing quantum field theory, we develop a language (second quantiza_
tion) which provides techniques for studying nonrelativisiic many_body sysrems.

The Lagrangian method in ReFT receives a very brief introduction in part IL
The many excellent books on ReFT should be consulted for further discussion
of the Lagrangirn melhod.l

The QM of a system of identical paÍic1es is considered in Chapter 2.
occupation number representation for systems of fermions and bosons is discussed
in Chapter 3.

A list of selectcd ¡eferencc books, joumal articles ånd theses follows Chalter 12 of pútl



The Fock space description of the QM of a system of fe¡mions is given
in Chapters 4 and 5. A derivation of the Hartree-Fock potential is given in
Chapter 4. Quantum flelds for fermions are introduced in Chapter 5. Chapter 5
contains expressions for the Poincare generators for a Lorentz invariant system
of noninte¡acting fermions.

A system of noninte¡acting spin ] fermions and antifermions is considered
in Chapter 6. Femions and antifermions are treated on tho same footing; both
appear in the theory with positive energy. It is shown how Dirac,s hole theory
a¡ises from the finite theory developed.

The Dirac fie1d r/(z) is constructed in Chapter 6 and the poincare generators
are expressed in terms of a Lorentz invariant Lagrangian density. The Dirac field
satisfios the Dirac equation.

The Fock space description of the QM of a system of bosons is given in
Chapter 7. Quanfum fields fo¡ bosons are introduced and expressions for the
Poincare generatots for a Lorentz invariant system of noninteracting bosons are
given.

'l.L^ -^^t^- t:.^ta l/, \ :- ^^-^--.-^--i : ^r,,ru ùLlr¡úù ¡rc¡r¡ ?l¿./ rr LU[5uulrçLt tll \_llaprcf / an(l tne romcale gengrators
are expressed in terms of a Lorcntz invariant Lagrangian density. The scalar field
satisfies lhe Klein-Gordon equation.

A Lorentz invariant system of noninteracting photons is described in Chapter
8. Quantum electric and magnetic fields are defined in terms of transvorse photon
creators and annihilato¡s. The quantum electromagnetic field satisfies Maxwell's
equations in free space. Each momentum component of the elecfiomagnetic field
corresponds to a hansverss wave moving with the speed of light in the tlirection
of the photon momentum.

A manifestly cova.riant and gauge invâdant theory of elecûomagnetism is
developed in Secrion 8.7. The development is accomplishecl tl'ough innocluction
of creators and annihilators for fictious longitudinal and timelike photons. The



Lagrangian for the free elect¡omagnotic field is also given fur Section g.7.

A very brief infoduction to quantum electrodynamics is given in Section g.g.

The instant and point forms of dynamics fo¡ a system of interacting fermions
ancl bosons a¡e conside¡ed in chapter 9. The dressing hansfbrmation method
for expressing the Hamiltonian in terms of c¡eators aniannihilators for physicar
particres is given in section gi|. 'ttre yukawa potential for interacting irrysicarfermions is derived using the dressing transformldon method in Topic 9.g.4.

. An Appendix containing some useful commùtation relations fo¡ fermion and
boson va¡iables foÌlows Chapter 9.





Chapter 2 IDENTICAL PARTICLES

Section 2.1 lntroductory remarks

The quantum mechanics of a Lorcnfz inva¡iant system of z distinguishabre
particles in interaction was considered in chapter tt át p.t Ì. we now consider
the case when the n particles are indistinguishable (identical).

Indistinguishability of the particles places restrictions on the form of the
observables of the system and the states of the system.

Section 2.2 rt particles

we conside¡ the physical system to be a system of n particres with rest masses

and spins

The Hilbert space 
',È,'",patticle Hilbert spaces.

s" for the system is the direct product of n one

¿,{...s1s2 
s' : Èï' 6t '{.,ï" Ø .. Ø,¡i"



'Í..1' denotes the Hilbert space for particle c and 6r denotes direct product.

we take the fundamental dynamical variables of the system to be the cartesian
coordinates, momenta and spin of the individual particles

where j : 7,2,3. These variables saûsfy

lt *,sþ] - irt 6 * p e ¡ ttt sta

52*:s,(t,+7)fr2

(2 8)

(2.e)

V*,'il - fn¿, sþl : o (2.10)

u,P: r,2,..-,ft

(2.4)

lx*,xþl:o

lr¿, efrl : o

V*,rå): irz6"p6¡r

(2.s)

(2.6)

(2-7)

(2.11)



The Hamiltonian for the system is

v - v(û,€2,...,€.)

€" - {x:,p:.s:, xj rj.sjJ

(2.14)

(2.rs)

Comments

1. Expression for f1o

(2.13) 1s the ¡elativistic expression for I1e, The nonrelativistic expression

Plc2 ¡ ¡n7"+H.: \-
" Z---J

nn2
11n : )- ,'"u 2m. ^o-l

is used in Section 4.6.



2. Interaction potential I/

General expressions for the interaction potential V fot Lorcntz invariant and
Galilei invariant systems are given in Chaptor 11 of part I.

I/ need not be specified further here. A more specific expression fo¡ V is
considered in Section 4.6.

Section 2.3 n ident¡cal particles

We now assume that the n particles are indistinguishable (identical). That is,
we assume that there is no observable change in the system when particles are
interchanged. There a¡e two consequences of indistinguishability; they will be
Íeated sepafately below.

2.3.1 Invariance of observables

The first consequence of indistinguishability is:

Consequence 1: Invariance of observables

Every observable of the system is invariant
under all pelmutations of tho particles.

Proof of Consequence 1

Indistinguishability of all particles of the system implies that



1,þp.,,n I A |,þo*," >:<,þ I A l rþ > (2.17)

fo¡ all observables ,4 and states I ty' > where

where II is the operator corresponding to the permutation of the particles.

It follows ftom (2.17) and (2.18) thar

fot all A. Equation (2.19) is Consequence 1.

Comments

i. Permuiaiion operators and interchange operators

Every permutation operator II can be written as a product of one o¡ mo¡e
interchange operators

il"p (2.20)

I 1þp",^ ):'II l rþ >



IIdp corresponds to the replacement

€"*€a (2.21)

for particles a and B.

2. Inferchange operator for a two-particle system

For a system of two spinless particies,

For example, since

î
Xt^: I d3*,d3,r, lr.,.r">rj..... I n .,L\" J þ' '(v "\)-''

it follows that

ilxlni : xl

Ilxtilr: xi

(2.2s)

(2.26)

II: IIrz: llzr

IIr, : 
I d3 r7rl3 x2 | 12, r 1

() 1)\

(2.23)>1 :r1,12 |



Consequences of Consequence 1

1. Values of rest mass and spin

It follows from Consequence 1 that all n particles have the same rest mass
m and same spin s.

2. Hilbert space

It foliows from Consequence 1 that the Hilbert space ,,{..,, for the system
consists of n copies of a one-particle Hilbert space.

We write (2.27) morc compactly as

2.3.2 Symmetry of states

Tie seconrl consequence of indistinguishability is

Consequence 2: Symmetry of states

The states of the system are eithe¡ all symmetrical or all
antìsymmetrical with respect to the permutations of the z

particles, this property depending upon the species of particle.



Proof of Consequence 2

It follows ftom (2.i7) that no experiment can determine whethe¡ the system
is in the stare | 1þperm > or the state | ú >. The vectors I 1Þp",* ) and | / >
the¡efore correspond to the same ray in 

",,!s. 
That is,

I úp.,* ): "'u I'þ > (2.29)

whe¡e 6 is a real number.

It follows ftom properties of the symmetric group of order n that every ! $ >
can be written as

lrþ >:l ú,> + l,lt" > | I ¿* > (2.30)

flrþ">:+l'l">

n l,þ" >: - 1,1,.. >

(2.31)

(2.32)

I ,þ" >,1 þo > and I ,þ* > *" mutually orthogonal and are, respectively, the
symmeftic, anfisymmeÍic and mixed compononts of I ,lá >.

It follows 1Ìom (2.18) and (2.30) to (2.32) tha:t

l,þr*,- >-l rþ" > - | 1Þ. > *II | þ", ; (2.33)



It follows from (2.30) and, (2.33) rhar in o¡der ro satisfy (2.29),

either

in which case eió : +1 and I úe",* ): + I ,þ >,

or

in which case 
"iá 

: -1 and I ,þru,_ >: - I ,þ > .

That is' the states of the system are eithor aI symmotricar or an antisymmetrical,
which is Consequence 2.

2.

1.

Comments about Consequence 2

Classical Mechanics

Consequence 2 has no analog in Classical Mechanics.

Bosons and fermions

Particles whose many-particle states are symmetric are called bosons.

Particles whose many-particle states are antisymmetric a¡e called fermions

Statistics and spin

l rþ >:l ,þ" >

l rl'>:l ,þ" >



Experiment shows that

Bosons have integral spin.

Fermions have half-odd integral spin.

The correspondence between the symmeûy of many-particle states and the
intrinsic spin of the constituent particles is a remarkable experimental fact.

4. Spin-Statistics Theorem

The above conespondence between the symmetry of many-particle states and
the intrinsic spin of the constituent particles has been proven in ReF I (The

r lluurUjll,,.

5. Resirictions on the Hilbert space

Consequence 2 further resÍicts the Hilbert space of the system.

Let j'F" be the n-boson Hilbert space.

L,ef {ú" be the n-fermion Hilbert space-

,1,F" is the subspace of ,, {..' spanned by symmetric basis vectors.

{*' is ttre subspace of 
", 
r!" spanned by antisymmetric basis vectors.

We write



j*':S,"ùs:S6",¡if

f*':q,,,F':,46",¡<l

(2.36)

(2.37)

S and A are the symmefizing and antisymmefiizing oporatots, respectively,
for the n-particle system.





Chapter 3 OCCUPATION NUMBER
FltrÞEltrQtrÀrr^Ttrìl'l¡ ¡Ê¡ ¡ ¡¡.\JL|t ¡ral ¡\Jlll

Section 3.1 lntroductory remarks

In this chapter we construct basis vectors for a system of identical fermions
and for a system of identical bosons. vy'e need not specify deta s of the fermion
o¡ boson system under consideration.

The fe¡mion system may, for example, be:

. electoons bound to a single atom

. conduction elecúons in a metal

. nucleons in an atomic nucleus

. quarks in a nucleon

'ù'hatever iire system, each fermion has harf-odd integrar spin and ar states of the
system are antisymmetric under permutation of the particles.

The hncn- f^- ^.-^--r- r-rJÕLe\tt \tLa!, rur ç,\4trrPlç, u9:

. photons characterizing an electromagnetic field

. phonons characterizing the lattice vibrations of a crystaÌ

. pions or kaons c¡eated in collisions of nuclear projectiles

. gluons in nuclear matte¡

Whatever the system, each boson has integral spin and all states of the svstem
are symmetric under permutation of the particles.

19



In view of the symmotry requfuement on the states of the system, the basis
veclors we consfuct wiil be labelled by specifying which single-particle states a¡e
occupied- we thus construct the occupation number representation for fe¡mion
and boson systems.

Section 3.2 System of ident¡cal fermions

In this Section we construct a set of basis vectors for a system of n identical
fermions.

3.2.1 Basis vectors for the one-fermion system

Let

lö,> (3.1)

where r :7,2,...,oo be a complete orthonormal set of vectors spanning the
Hilbert space ,!f for fermion a.

(3.2)

(3.3)

1o is the unit operator in the one-particle space for fermion numbe¡ a



Comments

1. Subscriot ry

The subscript a on | þ, > and 1o has been added to serve as a reminder that
the vectors and operatorl a.e in the llilbert space Èi for fe¡mion number a-

2. Denumerable set of basis vectors

It is convenient to use a denume¡abre set of vectors to span the one-fermion
Hilbert space-

The coordinate-space/spin kets I z, rn, >, the momentum_space/spin kets
I p,rn" ) and the momenrum/helicity t<ets I AÀ(p) > given in Chapær 9 of
Part I are each labelled by a continuous variable and will be used in Chapter
5 to span the one-fermion Hilbert space.

3. Bxample of the basis vectors I ó. >

h" I ó, > may, for example, be chosen to be the simultaneous eigenvectors
of the one-particle operatorsl

1= (P2 + x' - s\
'¿

J.J

J3

(3-4)

(3.5)

(3.6)

where

The | 91, ¡ rnay also Læ simultaneous eìgenvectoß of the i¡temal vâriables charge, baryon numbe¡,
lepton numbe¡, isospin, strangeness anal chå.¡m. We need not specify these variabÌes he¡e.

2'l



J):(Xxp)t+Sl (3.7)

Xr , Pt and ,9r a¡e the j-component of the Cartesian position, momentum
and spin of the particle.

As in Chapter 8 of Part I, the dimensionless operators pi and Xj are defined
by

The eigenvalue of .9. .9 is s(s { I)h2 where s is a half-odd integer. s is the
intrjlsic spin of the elementary fermion.

The eigenvalues of (3.4) are the positive integors. The coordinate representa_
tives of the eigenvectors of (3.4) involve Hemite poÌynomials.

Apart from multiplicative and additive constanrs, (3.4) is the Hamiltonian of
a non¡elativistic harmonic oscillato¡. The eigenvalues of (3.4) can be deter_
mined by introducing the ladder operators

PJ : mc?J

xj: h xj
MC

(3.8)

(3.e)

AJ.

t.il -

1:=¡X) ¡ ¡p;1
\/'¿

L(x' - rpj\

(3.10)

(3.1 1)

22



These one-particle operators satisfy

4. General one-fermion stafe

The general one-fermion state at time ¿ is

co

l,þ(Ð >:Y.,þ,(t) I ö,,
r-1

(3.15)

is the probability amplirude that the fermion is h the state I dr > at time l.

3.2.2 Basis vectors for the n-fermion system

We recall ftom (2.28) that the n_particle Hilbert space 
,," {.,, is a tensor

product of n identical spaces. When s is a half_odd integer, ii is spanned by
voctors of the form

f"at,"+kl 
: o

lait,aktl : o

lti,"dktl: qt

(3.12)

(3.13)

(3.14)

23



ló,¡ló"j..-lh> (3.11)

where particle 1 is in single-particle state | þ" >, particle 2 is in single_particle
state | /, > and particle n is ìn single-particle stâte | ó¿ >.

The n-fermion Hilbert space {*" {Z.Zl) is spanned by antisymmetric com-
binations of vectors of the fo¡m (3.17). That is, j*" is spanned by vectors of
the form

where det denotes dete¡minant.

Comments

1. Slater determinant

(3.18) is a Slate¡ determinant.

2. Manifestantisymmetry

lt ø.ì
lló">o*l ,'
¡

llö,ì

r<s<. <¿

I,þ, >,)
ló">

'2

:

ló,>,2

lø,ìl
ld"ìl
:l

ló, ìl

. / t :,à
ln\n1n2..j >- ( ,l11 \rL: /

(3. 18)

(3.1e)



(3.18) is manifestly antisymmotric under particle interchange becausc thc
value of a determinant changes sign when any two columns ate interchanged.

3. Occupied states

The set of single-particle labels r, s, . . . ,l tells which single-partìcle states
are occupied.

Because of the antisymm etrizing, one cannot specify which particle occupies
which state.

4. Pauli Exclusion Principle

Since a determinant vanishes if all elements of one row are equâl to all
elements of another row, that is, if two ot more of r, s, . . . , ¿ are equal, it
follows that no two fermions can occupy the same single-particle state.

This is the PauÌi Exclusion Principle.

5. Occupation numbers

Lnt n, be the number of particles occupying the single-particle state | ó, >.
Then

n" is the occupation number fo¡ the single-particle state | /" >.

(3.18) is labelled by the occupation numbe¡s n1,n2.....

nr:0orl

Ð,,: n

(3.20)

(3.21)

25



6. Basis for the n-fermion llilbert

The set of vectors (3.18) is an orthonormal basis for the n fermion Hilbert
space {*" (2-37).

The repÌesentation provided by the set of vectors (3.18) is called the occupa-
tion numbe¡ rcpresentation for the n fermion system.

7- General rz-fermion stafe

The general n-fermion state has the formt

Í
| /'t¿)>: f lrln, ,2..-] u. n{n1n2-..1 l,þ(¿) > (3.25)" n ¿¿ ' nnn1n2'

The subscn?t n is aplended ¡o state vectoß in jù<' as r remincler Lhat we a¡e consialenng an z particle
sysLem.

f
| ¡ ,1r¡r2.. Ì >< nln1n2- ) l: l"

111
\- _ \- \-.. r1- - Z- 1-" "n'+"'+ "n

n\r12 " U:0 nz:o

(3.22)

(3.23)



1 n{n1n2- } l rÞ@ ¡ (3.26)

is the probability ampììtude at time , that z1 fermions occupy the single_
particle state j þ1 >, and n2 fermions occupy the single_particle state | þ2 >,
and so on.

Section 3.3 System of identical bosons

In this section we construct a set of basis vectors fo¡ a system of n identicar
bosons. The boson system is treated anal0gously to the treatment of the fermion
system in Section 3.2.

3.3.1 Basis vectors for the one-boson sysfem

Let

lp,à (3.21)

where r : I,2,-. . be a complete orthonomal sot of vectors spanning the Hilbe¡t
space '¡rf for boson a.

\- | tt, ,. ß, r:oa

< þ, I lJ" >: 6,,
dd

lrl (3.28)

(3.29)



1o is the unit operator in the one-particle space fo¡ boson number a

Commenf,s

1. Example of the basis vectors | É, >

T\" I P, > may be taken to be rhe eigenvectors of (3.4) to (3.6)1. The
eigenvalue of ,92 is s(s |7)fi.2 where s is an integer. s is the intrinsic spin
of the elementary boson.

2. Generâl one-boson state

The general one-boson state at time I is

co

l,þ(t) >: I ú"(¿) lB" t
r:7

(3.30)

,þ,4) :f lt,l,þ(t) ì (3.31)

is the probability amplitude that the boson is in the state I p, > at time ¿.

3.3.2 Basis vectors for the n-boson system

The n-particle Hilbert space ,, {..r" is a tensor product of n identical spaces
When s is an integer, it is spanned by vectors of the form

' Thc I B, > may also be simì.¡ltaneous eigenvcctols of the i¡temal vùiâblcs cha¡ge, baryon number,
lepton nùmber, isospi¡, strangcness and charm. As in the fermion case in Section 3.2, we need not
specify these va¡iâbles here.
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I Þ, ¡19"ì...1þ,ì (3.32)

where particle 1 is in single-particle state I B, >, pat;tcle 2 is in single-particle
state I Ps > and particle n is in single-particle state I p¿ >.

The n-boson Hilbert space !*" 1Z.Zø¡ is spanned by symmetric combi¡a-
tions of vectors of tho form (3.32). Thàt is, j'!" is spanned by vectors of the
form

where syrn det denotes a determinant which has plus signs in its def ition rather
than minus signs.

Comments

l. Notation

Ip,>
ItP'l

srlm clet I I
t:
I

llp,ì

r{s(...(l

I B,>
2

lp">
2

I lttT

lþ,ìl
I P"ìl:l
lÞr>l

(s.¡El

(3-34)

lnlnp2 l>: (4!¿:::)',

The left side of (3-18) has { .}. The left side of (3.33) has | ..1



2. Manifest symmetry

(3.33) is manifestly symmetric under particle intorchange.

3. Occupied states

The set of singie-particle labels r, s, . .. ,l tells which single-particle states

are occupied.

Because of the symmetrizing, one cannot specify which particle occupies
which state.

4. No Pauli Exclusion Principle

There is no Pauli Exclusion Principle for a system of identical bosons because

sym det does not vanish if all elements of one row are equal to all elements
of another row, that is, if two or rnore of r, s, . . . ,l are equal.

5. Occupation numbers

Lef n, be the number of particles occupying the single-particle state I B, >.
Th en

rz" is the occupation number for the single-particte state I B" >.

(3.33) is labelled by the occupation numbers n1tn21....

01n, 1n

Ð,,-n

(3.35)

(3.36)



In cont¡adisúnction to the fermion case, al1 bosons may occupy one single-particle
state.

6. Basis for the n-boson Hilbert space

The set of vectors (3.33) is orthonomal and spans the n-boson Hilbert
space j'{.,".

b

f ltr[n,nz .'.] >< nlntnz ..] l- t,¿---t'r'-
n7n2"'

bn
\- - \- \- ... .cZ-- - 1' 1' " unt+n2 l û

n1n2. n7:0 n2:0

(3.31)

(3.38)

(3.3e)

The representation provided by the set of vectors (3.33) is called the occupa_
tion numbe¡ representation for the n-boson system.

7. Generai n-boson si ate

The general n-boson state has the forml

b

l,Þ@¡: I l"l"r"r-..1><n[ryn2 ll,þ(t)ì (3.40)
n\n2"'

system.
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1n[n1n2. .-] | t/(¿) >nn
(3.41)

is the probability amplitude at ttrnÒ t that nl bosons occupy the single-particle
state I B1 ), and n2 bosons occupy the single-paiticle state I B2 >, and so on.

Section 3.4 System of identical fermions and bosons

The Hilbert space

-!,!,*'"' (3.42)

for a systom of n identical fermions each with spin s and n/ identical bosons
each with spin s/ is the direct product of the n-fe¡mion and n/-boson Hilbert
spaces.

J."l'*"'' : {'I'," I,,l,¡."' (3.43)

,1,9È'"' is spanned by vectors of the fo¡m

t ll I I ì1n1ntn2 "l >ln lnrnr...l )
n

(3.44)

I n{n1n2.' } > is the Slater determinant

symmetric determinant (3.33).

(3.18) and I n'[n\n'r..'] is the
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Ghapter 4 FOCK SPACE FOR
FERMIONS: PART 1

Section 4.1 lntroductory remarks

So far in Part II we have considered the total number of particles in each
system to be fixed for all time. we now drop this restriction and consider a larger
system with an unspecified number of particles. This is handled mathematicily
by considering the Hilbert space for the system to be Fock space.

Fock space is the natu¡al mathematicar arena fo¡ accommodating particre
creation and annihilation, that is, for allowing the conversion of energy to mass
and yice versa which is allowed by ReM.

It is not necessary to use Fock space to desc¡ibe a fermion system becauseit is an experimentar fact that every fe¡mion system has a definite number of
fermions. We wili see, however, that using Fock space allows an elegant and
intuil.ive ¡eformulation of lhe OM of an rr-ferminn c'crêm lr.i- -^¡^--..,^-i^ -

( seconcl q uantization, is the r,ui¿-¿ t.";rg" ;; ;;;;í;;;;'; ä.;J ;räi
physics and low-energy nuclear physics.

Fock space for a system of fermions is the subject of this and the next Chapter.
Fock space for a system of bosons is the subject of Chapter 7.

c¡eation and annih'ation operators for fermions a¡e defined in Section 4.3.
These operators a¡e defined in terms of a denume¡abre set of vectors which form an
orthonormal basis for the one-fe¡mion system. Fermion creation and annih ation
oporators which a¡e labelled by a continuous variable a¡e defined in Chapter 5.

GeneraÌ expressions fo¡ observables in terms of fermion creation and anni_
hilation operators are given in Sections 4.4 and,4.5. The fermion Fock space
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expression for the Hamiltonian for a system with two-body inte¡actions is given
in Section 4.6. The Hartree-Fock potential is derived i¡ Section 4.6.

Hole creation and annihilation opgrators and particle-hole states of an
n-fermion system are discussed in Section 4.'/ . Conelaæd particle-hole states
of an n-fermion system are discussed in Section 4.8.

Section 4.2 Fermion Fock space defined

l- Lel
,þ:þl,o,rþt,..,rþ",...) (4.1)

wherc rþ. is a vector in n-fermion Hilbert spacs {4" e.37).1

Each tþ,, i5 ol ffu f"'- f:. rs). r {" is the component of ry' in fX".

2. Addition of tþ and, X: (Xo,tr,.'.,Xn,...) is definecl as

,þ + X: (rþo i Xo,rþt * Xr,.' . ,tþn I Xn,. . .) (4.2)

ì ì,if "ltinli¡¡ti¡. ^1 ,/, h., ¡ a¡''1-, ^ i. A-{:^-.1 ^-" "' ! "J

atþ - (aþ6,atþ1.,... ,rnþn,...) (4.3)

4. The scalar product of ry' and X is defined as

þþ,Ð =Ð?þ",x^)
¿:0

It is required thar Aþ,7þ) < oo for all f.
5. The set of elements ry' is a separable Hilbert space.

(4.4)

' d*' i. denned in item 5 of the Comntents list.



CommenLs

1. Fermion Fock space fù¡'

The^above Hilbert space is caled fermion Fock space. It w l be denoted
by /'{," .

fÈl' is the direct sum of the Hilbert spaces {,i, (2.37) for al) n.

G) donotes direct sum.

2. States of the system

The unit norm vectors (4.t) in /'¡¡" correspond to states of the system

The probability P* that fhe system has n particles in it ìs

P^ :<: ', Ll ''-YtLlYtt-

\-p -r/, - t, (4.'t)

3. Components of ú

ry' can have only one nonzero component. For example,
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(4.8)

One can construct boson Fock space ò>I{s analogous to the construction oflÈs. (This is done in Chapter 7). States in u,¡l 
"un 

have more than one
nonzero component.

4. Hilbert space ,*",!

The Hilbert space 2e3)¡ defined in Chapter 72 of part I is the analog of Fock
space for a 2 +'+ 3 pafticle system.

5. Hilbert space {,{.."

{,F" is defined to be a one-dimensional space.

The unit noñn vecror spanning {,!' is labelled I 0{00...} >.

6. Basis vectors for f{,"

A basis for J,{..,' is the set of vectors

In{n1n2..}> (4.e)

defined by



Ì >, 0,
2

(4.10)

(4.11)

(4.12)

I n{n1n2 . .} > (4.14)

for a7l n : I,2,... is the Slater rleterminant (3.1g).

Then



r
t I n{n1n2'''} >< n{n1n2.-.} l: t

nntn2..

f c*.' f
\- _\- f-/- - /- 1,

n n 1n2.. n-0 ttr?]-2

It1
\--\-\-..ç1- - 1' 1- ' untl n, l n

ntn2 U:0 n2-0

(4.1s)

(4-16)

(4.11)

1rt{rt1n2 } ln'{n'rn'2. } t- 6nn,6n.,ni6n"n; . . . (4.18)

7. Vacuum state

(4.10) is the vacuum søte of the system. Ir will be denoted by | 0 >.

8. General state of the system

The general state of the system has the form

I

l,/(¿) >: Ð ln{n1n2 }><n{n1n2.}1,þA)> @.20)
nn1n2..

lo>:lo{oo i> (4.1e)



1 n{n1n2. } l rþ(t) >

is the probability amplitude that at time ¿ therc are n fermions in the system
with n1 fermions occupying the single-par.ticle state | þ1 >, andn2 fermions
occupying the single-particle state I d2 >, and so on.

Section 4.3 Creators and qnnihilators

we define fermion creation and annihilation operators in this section. These
operators are fundamental dynamical variables for a system of identical fermions.
They obey anticommutation relations.

Introduction of c¡eaiion and annihiiation operators yieids intuitive and elegant
expressions for observables and basis states.

Matrix elements of ohservables are expressed as vacuum expectation values
of products of creation and annih ation operators. These vacuum expectation
values are calcuìated through a simple stategy.

4.3.1 Definifions

For each r : I,2,..., we define
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f
Fi: t lntT{npz.--n, *7'..} > (-)-'(1 - n,) 1n{n1n2...n,..

(4-22)

I
4: t ln{n1n2...n, 1 }>()*,r, 1n!I{n1n2.",...}l

nù1n2"'
(4.23)

r-1
,n, - Ln" (4.24)

wherc | n{n1n2 .} > is the basis vector (4.9) in fermion Fock space /,¡,

It follows tuom (4.22) and (4.23) thatr

FJ I n{n1n2 .'0'. .} >: (-)-' (4.2s)

F, lrl).{n7n2. 1..}>:(-)^'ln{n1n2 .0. }> (4.26)

F) ln{n1n2 .1. }>:o

F, l n{n1n2 ' 0. '}>:0

(4.2'7)

(4.28)

The 0 and 1 in the bâsis statcs in (4.25) to (4.28) occùr in the rth place



In palticular,

4lo>:o

<014:o

(4.2e)

(4.30)

Comments

1. Fermion creator

f, is a fermion c¡eation operâtor or fermion creato¡.

-When 
acting on an n-fermion basis vector (4.9) with n" = 0, ja"l yielcls an

n * l-fermion basis vector with z,. - l.

, ü'^--;^- ^--:r-:r^r^-dttttttlttatttr

fl is a fermion annihilation operator or fermion annihilator-

When acting on an n + 1-fermion basis vector (4.9) with n, :7, F, yields
an ?z-fermion basis vector with nr : 0.

3. Value of m,.

m" is the number of occupied single-particle states in I n{n1n2. . .n,. . .} >
up to single-particle state number r.

4lo': (o,tr;,0, ) (4.31)
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4. Pauli Exclusion Principle

(4.27) is a manifestation of the Pauli Exclusion Principle: a fermion cannot
be put in an occupied single-particle state.

5- Creating an elementary fermion

When acting on the vacuum state I 0 >, F"l creates an elementary fermion
with rest mass m and spin s in single-particle state j /, >.

6. One-fermion state

The general one-fermion state at time , is

l,þ@ >:Ð,t"(t)rl lo,
r:1

(4.32)

,þ,(t) :< 0 | t¡,tþ(t) > (4.33)

is the probability ampJitude thar rhe fermion is ilr the state | 4,r > at time I

4.3.2 Anticommutâtion relations

It follows ftom (4.22) and (4.23) thatl

' (4.34) to (4.36) arc proven in Topic 4.3.5



{4,4} : 0

{ti,'l} : o

{+,rl}: a,"

(4.34)

(4.3s)

(4.36)

where {,4,8} : AB + 8,4 is the anticommutator of A and B.

Comment

l. Pauli Exclusion principle

(4.34) and (4.35) wirh r - s,

are operator forms of the pauli Exclusion principle.

(4-37) inply that no state can have occupation number greater than one.

4.3.3 Basis vectors

It follows from (4.25) that the basis vector (4.9) may be expresserl as n
creators acting on the vacuum sate.

1+7': Q,J)' -o



In particular, if (4.9) conesponds to the n single-particle levels r,s,...,1
occupied with r ( s < ... < ¿, fhen

I nln1n2 "'l >- FiF.l . . F,' | 0 > (4.38)

Proof of (4.38)

The proof is straightforward. The state may be expressed as

l"{...1...1.....1...}> (4.3e)

whe¡e the 1's appear in the rth, sth and lth, places. Using (4.25) repeatedly yields

| "{. 1-.. 1 ... . .1 .} >: ]¡,r | " 1{...0... 1 ... ...1 ...} >

- Fjt'-: l, 2{.. o. o .. . I .} > (4.40)

- FjFj .ri to '
which ìs (4.38).

Comments

1. Form of the basis vector

(4.38) is a compact, intuitive and elegant expression for the basis vector (4.9).

2. Manifestantisymmetry

In view of (4.35), (4.38) changes sign when any rwo of r,s,...,t arc
interchanged.

(4.38) is manifestly antisymmetric under particle interchange.



3. Fundamental dynamical variables

Each basis vector (4.9) can be expressed in terms of fermion creators acting
on the vacuum state. The set of creators and annihilators defined by (4.22) anã
@.23) ]s a set of fundamentar dynamicar variables for a system of identicaì
fermions.

Anticommutation rerations (4.34) ro (4.36) are a fundamentar argebra for the
system.

4.3.4 Evaluating vacuum expectation values

Evaluation of matrix elements of observables involves evaluating matrìx
elements of combinations ofproducts of fermion creators and annihilators between
states of the form (4.38).

That is, it invorves calcurating the average value in the vacuum state of
products of fermion creators and annih ators. These vacuum expectation varues
may be evaluated using the following søægy:

Express products of creato¡s and annihilators in normal order using
(4.34) to (4.36) and, (4.1) to (A.9), rhen use (4.29) and. (43Ð.



Example

The norm of the vector ¡"Ì¡,J I O > is calculated as follows:

< llj4o I ¡'"rr,r I o >:< o I F"F,FlFj lo >

./ t,, 1 \
-< 0 | ( ir/FJ,F.4l t FlFlF"F,) | 0 >- (6"ó,,-ó.,á,."J < 0 I 0 >

:1- ó",
(4-41)

4.3.5 Proof of the anticommutation relations

Proof of (4.36)

It follows ftom (4.22) and (4.23) that

r
F,Fi -- t I n{. . 0. . .} >< ,{. .0. } | (4.42)

nnrn2,-.

ïpjr,: l) l"+1{. 1...}><n+r{. t...}l (4.43)
nnln2"

and thus

tt,tl + r)tt,: t (4.44)

which is (4.36) when r: s. When r < s,

f
F,F:: t l"+1{ "0 .1..'}>(-)'-'+t*'".,,+1{ ..1.. 0 ..}l

nn1n. 
(4.45)



\¡vhere we have written

where
s-t

1",: I nr
f=r+1

is the number of occupied levels between levels r and s. Then

î
plp, : Ð I "+1{ ..0...1 ..} > (-)'-'+o+ì'. <z*1{

nrL1n2 -..

: F,F:

(,t.+ e)also holds when s < r. This compleres the proof of (4.36).

(4.34) follows simitarly, and (4.35) foltows from (4.34).

Section 4.4 Number operators

771,s:7¡¿r!nr! Àr" (4.46)

(4.47)

0 ..] 
I

(4.48)

We define

for each r : ),2,..., and

¡¿: Ð+ (4.50)



It follows that

¡r ¡l Àr

(¡/")' - 
^[

(4.51)

(4.s2)

[1/", 
^t] 

: 0 (4.s3)

for all r, s : 1,2,.. .. Moreover,

f
¡/" : t ln{n7n2...} > r" <n{n1n2...} | (4.54)

tuntn2-.

r
¡/: Ð ln{n1n2'..} >n<n{n1n2...} | (4.55)

1Lnrn2 --

Commenfs

1. Compatible observables

It follows frorn (4.51) and (4.52) that 1r'" is an observable with eigenvalues
0 and 1.

It follows from (4.53) that the ly', a¡e an infinite set of compatible observables.

2. Eigenvalue decomposition



(4..54) and (4.,55) are the eigenvalue decompositions of rÀ/" and 1r'.

The basis vector (4.9) is a simultaneous eigenvector of l/,1(, tV2, . . . belong_
ing to eigenvalu es n)n71TL2).-..

N,N1,N2,... are a complete set of compatible observables.

3. Nomenclature

When operating on the basis vector (4.3g), ,V" gives zero if the single_particle
state I û > is unoccupied and one if it is occupied.

¡/" is the number operator fo¡ the single_particle state I ør >.

1V is the number operator for the system.

Section 4.5 Observables

An obse¡vable on the Hilbert spu"" {*" for n identicar fermions each of spin
s is a functionl

X*, P¿,,91" arr the Cartesian position, momentum and spin, respectively, for
parricle a. (4.56) is invariant under (o' <+ {p for alt a and, B.

' Thc subscript 1¿ has becn addcd to the obscrvabre to scrve as a ¡eminder that the observabre is on jù-"

A"(11, "' ,1")

(" - {xl,Pj sj xj.pj sjì
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In this Section, we construct operators on fermion Fock space l{." which
are equal to (4.56) for all n. Of particutar interest are one-particle operators and
two-particle operators on {{.i".

4.5.1 One-particle operators

The operator

':P, <'lAls>FJF" (4's8)

on fermion Fock space /ú" where

<,1Al s):1ór 1,4(()lé, > (4.59)

is equal to

A^(€t,...,e,): f all"; (4.60)
a:7

on n-fermion Hilbert space {r{-'r' for every n : 1r2, . . ..

Comments

1. One-particle operator

(4.60) is a one-particle operator on z-fermion Hilbert space f {-,"

Matrix element (4.59) is a one-particle matrix element.

2. Free-particle Hamiltonian on n-fermion Hilbert space

The free-particle Hamiltonian (2. 13)



Ho"(ã,' ',€") : (4.61)

is a one-particle operator on z-fermion Hilbert space f ,É,.

3. Freæ-parficle Hamiltonian on Fock space

It follows from (4.58) that the operato¡ on fe¡mion Fock space /,¡" which is
equaì to (4.6i) for all n is

Ho:ÐarlÍI¡¡t>r)r, (4.62)

ó,*,(p) i" (4.63) is fþ¿ p6¡¡e¡¡1¡-space/spin ïepresentative of the single_
particle vector | /" >.

þ,*,(p) :< p,m" I ö, > (4.65)

< r | ÍI¡l ¿ >:< ó, I JFt¿ + ^Un I ó, >

S [,, ,.- L I d"Pói,, (P),(P)ö'*.1P)
m.:- s u

,(p): \/p'z,' ' -\o

(4.63)

(4.64)



The momentum-space/spin ket I p, ra" > is discussed in Chapter 9 of pa¡t I.

Proof of (4.58)

We show that

<n{n1n2 "} lA' l"{"\"!2 } ì:. n{n1n2. .}lAln{n\n'2...} >
(4.66)

whe¡e the left side involves quantities in n-fermion Hìlbert space {,!" and the
right side involves quantities in fermion Fock space t'¡".

That is, I n{n1n2- .} > is a Slate¡ deteminânt (3.18) and Ao is given by
(4.60), and I n{n1n2 . } > i, given by (4.38) and ,4 is given by (a.58).

Now

i , ,. t. ö, 1: 1" (4.6i)

-r-1 
ù ct

SO

A(€^\ : Ð I ø, ìl ,þ, I A(€,) I ó" à,< ó" | (4.6s)
r,s:1

But

< ó, I Altt) ló" >-< ö, I A(tz) ló" ì:...-1ô, lA(€,)lö"> A.6s)I¡22n'

since the n sìngle-particle spaces are identical, so

<,þ, lA((") ló, >-< rlAls> (4.70)

and thus

A(tò: I . " l-a l" >l ó,71ó"1 (4.ir)
r,s:7
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and
con

A"t(t,€2.-...€,)--I .'"lr l"'Ðlø,:Sø"1 ø.12)
r,s: I ct -l

Now consider r < s. Then

n

Ð , ," X ö" ln{ryn2 } ;: (-)^'" | ,{...1 ...0 . .} > 60,.61," (4.j3)

where

s_1
r\-¡," -- )- nL (4.74)

f=r+1

The factor (-)t'. i" (4.73) accounts for interchanging rows of the Slater
determinant (3.18) to get them into the orde¡ r < s { ... < f.

Thu s

\- l¿- ''.,¡ l- \- l-r..-r n ì-/ \),. - ( ^1_ t"r -J -.\-) < 7¿1. . . u . . . 1 . ' ._l 
I

a:1 n7n2..

(4.1s)

(4.58) follows since

f
¡j¿: Ð l"{. 1.0. }>(-)^*<,,{...0...1 .}i @.i6)

nn1n2.-.



4.5.2 TWo-particle operators

The operator

co

A- )] <rslAlut> FJF]IF;F, (4.jj)
r,s,l,1r=7

on fermion Fock space /,¡" where

< rs I A I ut 2:a ó,ll ø,1 A(t".€B) I q, >l ,þ, > t4.78t

is equal to1

A,(tt,..,("): Ë AG^,€B) Ø..¡s)
d,P:1

on n-fe¡mion Hilbert space d{.l' where

A(€",tp):,q(eB,U) (4.80)

for every n : 2,3,. ...

Comments

1. No misprint in (4.77)

(4-17) is not misprinted. The subscripts on the creators and annihilators are
in aþhabetic order whereas the labels in (4.78) are not.

2. Two-particle operator

I The double summatron in (4.79) is restricteò K) d + lJ



@.79) is a two-particle operator on n-fermion Hilbert space j,F,.

(4.78) is a two-parricle matrix elemenr. It follows from (4.g0) that

<rslAlzl¡=çsrlAltu> (4.81)

3. Total potential energy on n-fermion Hilbert space

The total potential enetgy of a system of fermions interacting via two_bocly
potentials2

is a two-particle operator on n-fermion Hilbert space f ,{..r,

'Wlen the fwn-hodw nôfcnfiâl ic e firn¡tin- nnl-, ^f -^.i+i^-vr[J ur PuùrLrurr,

v(e",eß):v(x",xp) (4.84)

4. Total poieníiai energ-v on Fock space

1fl
v,(€t.. - -,t") - ; I v(r".¿r)

d,þ:t

v(€",€p) :v(tB,€")

(4-82)

(4.83)

2 The doùble summahon in (4.82) is restricted to r} I B



It follows ftom (4.77) that the operator on fermion Fock space f{.i" which is
equal to (4.82) with (4.84) for all n is

y:åË <rtlvluu>
r,f ,u,r:7

rJfir.r, (4.85)

< rtlV luu>

+s r (4.86)

L I d.rd'yþi,-,þ)öi*,fu)v (",y),1,",",@16*,_"10¡
I'

é,^,(x) in (4.86) is the coordinate-space/spin representative of the single-
particle vector | /, >.

ó,^.(") :< t,rn" I ó, ) (4.87)

The coo¡dinate-space/spin ket I r,m." > is discussed in Chapter 9 of part I.

5. Proof of (4.77)

The proof of (4.77) and is similar to the proof of (4.58) and is nor given here.

6. Three checks of (4.77)

'We check @.71) Ity considering three examples which use the one-particle
equations (4.-58) and (4.59).



Example 1:

When

AG",ep) : \ (4.8s)
(4.79) becomes

A"(ü,-.',("):n("-1) (4.8e)

The Fock space operator corresponding to (4.g9) is

á: ¡/(,V - 1) (4.90)

Substitution of (4.88) into (4.78) yietds (4.90) as required.

Example 2:

'When

¿((,",€p) :bc"l+ a(ç)] /a (4.ei)
(4.79) becomes

A,(ü,...,(,):(n-lf,t4"l @.e2)
a=1

The Fock space operator corresponding to (4.92) is

A:(N-1) Ë <rlAls>FJF" @.s3)

Substitution of (4.91) into (4.78) yields ( .93) as required.

Example 3:

When

t(€",€ò: AG")A((p) s.e4)
(4.79) becomes

f n 12
A,(ü,t2, .,1,): llrre"ll - Il¿t1")1, (4.ss)

L"=1 J 
=
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The Fock space operator conesponding to (4.95) is

[ "" f2A- lt.rlAlstrJ¿l - Ë <,lA2l">p,r¡-, (4.s6)
1.,":r I 'llt

(4-96) may be wrinen in rhe form (417) where

<rs lAlut>:ar I Alu >< s 1,4 ll > (4.g7)

as required.

Section 4.6 Hamiltonian

we consider a system of identicar fermions each with rest mass m and spin
s interacting with each other via two-body potentials. Each fermion is also be
subjected to an extemal potential.

4.6.1 Hamiltonian on n-fermion Hilbert space

The Hamiltonian for the system on n-fermion Hilbert space f,¡r" irt,

H":>ar¡o(d")+ i )_-
a:l a,lJ:'l

v (€", tp) (4.e8)

r¡o(€"): #.*uU-,

vG",ep):v(ta,ü)

(4.ee)

(4.100)

t 
@.99\ contâins the nonrclativistrc expression plf 2m. f¡" ,"lrt¡¡.,i" *pr"..;onffiì_
be used instead as nceded.

2 The double sumrnation in (4.98) is rcstricted to û * p
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'We need not specify the det¿ils of the external potential V((") o. the t,¡io_body
potential v(€",€n).

'We assume that ûle one-puticle vectors I ó, > (3.1) are the eigenvectors of

for some V({"). That is, we assume that

can be solved for j /, > and e, (r :1,2,

We write (4.98) in rhe form

uo, -Ð[ão({*) + y({")] (4.104)

ão((") + y(€") (4.101)

t¡10((") + v\")l I ó, >: ,, I ó, >

H,":')í6.!Vn (4.103)

rnt"-; t vg".€a) -!urt.r
d,ll:'l o:1



Comments

1. Central potential and residual interactions

(4.103) describes n identical fermions moving independently in a cenfal
potential with ¡esidual ìnteractions.

The central potential experienced by particle cv is

VD is the total residual interaction.

In practice, y(1") is chosen such that'j1¡tu is a good approximation to 11,".

2. Nucleons in an atomic nucleus

(4.103) descrìbes îL nucleons in an atomic nucleus.

V(€",€ò is the sum of the srrong interacrion porential and rhe
Coulomb potential between nucleon a and nucleon 11.

repuÌsive

There is no externai potential experienced by nucleon a. That is, ,"r(€*) :0

)((") is the nuclear shelÌ model potential.

3. Conduction electrons in a metal

(4.103) describes n conduction electrons in a metal.

V (€", tB) is the repulsive Coulomb potential between eÌectron a and electron
p.

y(1") is the atûacrive Coulomb potential experienced by electron a due to

v(e") +vG") (4.106)



the positive ions in the iattice. I/({*) is invariant under a space displacement
equal to the distance between the ions.

l((") may be taken to be zero. The single-particle states are Bloch states.

4.6-2 Hamiltonian on fermion Fock space

It follows ftom (4.58) and (4.71) that

on fermion Fock space

I *' for all n : 2,3, .

is equal to (4.103) on n-fermion Hilbert space"*"

ïI -'l1o I V

Ho:Ðçp|r, (4.108)

rcov:; t <rslv lut> flrjttrrr,- )] . rlv ls¡4rr." 1+.rol;r,s,l,u_l
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Comments

1. Fock space description

In going from (4.103) to (4-107) the description of n fermions in interacrion
has been carried over from a description in n-fermion Hilbert space fr!, to
a description in fermion Fock space f ,,¡,'.

(4.107) contains no reference to the number of particres. It can be used for
every system of fe¡mions interacting via two_body potentials and with an
external potential.

2. Tþo-fermion system

To desc¡ibe the deuteron, for example, or two electrons, one prepates

lør: Ë ú,"FÍFllo> (4.110)

at time zero where

/r," -< 0 | F,F" l,¿ > (4. jil)

is the probability amplitude that the system is in the state

r;*rl ¡o > \ .itz)

at Íime zero. I ty' > is an eigenvector of the number operator (4.50) belonging
to eigenvalue two.

The stafe at time I is

l,þ(t) >: u(ù l,þ s: 
"-;nt/r, 1,¡, s

: i ,¿,".-'u'/ñplpj lo >

(4.113)



H is given by (4.107)- Since

[rv, ¡1] : 0 (4.114)

it follows rhat | 1þ(t) > is an eigenvector of (4.50) belonging to eigenvalue
two for a1Ì time.

3. An advantage of the Fock space description

One advantage of the Fock space descrþtion of the n_fe¡mion system over
the 

'¿-particle Hilbert space descrþtion lthat is, in using (4.107) ìnstead of
(4.103)l is that (4.107) is expressed explicitly in terms of the eigenvectors
and eigenvalues of (4.104).

That is, (4.107) incorporates an approximate solution of its eigenvalue prob_
lem.

4. Goldsfone diagrams

The potential tems in (4.707) can be represented by diagrams.

J. Goldstone [J 16] .¡/as the first to develop and apply diagrammatic methods
with the Fock space descrìption of the z_fermion system.

Goldstone gave the first proof of the unlinked cluster expansion for the ground
state wave function and energy of an n_fermion system.

4.6.3 Hartree-Fock potential

The c¡eation operator FÌ @.22) and the annihilarion operator I,, (4.23) arc
defined i¡ terms of basis vectors in Fock space l,¡". These basis vectors are
constructed ftom Siater detenninants (3.1g) in n_fermion Hilbert space {,¡i".The Slater determinants are constructed f¡om the eigenvectors I d" > of tne
single-particle Hamiltonìan (4.101) for some single_particle potential V((*).

Diffe¡ent choices of )/({") lead to clifferent F, and F} .



The choice of f (6",) which gives the best inclependent-particle approximation
to the n-particie ground state of f1 is

<,lvlrt:Ë {<rtlvlr¿>-<rtlvlts>} (4.11s)
t:7

(4.1i5 ) defines the the Harfee-Fock porential.

The Ha¡rree-Fock approximation to the ground state of the r¿-particle system
ìs

lF>:FlF:..Fjlo> (4.1 16)

The Hartree-Fock appoximation to the glound state onergy of the n_particle
system is

<FlHlFr:É <,lHol"t+lf .,¡r¡,t (4.t1j)
r=1 ' r:7

Comments

1. Ground state energy

The energy Es,oun¿ of the n particle grouncl state of 11 is less than or equal



to every r¿-particle oxpectation value of 11.

(4.117) is the best approximation to Es,ound for independent_particle states.

2. Fermi level and Fermi energy

The single-particle energies are labelled

(4.116) is the stare having the lowost r¿ single_particle states occupied.

The highest occupied level is the Fermi level fo¡ the svsrem.

e,, is the Fermi energy of the system.

3. Determining the Hartree-Fock potential

V is determined by a seif-consistent process. The steps in the process are

i. choose V

ii. dcicrmine the jo, > by sotvrng 14.102)

iii. determine a new V using (4.115)

iv. repeat the process untiÌ output V equals input 7

proof of (4.115)

Let F) and fl be creation operators determined, respectively, fiom single_

e1 <€z< ".< en. (4.118)



particle potentials )/((") and l,l(("). Then

eÌ : eÌ+ii o"",aj, + .. "

.r-.L rt:\
for some numbers ¿¡r,, where a"" - 0 for all r.

Let

tF>:Flt]..4t0,
and

lF>:FÍF;..410'

(4.1 19)

(4.120)

(4.r21)

(4-122)

(4.t24)

(4.720) and, (4.721) arc the independent-par.ticle vectors corresponding to single_
particle potentials P({") and Z({"), respecrively.

We assume Lhat (4.120) yields the minimum expectâtion value of (4.107)
for all independent-particle vecto¡s. In view of (4.119), this assumption may be
expressed as

ô
lHli,>1,..,_o-0

UA rrt

(4.122) will be used ro derermine the single-particle potential ll({.').

It follows from (4.122) rhar tho rerm in

<F1ayr> (4.123)

which is linear tn the a,,, must vanish. The term in (4.121) which is
lìnea¡ in the a"", ig

I ¡¡," >: ÐÐ ",,, e|r] F) . Fi t o ,
r:1 rt: l

where the dl, occurs i¡ the r th place. Now since

(oj)': o
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it follows that
?ù co

I Fun >: t t o,,,rlr]. F: FJ I o > (4.126)
r:7 r':n*'l

It follows from (4.34) and, (4.36) that (4.126) can be rewrinen as

lh¿,>:I Ð a,,,r),r,lr> @.121)
r:1 rt:n*'l

Requiring the tetm in (4.123) which is linear in the ct.,,, ¡s vanish thus yields
Ro(<¡ |HF:,F,IFì:o @.128)

for all

r!n1r' ç4.1291
Nowl

FJIF>:F,,l|ts:s

<FlF,:<FlF),:0

(4.130)

(4.131)

It follows rhat (4.128) can be w¡itten as

.rl[r,i,nfF,lF>-o (4.132)

We now evaluare the left side of (4.132) when fl is given by @.107). It
follows using (4.2) and (4.9) that

l¡l-

lo!,,u] - -".,F,i t- I., I v I i > F:

ì o.r (4' 133)

*; I \< stlv lu,' > - < stlv liu>)FJF\F.
s,t,u:7

r unprimed unaptm"a@
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Using

<FlF:,F, lF>:o

<FlF:F, lF>:ó,"

(4.134)

(4.13s)

< F I F:Fj r"4 | F >-_ 6,"6tu _ 6n6u" (4.136)

it follows rhat

< ¡ llri. ttl¡¡" t p>:'L' I '

:<r ll lr' > -).._,{.rtlV lr,t > <rt lV ltrt >}
t:1

It foliows that (4.132) is satisfied if

< " ly I ,' ,:Ð{<,tlV lr,t> - <rtlV ltrt >} (4.133)
t:1

Extending (4.138) to define all matrix elements of V completes the proof of
(4.115).

Section 4.7 Particle-hole states of an n-fermion system

The Hartree-Fock state I F > (4.116) is the the best inrlepenrìent?articre
approximation to the ground state of an n-parrscle system. | ¡ > is conshucted
from n creators acting on the vacuum state | 0 >; i f. > has the lowest n
single-particle states I ry'" > occupied. The I rþ, > are determined by solving an
eigenvalue problem involving the Hartree-Fock potential (4.115).

The single-particre states occupied in I F > are calred unexcited states. The
single-particle states not occupied in I I > are called excitecl states.



An improved approximation to the Ha¡tree_Fock approximation to the ground
state includes

(4.139) is an n-particle srate which is a linear combination of states with
one particle created in rhe excited state | þ,, > and one particle annihilated in
the unexcited state | /" >.

It is convenient to express states like (4.139) in te,,ns of pafticles and holes.
This is accomplished by defining

n!: e,

r-1)... -

(4.140)

(4.141)

Comments

1. Hole creator

f1Í is a hole creation operatot or hole creator.

When operating on a basis vector I n{. ..n, .} ¡ with n" : 1, äj yields
a basis vecto¡ wìth n" : 0.

F1j creates a hole in rhe stare I ,{. .1. .} >.

Ð I ',,'F),F,1F> (4.139)

69



2. Hole annihilator

11" is a hoie annihilation operator or hole a¡nihilator.

When operating on a basis vector I n{. . .n, . .} > with n" : 0, 11, yields
a basis vector with n" : 1.

f1" annihilates a hole in rhe state I "{. 
. . O. . } >.

3. Fundamental dynamical variables

Fundamental dynamical variabies appropriare for describing an n-parricre
system are creators and annihìlators for particles in excited states

Fl*, and Fo+, r : 7,2, .. .cn (4.142)

and croators and annihilato¡s for holes in unexcited states

HI*r-, and Hn+l-r (4.143)

The fundamental dynamicar variables obey the anticommutation relations

{F^+,,F',+"}: {oj*",o,]n,} - o

{e*,,4i*,} : 0",

r,s:1,2,...,co

(4.144)

(4.145)

(4.146)



{Hn+t-,, Hn+t-"} = {tj*r-", ¡¡j*,_,} : o

(.
l',*t-,. H!,*r-,j -- ¿,"

r,s:7,2,...,n

(4.147)

(4.148)

(4.149\

{F,H}:O

F: Fn+" or {"

H : I{,q-, ot Hl+r_,

(4.150)

(4.1s1)

(4.1s2)

4. Symmetry in the concents of

(4.147) and (4.148) have the same form as (4.144) and (4-145).

The theory of fe¡mions is symmehic in the concepts of c¡eation ancl anni_hilation.

The theory of fe¡mions deals with particles and holes on equat footing.

5. Number operators

'We 
define particle and hole numbe¡ operators

't'l



^I - ¿rl rlt'pr - 1n+îa n+r

N¡, : Hj*r_,Ho¡1-,

(4.153)

(4.1s4)

*r:î,*r,

¡rn: Ðli¿"

(4.1s5)

(4.156)

l[o is the excited-particle number operator. iy'¡, is the hole number operator.

The number oporator ¡/ (4.50) is expressed in terms of particle and hole
number operators as follows:

lr': n*ly'p N¡ (4.157)

ó. Hamiltonian 7lo

The inclependenrparticle Hamiltonian 110 @.10g) is expressed in terms of
particle and hole number operators as follows:

co

'l1o: ep +\e,No, _ Ðro,*r,
r:1. r=1

(4.1s8)



€¡: Ð ,,:Ðrn,
r=1 r:1

(p, : €n+r

€hr : €n+7-r

(4.1s9)

(4. 160)

(4.161)

€pr is the energy of a particle in an excited state.

e¿" is the energy of a hole in an unexcited state.

7. Properties of the Harfree-Fock stâte

-

The Harnee-Fock state I I > satisfies

F"+, I F >:0

t - r-,2-,. .,(f)

(4.162)

H"+t-, i l' >: 0

r :1,2.,... ,n

(4.164)

(4.165)

¡/11¡>:¿l¡'>

NelF>:¡r'i, l¡'>-0

(4.166)

(4.161)



11olF>:€FlF> (4.168)

I F > is an n-particle state which contains no excited particles , and
no holes.

I F > is an eigenvector of the independent-particle Hamiltonian 116 belonging
to eígenvalue e¡.

We call | ¡' > the Hartoee-Fock sea.

8. Creating particles and holes

When acting on I F >, 1j*" yields an (n | 1)-particle basis vecror wirh
one particle in an excited state.

When acting on I 17 >, ,FIÌ*r_" yields an (n - 1)-particle basis vecto¡ with
one particle removed from an unexcited state-

One says mal F]*, creates a particle above the Ha¡tree-Fock sea and Ilj*r_"
creaies a hoie in the Harmee-Fock sea.

9. Particle-hole creators

F]*,Hitr_" is a particle-hole creator.

When acting on I F >, FJ"*,Hl*r.-" yielcls an n-particle basis vector with
one particle in an excited state and one particle removed ftom an unexcited
state.

One says that F]*,Hj*r_e creates a particle above the Hartree-Fock sea and
a hole in the Harhee,Fock sea.

10. Particle-hole states



The n-particle staæ Fl*,Hf,*r_, I ¡ > is a one_particle_one_hole state.

One can similarly construct two-particle_two_ho1e states, etc.

The general n-particle state is a linear combination of I F > and of many-
particle-many-hole states.

Section 4.8 Correlated particle-hole states

me state ,fl*,nl+r_" I F > of an z-particle system has a hole in single_
particle state I ón+t-" > in the Harfee-Fock sea I r' > and a particle in excitecl
single-particle state | $n*, > above the Hart¡ee-Fock sea. The state labels r and
s are independent; the patticle-hole pair which is created is uncor¡elated.

In this Section we consider states of an n_particle system which involve
correlated particle-hole pairs.

conelated particle-hore pairs are calrecl cooper pairs forlowing the work of
L.N. Cooper. Bounr! E!cctron pairs in a Dagenerate Fer¡¡¡i Cas, phys. Rev. iû4,
1189 (1956).

n-particle states involving Coope¡ pairs a¡e called BCS states following the
work of J. Bardeen, L-N. Cooper, J.R. Schrieffe¡, Theory of Superconducivity,
Phys. Rev. 108, ll75 (1957).

Each BCS state is rlefined as a unitary transformation of I I >. The
transformation is calied a Bogoliubov transfo¡mation folowing the wo¡k of N.N.
Bogoliubov, A New Method in the Theoryt of Superconcluctiui f , Soviet physics
IETP 7, 4I (1958) and J.G. Valatin, Comments on the Theory of Supercorrlucíivity,
Nuovo Cimenro 7 , 843 (195Ð.1

Repri¡ts of the âbove Jrapers are in D. prnes. The Manl Body probtem, W .A. ßenjamin, Inc,, 1961



The best BCS state is defined as the BCS state rÃ/hich minimizes the average
value of an approximate Hamiltonian involving interaction betweon Cooper pairs.
The average obtained is less than the energy e¡ for the Hartree-Fock state for
any attractive interaction between Cooper pairs. That is, there is an energy gap
between the best BCS state and the Hartree-Fock state. The expression for the
enorgy gap cannot be obtained from any finite-order perturbation theory involving
the pair interaction.

4.8.1 Cooper pairs

We define a particle-hole annihilator G" by

G,: Hn¡1-,F.¡,

r-1,2,...,n

(4.169)

(4.110)

The corresponding particle-hole creator çi is

cl: tj*,a!,*,,, (4.t71)

G" and G] satisfy:



(G,)' : ("1)' :o

G,GIG, : s,

GlG, : No,Nt,

c,c! : r - Ne, - N¡, I Np,Nn,

(4.n2)

(4.173)

(4.174)

(4.17s)

Comments

1. Nomenclature

G; creates a particre in an excited state and a hore in an unexcited state.

Gl is constructed such that the energy difference between the excited and
unexcited states increases with increasing r.

_+
G; creates a conelated particìe-hole paü.

We say that G| creates a Cooper pair.

4.8.2 Bogoliubov transformation

We define

U:UtUz...U,, (4.17 6)



U, :4, + 8,

À -1 cJLr-t-rl)r

Br: urS6, - iurSz,

(4.177)

(4.118)

(4.119)

So,-G,GI+GIG,

sz,-t(cl-c,)

(4.180)

(4.181)

Comments

l. Unitary operators

The U, are a family of number-conserving commuting unitary operators

u? +u?:r

(4.182)

(4.183)

(4.184)



i¡¿, ¿Ll : o

[U,,U"1 : g

u,u]:ulu,:t

(4.18s)

(4.186)

(4.187)

U is a number-consewing unitary operator.

[¡l/, u] : 0

Lrgt:g|g:1

(4. 188)

(4.189)

2. Nomenclature

Pa¡ameters analogous to u1)u2). . . ,un and. Dr)?)2,. .. , u,¿ were introduced by
Bogoliubov in his theory of superconcluctivitv.

^ ^-,^*r:- -1- -r-auLuruxrgry, wy cat.r u a öogotluDov hanstormation.

We call u1,u2,... )un and. Dr)u2.)...,u," Bogoliubov parameters.

4.8.3 BCS states

We define

lG>:UlF> (4.190)



It foilows fiom (4.176) thar

lG r: (",+"*GL) " ("r*,,Gt)(",+,,c1) | ¡> (4.1s1)

Comments

1. Nomenclature

I G > is an z-particle state which is linea¡ combination of the Harnee-Fock
state I I > and of states formed by creating up to n Cooper pairs fiom
lF>.
A correlated pair state analogous to I G > for a system of electrons forms
the basis of the Ba¡deen, Cooper and Schrieffer (BCS) theory of supercon_
ductivity.

Accordingly, we call l G > a BCS state.

Each BCS state I G > is labelled by a set of Bogoliubov parameters.

4.8.4 Quasiparticles and quasiholes

We define

Q y', : U F,¡,(11

- _ 1 (t
t r1L1 . r t_)1J

(4.192)

(4.193)



Qn, : U Hn+t-,tJI

r-1)... -

(4.194)

(4.1e5)

It follows rhat

Qp" : Fn+,

r:n+1,.-.,æ

(4.199)

(4.200)

It follows fiom (4.196) and (4.tg1') rhat

Qp,:u,Fn¡,-u,Hl,+t-,

Qn,:u,Hn+t-,+u,F)*,

r - 1,2,... ,n

(4.196)

(4.1e7)

(4.198)

Fn+,: urQp, + u,QÏn,

lln+l-,:",Q¡,-u,e¡,

r:7,2,... ,n

(4.20r)

(4.202)

(4.203)



It follows from (4.144) to (4.152) and from (4.192) to 4.195) rhat

{eo,,e,"}: {q1,,Ç;"} : o

{e,,,e¡"}: a",

(4.204)

(4.20s)

{Q ¡,, Q ¡"} - {qT,,,ol"} : o

{oo,,a,r"}: a,"

(4.206)

(4.201)

I rì
lQ,,,Q¡"1 - 1Q",,QI" I : o( - "")

(4.208)

1. Fundamental dynamical variables

(4.192) and (4.194) define fundamenral dynamical variables e* and en,.

(4.204) to (4.208) is a fundamental algebra for rhe system.

2. Transformation equations

(4.207) ancl (4.202) allow transfotmations lrom Q, and Q¡, fo Fn¡, and,
Hn+1-r -



Nomenclature

Qp, and Qhr arè hnear combinations of particle and hole opetators.

Qe, is a quasiparticle annihilator. e¡, is a quasihole annihilator.

Number operators

We define quasiparticle and quasihole number operators

Noo, : (/ No,UÏ : Q),Q4,

Nor", : (J Nn,()' : qLqu,

(4.209)

(4.210)

1y'oo ìs the quasiparticle number operator. ,Vo¿ is the quasihole number
oporator.

It follows ftom (4.157) and (4.1gg) thar rhe numbor operator 1V (4.50) is
expressed in terms of quasiparticle and quasihole number operators as follows:

Nqp: uNput: Ërrr"
r-l

Non: uNnU¡ :\)Nøn,
r:1

(4.211)

(4.212)

Ir':n*Nor-Nqn (4.213)



5. Hamiltonian UTloUt

The independent-quasiparticle-quasihole Hamiltonian U,H¡UI is expressed in
terms of quasiparticle and quasihole number operators as follows:

n

UHoUt : ro + I ep,Nqp, - l en,Nqr,,
r:1 r:1

(4.214)

The eigenvectors of U110UI fo¡m a basis for the Hilbe¡t space of the system

6. Properties of the BCS state

I G > satisfies

Qo, lG>-o

¡-:'1,2, ,cn

(4.21s)

(4.2i6)

Q¡,, lG >- o

t' : I,2,.. ,n

(4.21'1)

(4.218)

NIG>-nlG>

N,telG>:NqnlG>:0

(4.21e)

(4.220)



UHoLrtlG>:erlG> (4.221)

I G > is an n-particle state which contains no quasiparticles and no quasi_
holes.

I G > is an eigenvector of the independenrquasiparticle-quasihole Hamilton_
ían IJllsIJl belongìng to eigenvaluo €p.

7. Quasiparticle-quasihole states

The n-parricle st"te qf,,e!" I G > is a one-quasiparticle-one-quasihole
state.

One can similarly construct two-quasiparticle-two-quasihole states, etc.

The general n-particle state is a linear combination of I G > and of many-
particle-many-hole states.

4.8.5 The best BCS state and the energy gap

Furthe¡ discussion of the equations de¡ivecl in this Topic is found in J. Bardeen,
L.N- Cooper, J.R. Schrieffer, Theory of Superconductivity, phys. Rev. 10g, 1175
(res7).

We assume that the Hamiltonìan for the system can be approximatecl by

Hpo¡:HotVpo¡ (4.222)
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vpair--ls,"e[G"
r'S=1

si" : s," gsr : 7rs g,, :0

(4.223)

(4.224)

116 is given by (a.158).

Vro;, is a Hermitian interaction between different Cooper pairs.

The best BCS state is defined as the state lG > which minimizes

Ec-<GlHr";lC> (4.22s)

It follows using (4.201) and (4.202) that

l\r, - ui I ...

hl, -.,2t.-.i'nr 
- 

vr t

clc": ur?)rusus + .-.

(4.226)

(4.227)

(4.228)

where.. ¿ìre tetms for which < Gl. .lG>:0 and the¡efore



E. :>a(u2,e¡, 1 ,!ro, - o,,,u,)

ar : )--- Çrsllsus
s=l

(4.229)

(4.230)

Minimizing

with repect tO ut,u2r. . . ,uD And, u1,1)2,. .

tipliers yields
, u, where the ì" are Lagrange mul_

It follows from (4.232) and (4.233) rhat

n. +f ¡,(,7 +,?) (4.231)

2(rn,*À,)u,-arur:0

2(epiÀ,)u,-arur-0

r :1,2,...,n

(4.232)

(4.233)

(4.234)

(en,r),)"?:Gp"r\,)u?



and therefo¡e

We define e6" by

11
eç, - 2(c.p, -f À,)i (t ¡,1 ),)z (4.238)

It follows that

epr I e¡, + 2^, : (r7 + r3,)'

er: epr - €hr

(4.239)

(4.240)

z eo, * À,
I-, rt\wprttn.rt-/\r

,,2 - 4, lÀ,
t.- .)\\prttnrt-'\r

(4.236)

(4.237)



.2 11,
",- tL'

,,' -!1,,l-

2u,u" :

"t-r"I'k?+4,1àl

I_ a, 
Irl

(el + ef,,)t )

€or
-.----------.r
(-2 r -2 \ã\. r r '0r,/

(4.241)

(4.242)

(4.243)

ar : €0r (4.244)

(4.245)

.0" ::f I's¿os 
-

Z" /. t \xs:r (e6 j e ñ"] 
.

(4.246)

ii Ìû.iiows íoti1 (4.'23û), (4.243) and (4.244) thar the €0r sarisfy

Determining the e6, fiom (4.246) determines 86. The values of the ee"
depend upon the values of rhe parameters g", which specify the inter acnon (4.223)
between Cooper pairs.



We assume that

The integer n" specifres the number of Cooper pairs which participate in the
pairing interaction Vr";" (4.223).

It follows tuom (4.247) and (4.248) that

¿0":0 if r)n" (4.249)

and

€b:€o tf r!n" (4.2s0)

We assume that the number of energy levels is sufficiently high near the
Fermi level Én that the summations in (4.245) and (4.25I) can be replaced by

- n"-1
1- \- 1

o 1r , ' . "+- r-1 \€i + €'o)'
(4.2s1)

9's:0

g,s :29

if

if

r or s>??c

r s !n"

(4.247)

(4.248)



ñ,u
I _ [ nG)de
o Ln "'+- "o \€" +€õ1.

(4.2s3)

integrals.

fu,.t : €n. and n(e)de is the number of single-particle statos with energy 6 between
€and€+de.

We furthe¡ assume that

n.le) -n(0) for 0 (e < ñ.u.r (4.2s4)

n(0) is the energy-level density at the Fe¡mi level

It follows from (4.252) to (4.254) that

,r: r,f "^ol+7 (4.2ss)

Ec-rp
ñ.a

=; Il,-
0

1"' +,!¡+1,ç¡a, (4.2s2)



Ec ,n:|,ço¡çnr'{r- lr. (#)']'} - * (4.2s6)

Ec -,, - i,rcttnù' 1": .;r+. . --] (4.2s1)

(4.2s8)
1

"(o)s

That is,

Comments

1. Energy gap

It follows from (4.257) that

E.<r, if g>0 (4.2s9)

That is, if there is an attractive force between Cooper pairs, no matter how
weak, the energy of the best BCS state I G > is less than the energy of
Hartree-Fock state I F >.

There is an energy gap between I G > and I I >.

2. Nonperturbative result



The right side of (4.257) has an essential singularity when 9: Q.

(4.257) cannotbe obtained from any finite-order perturbation theory involving
expansion in powers of g.





Chapter 5 FOCK SPACE FOR
EERMIONS: PART 2

Section 5.1 lntroductory remarks

In Chapter 4 we conside¡ed a system of identical fermions with Fock space
as the H be¡t space for the system. The fundamentai dynamical variabres are
crearors F'l (4.22) ancr .annihrlators g (4.23) satisfying the fundamenal algebra
(4.34) to @.36). Trrc Fj and F, are consffuctod urìni u ã.nu-"rabre ser of vectors
which span the one-fermion Hilbert space.

In thìs chapter we continue the consideration of a system of identical fermions
with Fock space as the Hilbert space for the system. In this chapter we consider
creators and annihilato¡s constuucted using nondenumerabre sets of eigenkets
which snrn lhe one-lerrnin. l-lilha* "^.^-,,¡¡uLrr rt,4\ v.

In Section 5.2 we conshuct creato¡s and anmhilators using coordinate_
space/spin eigenkets. This teads to ouantum field theo¡w fnr fermi^-"

In Sections 5.3 and 5.4 we construct creators and annihilato¡s using
momentum-space/spin and momentum_spac eþelicity eigenkets, respectively.

The Poinca¡e generators fo¡ a Lo¡entz inva¡iant system of free fermions are
given in Section 5.5.

The Galilei generâtors for a Galilei invariant system of interacting fermìons
are given it Section 5.6.



Section 5.2 Creators and annihilators labelled
by position and spin

5.2.1 Definitions

The creator fÌ @.ZZ) and the annihila tor F, (4.23) are defined in rerms of
the denumerable set of vecrors I ø" > (3.1) which form an orthono¡mal basis for
the Hilbert space for a one-fermion system with rest mass ra and spin ,.1 The
| ó, )o ate simultaneous eigenvectors of specified one-particle operators.

We recall from Chapter 9 of Part I that the simultaneous eigenkets I r,n" )
of the Cartesian position X|,X|,X: and of the z componenr of spin Sl mal,,
be used as an orthono¡mal basis

for the Hilbet space for a one-particlo system with test mass m and spin s

The function

ó,*.(r) :1 r,m" I ö" )
dd

(5.3)

is the coordi¡ate-space/spin representative of I ó, >.

+s1¡.- t l,F,!,,m"><
- 

.l dù

< ¡,m"1r',ml >- 6(r - rt)
a

t, rn., 
I

6 * 
"ro1

(5.1)

(5.2)

I rhe subscnpt a servcs ¿ìi a rerniDder that the staLes are defrned i¡ rhe H bert space fo¡ fermion û
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These functions satisfy

We define

It follows using (4.29) ro (4.j7) rhat

F-.(c)10>:0

<014"(¿):o

(5.8)

(5.e)

FL.@ lo t: (0, I ", -" >, o, ..) (5.10)

+s1
t I d3tþ',*.(r76"-"(.cl-ó,,

i ri*,{,) r,^,,("') : 6 (, - x') 6*"-,.

(s.4)

(5.5)

F-"@):i,øt^"øtr)
r:1

F^"(r): Ló,^"(r\p,
r:1

(5.6)

(5.7)



It follows using (5.4) and (5.5) that

Comments

1. Fundamental dynamical variables

(5.6) and (5.7) define fundamenral clynamical va¡iables Ff ,@) and, F*,(r)
for a system of identical fermions each with rest mass m and spin s.

2. Tlansformation

(5.11) and (5.12) allow transfoÌmarions from Ff.(ø) md F^.(r) to fll ancl
F" given by @.22) and (4.23).

3. Quantum field theory

f)^ "þ) ana F*"(r.) arc labelled by the continuous variable z.

f[.(z) ana F*,(r) are quanrum field operators in rhe Schrodinger picture.2

The description of a system of identical fermions using quantum fields as
fundamental dynamical variables is ca_lled quantum field theory (eFT) of
fermions.

, :i_ 
" 
I o', r, *. (r) o,å. (z)

+s r
) |dsrgi-.þ)F^"lr\*7 "J

l¡t -

F,:

(s.11)

(s.12)

A ûeld is a function of lhe coo¡dinates of a point in space



4. One-fermion staf e

When acting on the vacuum state I 0 >, Få.(") .."ut"r an elementary fermion
at position ¿ with ¡est mass m, spin s and z-component of spin rn".

The general one-fermion state at time I is

tþi,þ,t)tþ*"(x.,t)rl3n (5.14)

is the probability that the fermion is in the voltme drdydz about the point
(r,y,z) with z component of spin m, at time ¿.

1Þ*,(r,t) is the coordinate-space/spin wave function of the femion.

5. Second quantizafion

Definitions 15 6l ârìd 15 ?\ h:rr¡e leri tn rhe ñ^d^ñ rhô+ +1"^ ç-rá ^---^+^-^ /< r\uPUr4r\Jlù \J,u./
and (5.7) are given by a process of "second quantization,, applied to the func_
tions þ,.*. (z).

The phrase "second quantizafion" arises because one describes the quantum
mechanics of a single fermion in terms of $,*,(t) representing the state of the
particle then one uses these same functions to construct operators appropriate
for describing the quantum mechanics of an assembly of identica_l fermions.

"Second quantization" is misleading. It gives the impression that the descrip_
tion of a physical system using field theory is beyoncl quantum mechanjcs or
that it requires a modification of quantum mechanics. It doesn,t.

People say "second quantization" when they mean ..the Hí1bert space is Fock
space".

*Ð- 
" 
I o', r^- (r. ¿) Fi,.(z) I o >l,þ(t) >: (s.13)



5.2.2 Anticommutation relations

It follows from (5.6) and (5.7) and (4.34) to (4.35) thar

(5.15) to (5.17) are a fundamental algebra for the system of fermions.

some commutators of products of fermion creators and anriihilators are given
in the Appendix.

5.2.3 One- and two-particle operators

The operators (4.58) and (4.77) on fermion Fock space /,¡" are equal, respec_
tiveìy, to the oxe- and two-particle opetators (4.60) and (4.79) on n_fermion
Hilbért space f'F'for all n.

It follows using (5.11) utd (5.12) that (4.58) may be expressecl as

^:l Ot r|z 
", 

pt 
14 A(r, 

", ) 
F (r, ) (5. 18)

(5.15)

(s. 16)

(5.17)

{¡'-.(,), F-: ("')} : o

{¡å.("),¡;1,(,,)} : o

{r-.1";, rå, ("')} : ó(, - ,,)6^,,-,,
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\¡/here

]lT(z) is the corresponding 2s * 1 row mahix and A(x, r, ) is the 2s f 1 by 2s * 1
square matrix

(A@,t'))*"^,,:l',^" I ,1((") I x' ,m'" ì (5.20)

of one-particle mahix elements.

It follows using (5.11) ancl (5.72) that (4.77) may be expressed as

wherc A(r, y , r', y/) is the tensor

(Aþ,y, x, ,y,)) *o,npm,om,u

:l 
",,no I 

u< 
u,^p I A((,,fu) | x' ,m,,

(s.22)

jl u' ,'n'u >

(:*)
tr(z) : (5.19)

,t : I at ratua3r' d3y, Frç"1F.(flA(x,y,x,.,y,) F(y,) r(r,) 6.21)



of two-p article matrix elements.

Section 5.3 Creators and annihilators labelled
by momentum and spin

5.3.1 Definitions

In Section 5.2 we used the simultaneous eigenkets I t,m" ) of the Cartesian

position X:,X'?,,X|and of the z-componenr of spin "gj fo, f"i-ion ¿v ro define
the c¡eation operaror 4,.(r) (5.6) and the annihilation operator F,.,(r) (5.7).
The I r,rn" > may be used as an orthonormal basis fo¡ the Hilbert space for a

one-fermion system with lest mass m and spin s.

We recall from Chapter 9 of Part I that the simultaneous eigenkets I p,^" >
of the Cartesian momentum P:, P:, På and of the z-componont of spin .gl ma]
be used as an orthonormal basis

for the Hilbert space for a one-particle system with test mass m and spin s

The I p,m" > and I z, m" > eigenkets are related according to

f ,,^, tp,.t" à: (*)t "o,,,uu.-,-,,,
(s.2s)

(s.23)

(s.24)

t02



e)-.@) : (*)t I a3 
"";o,/ñ rf.6¡

F^"(p): (*)t f a3,.-in"/ñr*.ç,1

(s.26)

(s.21)

We define

It follows using (5.8) to (5.10) thal

F-.(p)10>:0

< 0 | ¡;1"þ):0

(s.28)

(s.29)

FJ,.@) to r: (0, lo, -" ì,0,.. ) (s.30)

It follows from (5.26) and, (5.27) that

FL"þ) : (h)r | È'. "n'/ñrtï ,1r:

F*"(x): (#)t I a,r",o,/ñr,-.1r¡

(5.31)

(5.32)



Comments

1. Fundamental dynamical variables

(5.26) and (5.27) deñne fundamental dynamical variables F),"@) and F,-,@)
for a system of identical fermions each with rest mass m and spin s.

2. TFansformation equations

(5.31) and (5.32) aÌlow rransformarions trom ff"(p) and f-"þ) to ff.1r;
and F*.(r) given by (5.6) and (5.7).

3. One-fermion state

'When acting on the vacuum state | 0 >, Få"1p¡ 
"."ut"r 

an elementary fermion
with rest mass m, spin s, z- component of spin rn" and momentum p.

The general one-fe¡mion state at time ¿ is

+s

l,p(r)': f I ,ttp,þ- 1p,r)Fj,.(p) t0 > (5.33)

Iþk.(p, t)1þ *,(p, t) dr e (s.34)

ìs the probability that the fe¡mion has momontum ir.r the volume dpl rLp2 dyt3

abo,tt (p1 ,p2,p3) with z--romponent of spin ms at time l.

,þ,",(p,t) is the momentum-space/spin wave function for the fe¡mion.



5.3.2 Anticommutation relations

It follows fiom (5.26) and (5.27) and ftom (5.15) to (5.17) that

It follows also that

{r*p¡,rl¡nl}
t t '. I

= \*r) "i"/ù6^"*,. (5.38)

(5.35) to (5.37) are a fundamentar argebra for a system of identicar fe¡mions
erch with rest mass m and spin s.

5.3.3 One- and two-particle operators

The operators (5.18) and (5.21) on fermion Fock space f,¡, are equal, respec_
tively. to the o¡e- and two-particìe operators (4.60) ancl (4|-9) on n_fermion
Hilbert space j'I-.r" for all ¿.

(5.35)

(5.36)

(s.31)

{F^.(p), F*,"(p')} : o

{¡å"rol,¡;i,,(o')} : o

{r^"çe¡, rf,r(r,) } : r(, - p,) 6^.*,.
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It foilows using (5.31) and (5.32) thar (5.18) can be wriuen as

A: f ,f ra3n'FT(p),¿(p,p')r(p,) (5.39)

Ft(p) is the corresponding 2s f 1 ro'¡/ matrix and A(p,pt) is the 2s * 1 by
2sf l square matrix

(s.41)

of one-particle matrix elements.

It follows using (5.31) and (5.32) that (5.21) can be w¡irren as

I : I ateas øa3p, dr q, Ft A)1Ft qq)A(r, rt,n,, (r,) þ- (q,) F (e,) 6.42)

(:*)
F(p): (5.40)

where '4(p, q,p' , q') is the tensor



(.1(p,, q, p, , q')) *-mBm,m,u

:1 p,mo 
I 
u. 

n,*B I A((,,tþ) | p' ,^',
(s.43)

>l q' ,,-'o 2

of two-particle mat¡ix elements.

Section 5.4 Creators and annihilators labelled
by momentum and helicity

5.4.1 Definitions

In Section 5.3 we used the simultaneous eigenkets I p,-" > of the Cartesian

momenfum PJ,P:,P:and of the z- component of spin Sl for faiticle a ro define
the creation operator |lk,(fi) (5.26) and the annihilarion operator F*,(p) (5.27).
T]ne I p,m" > may be used as an orthonormal basis for the Hitbert snace fo¡ a

¡Ì
one-fe¡mion system with rest mass m and spin s.

Vy'e recall from Chapter 9 of Part I that the simultaneous eigenkets I lrÀ(p) >
of the Ca¡tesian momenrum P:,P|,P: and the helicity.{ may be ur"d us ai
orthonormal basis

+s
r-\--d - 1, Id"ln^@) ìf n^þ) 

I
(s.44)

(s.4s)f h^(p) I h.^' (p') >: 6(p - p,)6xs,
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for the Hilbert space for a one-particle system with rest mass rn and spin s

The | À^(p) > and ) p,m" > eigenkets are related according to

1p',m" | ¡r(p) ì: 6(n - e')Di,,¡@,0,0) (5.46)

(0 ,9) are the spherical polar coordinates of 1 in the fixed ine¡tial frame and

Dt*,*(o, p,ù (5.47)

are rotatìon matrices.

'We define

It follows using (5-28) to (5.30) that

FÀ(p) lo>-o

< 0ll")t(p) :0

(s.50)

(5.51)

+s
p^T (p) : Ð oï,^(r,o,o)r',Ì,.þ)

mr: s

+s
¡À(p): Ð ')ff.^(r, 

o,o)\,,(p)
m¡=-s

(5.48)

(s.49)



r^1(p) lo t: (0, | ¿r(pl ì, o,
)

(s.s2)

It foilows fiom (5.48) and (5.49) that

+s
eJ",@) : I n;.^1ç, o,o¡ r^t 6¡

l:s

+s
F*"(p) : \ o;.^1e, e, o¡ t^ çe¡

À:s

(5.s3)

(5.54)

Comments

1. Fundamental dynamical variables

(5.48) and (5.49) define fundamentat dynamical variables f)tþ) ana ;rÀ(p)
for a system of identical fe¡mions each with rest mass m and spin s.

2. Transformation equations

(5.53) and (5.54) allow transformations from I'ÀT(p) arìd F)(p) to I'å, (e)
and F^,(p) given by (5.26) anct (5.21).

3. One-fermion state

when acting on the vacuum state | 0 >, F)I(p) creates an elementary fermion
with rest mass z¿, spin s, momentum p and helicity ).

The general one-fermion state at time ¿ is



+s
,þ@ >: Ð

À:-s I at 7,,b^1p,t¡r^t ç¡ l0> (s.ss)

.,þ^r 
1p,t)g^ çt,t1d.3 p (s.s6)

is the probability that the fermion has momentum in the volume dp1dp2 dp3
about (p1 ,p2,p3) with helicity ) ar rime ¿.

¿)(p, t) is the momentum-space/helicity wave function for the fermion.

We call from Chapter 9 of PaÍ I that for a fermion with zero rest mass ì¡/hich
is described by a Hamiltonian which is not invariant under space inve¡sion

,þ^(p,t):0 unless either ): ts or À: -s (5.57)

5.4.2 Anticommutation relations

It follows from (5.48) and (5.49) and from (5.35) to (5.3'7) that

{n^@)'o^'

{;rrtlo;, r'ì'

@)j

t(r') 
)

- 6(P

-0 (5.s8)

(s.s9)

(5.60){l)tp¡. rt't1o'¡}

=0

P')6s^'

t 10



{r*.,,,,r'^rrp) } = (#)' ",,' 
/ k o;.^çe. o,o1

{r.*@),¡'t (o') i : t (p - r' ) n; 
"^1e, 

e,o¡

(5.61)

(s.62)

It follows also that

(5.58) to (5.60) are a fundamental algebra for a system of identical fermions
each with rest mass m and spin s.

5.4.3 One- and two-particle operators

The operators (5.39) and (5.42) on fermion Fock space l'¡'.' are equal, respec-
tiveÌy, to the one- and two-particle oporators (4.60) and (4.79) on n fermion
Hilbert space f'!" for all n.

it foiiows using (5.53) anci (5.54) rhar (5.39) can be wriuen as

where

^ [ 
" 

Å tÈ+/ \ 1/ /\-/,\n : 
J " 

pa p J- '\p)"A\p,p ).r \p ) (5.6r)

(:*)
T(p) : (s.64)



ft6; is the corresponding 2s + 1 row matrix and, A(p,pt) is the 2s * 1 by
2s -l- 1 square manix

(A(p,p')) 
^^, 

:f h^(p) | .4(€") | h^' (p') à (s.65)

of one-particle matrix elemonts.

It follows using (5.53) and (5.54) fhat (5.42) can be w¡itren as

a : I at1ra3 qa3 p, d3 q, Fi 1p¡7r (q)A(n, ø, r,,,t')t (ø,¡rçp,¡ (5.66)

A(p,q,p',q') is the tensol

(A(n, ø, r,, q, )) s.¡ B¡L¡,,,

:l h^" (p) 
I 
u. 

o^u (r) I A(t", €ò 1 n^L (n,) ,,1 tì'e (,1) >
(s.61)

of two-particÌe mafix elements.



Section 5.5 Lorentz invariant system of free fermions

Equations (5.18), (5.39), (5.63) and (5.2.1), (5.42), (5.66) are general expres_
sions for operators on fermion Fock space f,!" which are equaì, respectiveþ, to
one- and rwo-particle operators (4.60) and (4.79) on n_fermion Hilb"rt ,pu""
f'I.r' for ali n.

These general expressions invorve different sots of fundamentar dynamical
va¡iables. The variables are expressed as column matrices F(xl $.19\, F(nl
(5.+0), 3(p) (5.64) and corresponding row matrices Ft@), Ff ç), Ft6).

We consider some examples of these general expressions in this Section. In
particular, we give the Poinca¡e generators of a Lorenrz invariant svstem of free
fe rm ion s.

5.5.1 Poincare Algebra

To desc¡ibe a physical system which is Lorentz invariant, one must construct
fhe Pninrarc rlêñêrâr^rc ç'^* ih- f,,-r-*^-.^r r .,u¡¡uor qrjrdr uylta ca¡ VanADteS. InAl fS- One
must consfuct te n Hermitian operators H, pj . Jt ,1(/ (where j __ 1.2,3) which
satisfy the Poincare Algebra

lei,ekl:o

lei,al :o

(5.68)

(s.6e)
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ltt ,rrl : i.ñ.eittpt

pi,nl : o

fti,tk]: ifi.e¡r"rJt

(5.70)

(s.71)

(s.72)

[xi , ekl : -irt6¡t7 lc2

lKr,n):-¡6¡'i

lrci,tk]: iT¿ej*tKI

lNi , xrl : -irtej*Jl lc2

(s.13)

(s.7 4)

(5.7s)

(5'76\

The Poincare Aigebra (5.68) to (5.76) may be wrinen in the form

[Pþ,P'l:s 6.1])

[MPv , P6]: iñ'(g'" Pþ - gþo P') (5.78)

LMI"',,M"',l: if¿(g'"Mp" - gpoM,' I g,,7,7'ø - gt" M"") (5.1g)



,,: (1o,,',,,,o') (5.80)

(M23., Mst , x,ltz) : (J1 , J2, J3)

(Mo1 , Mo2, Mos) : (cxl ,cI<2,cK3)

MPv : -Mvþ

(5.81)

(s.82)

(s.83)

5.5.2 Poincare generators

For a system of free identical fermions each with rest mass m and spin s,
(5.68) to (5.7 6) arc satisfied when

n - | a31,e1e¡r.tþ)F(p) - | a3e,ç,¡rtçe1rçe¡ (s.84)

4ù:fercr+rn14 (5.85)



Pt: lÊef FÌ@)F(e): 
la'e¿rt1p¡r1e¡

: -;n I a,,fi@)ffrp¡
(5.86)

Í : -¡n I ¿',fiç"11,xv)ir(z) + | a',rt1,¡",r,ç"¡ (5.s7)

o' : -# | a'1,,1e1ttçe¡ 
uo,Lt,r, + | a'rrtøtl!!Ð\r.(p) (5.8s)

The sr in (5.87) and (5.88) are 2s l7 by 2s * 1 matrices satisfying

l"j,,kf : m,,r,"t (5.89)

The number operatot lú for the system is

w: la',rtp)¡("): la'ertçe¡t1e)- f a'rrt1¡,¡rç,¡ (s.eo)



The helicity 
^ 

for the system is

t: I asprtç,),'r@) (5.e 1)

when s3 is diagonal.

Comment

1. Conservation of number of fermions

The generators (5.84) to (5.88) and the helicity (5.91) commute with ¡r'. The
number of fe¡mions in the system is constant in time.

In Chapær 9 we consider a systom of interacting fermions and bosons where
the number of bosons in the system is not constant in time.

Section 5.6 Galilei invariant system of interacting fermions

(5.84) to (5.88) are the Poincare generatots fo¡ a Lorentz invariant system
of free fermions. In this Section we give the Galilei generators for a Ga.lilei
invariant system of interacting fermions.

5.6.1 Galilei Algebra

To describe a physical system which is Galilean invariant, one must construct
the Galilei generators from the fundamental dynamical va¡iables. That is, one
must consfuct ten Hermitian operators H, pi ,.1i ,Ifr (where J : 1,2,3) which

I17



satisfy the Galilei Algebra

lei,erl: o

lPj,Hl:o

(s.92)

(5.e3)

ltt,ekl:iñej¡tPt

lti,nl:o

lti,tkl:ike¡r,tJt

(s.94)

(s.es)

(s.96)

j<i,ekl - -iñ.m6i*

lxi,nl:-;nei

l*' ,tr) : ir¿,it"tKl

Ir<i,rkl:o

(s.97)

(s-e8)

(5.ee)

(5.100)



5.6.2 Galilei generators

For a system of identical fermions each with rest mass r¿ and spin s interacting
via central spin-independent trvo-body potentials

v(e",fu):v(lx"-xpl) (5.101)

(5.92) to (5.100) a¡e saristed when pr and Ji ne given by (5.g6) and (5.87)
and

Kr : -mXl

1f -Xr:+ I drrFilr\rs F(r\]v .l

(5.102)

(5.103)

ao: f ¿,ppr(ùfit6¡: la'erç1fi.r6¡

: -* l o,"rç,¡v2rç,¡
(s.105)

H: HoIV



v:| | a',a'a

rt(a+ å")r'(o i,)rr" n'(o ï,)"(r*t,7
: 

f, | o'ro'r'o'u

ø()r *r)r,(|', - *)uc n'-r,r¡r(f;x -r,)o(iu **)

:| | o'ro'n'o'o

,, (io * r) r, (|" - *) u r' r"' - n t¡ r (|x, a)' (|". 
î)o,

Commenl^s

1. Centre of mass position operator

(5.103) is the j-th componenr of the cent¡e of mass position operator for
the system.

v (l k, -È l) : (*)' I a3,""(k'-k),/ñvç1 , 1¡
\L^ lo/ J

(s.107)
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It follows on calculation that

2. Generalization of the Galilei generators

(5.104) describes a Galilean invariant system of fermions interacting via
central spin-independent two-body potentials given by (5.101).

(5.104) can be generalized to describe a Galilean invariant system of fe¡mions
interacting via noncentral spin-dependent two-body potentials.

Hsieh [T(] contains such a generalization for a system of nucleons.

3. Creating a physical fermion

It foilows from (5.104) that

rr FI"@) 1o >: {fl.6¡ 1o > (s.111)

f,i,,(p) l0 > is an eigenket of the Hamiltonian fo¡ rhe inreracting sysrem.

When acting on the vacuum state | 0 > . FJ,.@) creates a physical fermion

fxi,xk): o

lri, ebl : o

fxi,ekf : mo,n

(5.108)

(s.10e)

(5.110)

t2l



with mass m, spin s, z- component of spin m", momentum p and energy
p2 l2rn.

4. Physical particles and elementary particles

The elementary particle of the theory is a physical particle when the Hamil_
tonian is given by (5.104).

This is not surprising. For example, (5.104) and its generalization to include
spin-dependent two-body interactions describe nuclear systems for energies
below the th¡eshold for producing pions- The elementary particles of the
theory are physical nucleons: one says "Nuclei are composecl of physical
nucleons. "

5. Form of fhe interaction

There is no contribution from (5.106) to the right side of (5.111) because
(5.106) contains two annihilato¡s.

It foilows that

vF|Je)lo>-o (s.t12)

Elementary particles are physical particles for every V for which (5.112)
holds.

In Chapter 9 we consider interaction in a system of fermions and bosons fo¡
which t5.ll2) does nor hold.

For such a system, tho elementary particles are not physical particles.



Chapter 6 sPtN { rrnnnlorus
AND ANTIFERMIONS

Section 6.1 lntroductory remarks

In this Chapter we give the Fock space descrþtion of a system of free fermions
and antifermions.

An antifermion is the antiparticie of a fermion. The parrictes of the femion-
antife¡mion pair have the same rest mass and spin, and opposite charge, parity
and fermion number. The fermion is the particle with positive parity.

We do not consider a systom of interacting fermions and antifermìons in this
Chapter because experìment indicates that a complete description of such systems
must also involve boson variables. The Fock space description of a system of
bosons is given in Chapter 7.

For definiteness, we consider a system of spin I fermions and antifermions.
This could, for example, be a system of

- clúr ! uris arrtì ¡rusiiruns

. muons and antimuons

. ngutrinos and antineutrinosl

. quarks and antiquarks

" nucleons and antinucleons

I Neut¡i¡os and anhneùhinos âre co¡sidetcd exllicitly in Section 6.6
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Fermions and antifermions are feated on the same footing- Both appear in
the formalism with positive energy and both evolve forward in time- The theory
is finite.

It will be reca-lled from Chapter 10 of Pal-t I that the first theory of antiparticles
was invented by Dirac in 1930. Dirac suggested that all negative energy states

of his Hamiltonian for the elecÍon were occupied with one particle in each state
in acco¡dance with the Pauli Principle. A hole in this negative energy sea is
manifested as a positron state. This brilliant suggestion is a measure of Dirac's
genius, but it is not a satisfactory picture of antiparticles. Associating an infinite
nogative energy sea with a single fermion (and not making this same association
with a single boson) is an unnecessary complication to the description of systems
of lermions and andfermions.

In Section 6.5 we show how Dirac's hole theory arises from an incorrect
interpretation of the formalism for fermions and antifermions given in Sections
6.2 and, 6.3.

In Section 6.6 we consider a system of free neutrinos and antineutrinos.

In Section 6.7 we give â covariant description of the fermion-antifermion
system which involves consÍuction of the Di¡ac fleld 1ú(z) and determination of
the Poinca¡e generators from a Lorentz inva¡iant Lagrangian density. The Dirac
fieici satisfies the -uirac equalion.

Section 6.2 Fundamental dynamical variables

We consider the Hilbert space for a system of spin ] fermions and antifermions
to be

fiú+ : arai 6iai (6.1)



f7aå is the antisymmetric direct product of Fock space /,F i fo. spin *;r
fermions and Fock space /r¡.* for spin { andfermions.

The fundamental dynamical variables are momentum/helicitv creators and
annihilators for spin I fermions

¡^t(p)

P^(p)

(6.2)

(6.3)

(l : +å) and momentum/helicity creators and annihjlators for spin ] an-
tifermions

F^t(o)

-ì.t" (P)

(6.4)

(6.s)

These operators satisfy

{rrip¡,1'À'(p,)}: o

{rÀtip;,rÀ't(p')}: o

{n^tr), r^'t (p)} : 6Ø - p,)6¡¡,

(6.6)

(o. /)

(6.8)



{-r^P;'r^'6;} : o

{-r'^t ip;-r^'t 1p'¡ } : o

{F^@),¡^'' (r')} - uø p')6^^,

(6.e)

(6.10)

(6.11)

{¿F} : o

F : F^(p) or ¡Àl(p)

_ì _t.rP:F'(r) or F"(p)

(6.1.2)

(6.13)

(6.14)

Comments

1. Equation (6.12)t Pq.fi Ex J,^/r,,- P"i1,Ê/?,iÞ. f"'-1"^i "-"r _:^t,lq,-',"hJ

(6.12) expresses the unique relationship between a fen¡ion and the cone-
sponding antifermion. If the particles were unrelared, (6.12) would be re-
placed by a commutation relation.

(6.i2) ensures the anticommutation relarions (6.114) to (6.117) satisfiecl by
the Di¡ac freld r/(z)-

(6.12) is consistent with the experimental observation that the 156 state of
positronium decays to 2 photons and the 3S1 state decays to 3 photons.
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Section 6.3 Observables

'We list a few observables for the system in this Section. In doing so, it is
convenient to group the four annihilation oporators (6.3) anrì (6.5) as the cotumn
mat¡ix

The fou¡ creation operators (6.2) and (6.4) are grouped as the corresponding
row matrix.

Foùr_momentum pp

The four-momentum for a Lorcntz invariant system of free fermions with
nonzero rost mass rn anci spin s is given by (5.8+) and (5.g6).

The four-momentum for a Lorentz inva¡iant system of f¡ee antifemions with
rÊctña.c 

- 
4h,.1 --i- 1 :- -:-,^- L-- /< o,r\ ',r -\/ \

z rr ërvçrr uy \J.o+.,r arru \J.òo/ wlrn 1..(p) feplaced
bv F'(p).

The four-momentum Pp for à Lorentz invariant system of free fermions and
antifermions with nonzero rest mass m and spin ] is the sum of the above
expressions.

tii[ì)
ii(p) : (6.15)

I ^ ...
Pe : .l drpFl(p)prF(p) (6.16)



,': (!,0',,',0')

,¡e¡ - J¡e ¡,"2æ

(6.17)

(6.18)

w: I a'ei;tqe¡pi;çe¡ (6. 1e)

Fermion number operator 1ú

': (', 
j') (6.20)

Charge Ç

v:qt\ (6.2i)

Fo¡ electrons and positrons, Q:e: -1.60 x 10-1sC

t=f,n 
Ia)ni;t(p)r'¡(p)

(6.22)



.3 ("t o\
" -\o "t)

(6.23)

Comments

1. Yâcuum stâte

The vacuum state I 0 > contains no fermions or antifermions.

.-ì
F"(p) l0>-F'(p)10>=0

.''l+
< 0l Fo'(p) =< 0 | tr"'(p) - 0

(6.24)

(6.2s)

2. Creating fermions and antifermions

When aclinq on the vacrrm (tâte llì \ Fli¿.1 ..o"ro. o "^;- 1+-*;^-.,,;,L\¡-/ " "*"-
rest mass m, four-momentum pø and helicity l.

When actìng on lhe vacuum state l0 >. F)i1p¡ .r.ut., r spin j anrifermion
with rest mass rn, fbur-momontum pP and heÌicity À.

3. One-fermion state

The general one-fermion state has the form

Tã

\) I ¿'p,p'tp.¿)F\r(p) I o,
r:-l r

l,þ(t) >: (6.26)



þ^* (p,t)þ^(p,t)d3 p (6.27)

is the probability that tho fermion is in the volume d3p about the point
(p',p',pt) at time ìJ with helicity ì.

4. One-antifermion state

The general one-antifermion state has fhe form

tþ^- þt,t)tþ^(p,la3p (6.2e)

is the probability that the antifermion is in the volume d3p about the point
(pt , pt , pt) at time I with helicity l.

J. (rÍE-lEr ¡rl|urr u c-u tllcltlllt,|t süale

The general one-fermion one-antifermion ståte has the form

,þ^^'.(p,p' ,t),þ^^'(p,p,.,t)dtp,Itp, (0.3t)

is the probability that rhe fermion-antifermion pair is in the volume d3pd3pl
about the point (p,p/) af time t with helicities À and l'.

Y, I ¿'p,t^fp,t)t'^¡ (p)l,þ(t) >: lo> (6.28)

lo > (6.30)t I drpd3p',¡\^' (p. o', t) F\It ptF^'I (n, )
-..1
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6. Observables

It is an experimental fact that the fermion number is conserved.

Alì observables involve pairs of fermion and antifermion creation operators
and pairs of fermion and antifermion annihilation operators.

It follows from (6.12) that arl fermion observables commute with all an_
tifermion observables.

Section 6.4 Space inversion, time reversal,
charge conjugation

The space ìnversion and time ¡eversal Íansformations for a general physical
system are discussed in Chapter 6 of part I. In this Sectìon we specify how the
fundamental dynamicar variabres (6.2) to (6.5) transform under space inversion,
time reversal and charge conjugation.

6.4.1 Space inversion

The cna¡" iñr,Þ-ô; ^- tìupurolur r uu lerrlron_antllgrfnlon t,ock space //Èi" is
a linear operator satisfying

PPT:PIP:1

P2:1

(6.32)

(6.33)



The fundamental dynamical variables (6.3) and (6.5) transform under space
inversion as follows:1

P¡À(p)pr : F-^ep)

_t,_\
PF'(p)PÎ : -F "(-p)

(6.34)

(6.3s)

Using Dirac's representation of the 7-matrices, (6.34) and (6.35) can be
combined into

PFþ)P1 : t'tu i;(-p) (6.36)

It follows using (6.36) that

PHP¡ : H

ppipt : -pt

P^Pl : -^

P¡/Pl : ¡/

PQV+ : q

(6.37)

(6.38)

(6.3e)

(6.40)

(6.41)

We recall that the fe¡ûion has positive parity and the antifermion has negâtivc parìty
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6.4.2 Time reversal

The time reversal operator T on fermion-antifermion Fock space //{.,, is an
antilinear operator satisfyhg

TTl _ TTT: l

T2:7

(6.42)

(6.43)

The fundamental dynamical va¡iables (6.3) and (6.5) nansform under time
reversal as follows:

rrÀ1p)rr : p^(-p)

-\Tf'"l¡ìTT - F '( -n\

(6.44)

( 6 ¿,5\

(6.44) and, (6.45) can be combined into

rF(e)Tr : ii(-p) (6.46)



It follows using (6.46) that

6.4.3 Charge con¡uEation

The charge conjugation operator C on femion-antifemion Fock space //,¡"
is a linear oporator satisfying

CCl : CÏC :1

C2:1

(6.s2)

(6.s3)

C changes particles to antiparticles. The fundamental dynamical variables
(6.3) and (6.5) transform under charge conjugation as follows:

1,34

THTT -- H

TPJTI: Pi

T^Tl : 
^

T¡/TI : ¡/

TQTI _ Q

(6.41)

(6.48)

(6-49)

(6.50)

(6.s 1)



CF"(plÇr: F'(p)

CF'(p)CÏ: F^þ)

(6.s4)

(6.55)

Using Dirac's representation of the 7-matrices, (6.54) and (6.55) can be
combined into

c rç)ct - 7'F(p) (6.56)

It follows using (6.56) that

CHCI : H

çpiçÌ : pi

CACI : A

CNCI : -N

CQC|: A

(6.51)

(6.58)

(6.s9)

(6.60)

(6.61)



6.4.4 CP transformation

The fundamental dynamical variables (6.3) and (6.5) transform under the
combined operations of charge conjugation and space inve¡sion as follows:

(6.62)

(6.63)

Using Dirac's representation of the 7-matdces, (6.62) and (6.63) can be

combinerl into

(CP)¡(p)(CP)Ï : t' F(-p) (6.64)

6-4-5 CPT transformation

The fundamental dynamical variables (6.3) and (6.5) transform unde¡ the

combined operations of charge conjugation, space inversion and time reve¡sal as

follows:

(6.65)

(6.66)



Using Dirac's representation of the 7-matrices, (6.65) and (6.66) can be
combined to

(cP\ i; 6)(cP\I : 10 Ì ii @) (6.67)

CommenLs

1- Invariance of the Hamiltonian

Ì1 given by (6.16) satisfies (6.37), (6.41) and (6.57).

The Hamiltonian fo¡ a l-orentz invariant system of ftee spin ] fermions and
antifermions with nonzero rest mass m is invariant under siace inversion,
time reversal and charge conjugation.

Section 6.5 Dirae's hola thannr

We recall ftom Chapter 10 of part I that Dirac,s hole theory was the first
than^' ^1 --+;-^+:^r^- T.^ ¿L^ L ^l ^ -r- - -

in the filled sea of electron negative enorgy states. This sea (the Dirac sea) has
infinite negative energy and infinite negative charge.

In this Section we show how Dirac's hore theory arises from an incorrect
interpretation of the formalism given in Section 6.3.

It follows from (6.11) that

rt^ @)F^ (e') : _F^ (r)v'^ (o') + 6(e - e')

1?-1

(6.68)



Accordingly, we define Ê,Ft,Ñ,Q,Î analogous to (6.16) to (6.22) but with

F'þ)F^(o') (6.69)

replaced by

-F^(p)Fr'(p') (6.70)

V/e define F"(p) (r :1,2,3,4) by

it foiiows fÌom (6.6) to (6.i2) that

(iíHil (ru,) (6-71)

{r,1y,¡, 
t/ çn'¡} : o

{."t(r),¡'''t(r')}: o

{n'ç,¡, r't çr'¡} - u(o p')6,,,

(6.'12)

(6.13)

(6:14)



where r, rt : 1,2,314.

We write

1. I)irac's hole theory: observables

Dirac's hole theory corresponds ro assuming (inconectly) that (6.7 6) to (6.g0)

t39

GiEù
P(p) = (6.1s)

^ I ^ ^.H : .l d}pFl(p)pelplF(p)

f ^.Pr - .l drpFltp)f Fþ)

; 1. [,3 â+. .-3â.,t-ro.l a pÍ'\ptL't\p)

ñ: I a'y,ît17,1i¡r1
J

8: qñ

(6.76)

(6.7'7)

(6.78)

(6.19)

(6.80)



are the observable Hamiltonian, j-th component of momentum, helicity,
fermion number and charge of the system.

2. Dirac's hole theory: positive and negative energy stafes

Dirac's hole theory deals with a single species of particÌe characterizerì by
the annihilation operators (6.75) and the corresponding creation operators.
These operators obey (6.72) to (6.74).

The particie has positive fermion number, charge q, and possesses both
positive energy staæs (r :1,2) and negative energy states (r:3,a).

The states with r : 1,3 have positive helicity; the statos with r : 2,4 have
negative helicity.

3. The vacuum. state and the Dirac sea

It follows from (6.71) that

r"(p) lo>:o

F'(p)lo>lo

r:1,2 (6.81)

(6.82)

In Dilac's hole theory, the vacuum state I 0 > is the state with all positive
energy states unoccupied and all negative energy states occupied.

The vacuum state | 0 > is the Dirac sea.

Consistentwith this, < 0 l .û | 0 >, < 0 I Ó I 0 > anct < 0 | â | 0 >
are all i¡finite.

4. Holes in the Dirac sea and antiparticles
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F3(p) and F4 (p) create holes in the Dirac sea

It follows from (6.71) that

.-1+
F"(p) l0 >- F ''(-p) l0 >

, Jt+F"(p)10)-F'" (-p)10>

(6.83)

(6.84)

As assumed by Dirac, a hole in the negative energy sea conesponds to an
antiparticÌe-

5. Dirac's hole theory and relativistic quantum field theory

Dirac's hole theory was a b¡illiant invention in 1930. It paved the way for
the development of ¡elativistic quantum field theory in the i930,s, but it is not
an appropriate descrþtion of fermions and antifermions since it is based on
the incorrect assumption that the observable Hamiltonian, j th component
of momentum, fermion numbe¡, charge and helicity of the system are given
b1r (6.76) to (6-78).

Section 6.6 Neutrinos and antineutrinos

In this Section we consider a system of noninteracting neutrinos ancl antineu-
t¡inos. Neutrinos and antineuffinos are spin I fermions and antifermions. we
assume each has zero rest mass.

There are three neutrino-antineutrino families :

\ue,u.) lut,up) \u,,ur) (6.85)



It is an experimental fact that in each family the neutrino is left-handed and
the antineuni¡o is right-handed.

Fundamental dynamical va¡iables for a system of a single family of neufinos
and antineutrinos are momentum,/trelicity creation and annihilation operators (6.2)
to (6.5) satisfying anticommuration relations (6.6) to (6.12).

Observables for the system a"re constructed analogously to (6.16) to (6.22).
Instead of involving the four-element column matrix (6.15) and its adjoint,
however, they involve the two-eloment column matrix

and its adjoint.

States of the system involve

rr-à1fu) and F-u'lp) (6.87)

acting on the vacuum state | 0 >

Comments

1. Helicity

We recall from Chapter J of Patt I that a single-particle state of a particle
with zero test mass can be characterized, by a unique value of the helìcity.

(+;iiî)F(p) : (6.86)



A one-neuhino state has hericíry -+k. A one-antineutrino state has hericity
++h.

2. Fictifious neutrino and aniineutrino crealors

The operators

p+it (p) and -l+F ''(p) (6.88)

and their adjoints are mathematical objects devoicl of physical meaning.

(6.88) create fictitious right-handed neuûinos and left-handed antineutrinos.

A smaller Hilbert space without (6.88) and thei¡ adjoints can arso be used fo¡
the description of ne utrino-antineutrino systems.

6.6.1 Ilamiltonian

The Hamiltonian for a Lorentz inva¡iant system of noninteracting neutrinos
and antineutrinos is

u: I a37,rt6),@)i(p)

e(p) : pc

(6.89)

(6.e0)

Transfo¡mation of momentum,/helicity creators and annihilators unrler space
inversion, time reversal and charge conjugation has been considered in section
6.4. It follows ffom (6.34), (6.35), (6.44), (6.45), (6.54) and (6.55) that for the



t{amiltonian (6.89)

(cP)H(cÐt - H

(CPT)H(CP\I : H

(6.e4)

(6.es)

Comments

1. Nonconservation of parity

(6.91) states that padty is not converved for a system of neutrinos and

aniineuirinos.

Nonconservation of parity is implied by the experimental fact that the neutrino
is lefrhanded and rho antineuúino is right-handed. (6.89) accommodates this
fact.

2. Invariance under T, CP and CPT

It follows ftom (6.92), (6.94) and (6.95) that a system of neurinos and
antineutrinos is time-reversal invariant and invariant under the combined
operations of CP and CPT.

PHPI + H

THTT : H

cHCt + H

(6.e1)

(6.e2)

(6.e3)



Section 6.7 The Dirac field and the Lagrangian method

We retum to the consideration of a Lorentz invariant system of free spin ]
fermions and antife¡mions with nonzero rest mass m. The four,momentum of thÉ
system is given by (6.16).

The formalism deveioped so far in this Chapter is not manifestly covariant.
That is, it has not been expressed in terms of quantities which Íansform unde¡
Lorentz transformations like scalars, vectors, tensors, etc.

The noncovariance of the formaiism does not present any problem in the
description of a system of fiee fermions and antifermions. It doos, however,
complicate the description of a system of fermions and antifermions interacting
with themselves o¡ with bosons.

With this point in mind, in this Section we construct a fermion-antifermion
freld, þ(r) (the Dìrac field) which transforms under ¡estricted Lorentz transforma-
tions as a four-component spinor. The Dirac field satisfies the Dirac equation. In
addition, we describe the Lagrangian method for the system.

6.7.1 Definition of the Dirac field

We define the Dirac 1ìeld r/(r) by

rþ(x) : ¿iP "/nr¡te-iP x/ñ (6.e6)
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r -' Ð^l ffi|,"o¡"^@¡ +,'+'1p¡-ì11 p¡) 6.si)

u"(e) : (ur(e)) d:1,2,3,4 (6.e8)

(6.ee)

(6.100)

3
r-! I

,¿

l*"
I- 

\f\2"¡'n

As in Chapter 10 of Part I, the u" (p) are Dirac spinors (four-element column
matrices). The 16 functions zi(p) are given explicitly in Chaprer 10 of Parr L

6-7.2 Properties of the Dirac field

1. Notation

In this Section r stands for the 4-vector 
"p - (x0,tt1 ,r2,r3).

'ù'e recaìi iiom ihe Àppenciix of Part i thar P.r - Ppxþ.

As in Part I l) : ðþðp and ô : 1Pôp.

We define ôf by

AAiB:AA|B-(AIA)B (6.101)

2. Fermion and antifermion variables
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ty' involves fermion and antifemion variables: (6.97) contains femion anni-
hilators and antifermion c¡eators.

3. Heisenberg picture

r/(z) is the space-translation of rhe oporaror ry' to the point (21,22, 13) in the
Heisenberg picture.

4. Thansformation under a homogeneous Lorentz transformation

ly' transforms unde¡ a homogeneous Lotentz transfo¡mation as a Lorentz
spinor.

u ( A. 0)1þUl ( L. o) : S-r (^).,/-,, (6.10s)

S(.4) is a 4 x 4 representation of the group S1,(2, c).

5. Tfânsformation under a restricted Lorentz trâ¡sformation

1þ(.r) : eiHtlñ'D("1 ,x2,"3)çnt (x1 ,f,13)¿ ;r[tln

D (*1 , ,2 , "3) 
: nt ("t) D' (r') nt (rt)

(6.102)

(6.103)

(6.104)ni @) : e-iPt d/ñ,
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ty'(r) transforms under a restricted Lorentz transformation according to

U(L,a)ú(ùUt (Ä, a) : S-11¡¡þ(tr,r + a) (6.106)

6. Field equation

ry'(z) saúsfies

irtôPþ(r) : l,þ@), Prl (6.107)

7. Explicit expression for ry'(¿)

tþ(r) may be written in the form

8. Dirac equation

ry'(r) satisfies the Dirac equation

(-;a +Ç),r,t,t : o (6.109)

.,þt,) 
" >a [ $¡"-',',ou'(p)t;^(p) ¡ "itr/ñur+t, plF^rtpl]
,!í, J t/' (P) L

(6.108)



9. Klein-Gordon equation

ry'(r) satisfies the Klein-Gordon equation

10. Fermion ând antifermion annihilators in terrns of ?r(z)

(6.108) may be inverted to give

11. Equal-time anticommutation relation

The following anticommutation relation2 for the components of l(z) holds

lt* (fr)'l,røt : o (6.1 10)

¡r(p) : t (*)+,u ço¡ | o'. 
ffi"i,-/ñai,þ@)

, ']
t ^I (-p) - o(fi)' ,;.',øl I a'"ffi"í,*/ñai.,þ(*)

-- l O - r \ J
1-1 4_-

2

(6.i11)

(6.t12)

(6.113)

t (6.114) determines the constânt ø in (6.9?)



for all ¿ and y with ro - go

{l'rra,+"'rrl},o:oo 
: 63 (, v)6¿¿, (6.114)

12. Generat anticommutation relations

The following anticommutation relations for the components of ry'(r) hold

for all z and y

where

\,þ¿("),,þa,@)j :0

{6aþ),ú*(v)} : o

{,t' ¿(,),,þ *(y)} : S ¿¿' @ - a)

(6.115)

(6.116)

(6.117)

ú(") : ,þt (")to

s(¿): (-ra *T)ot")

tî I d." n
A(r,¡ = -- | ^asin(p.rlh)(27r)" fr J (\P)

(6. r 18)

(6.119)

(6.120)



13. Equation for rá(z)

ry'(z) satisfies

úø(;a- *T):o (6.121)

Comments

1. Fundamental dynamical variables

In view of (6.111) and (6.112), rþ(x) and r/(z) are fundamental dynamical
variables for a system of spin I fermions and antifermions each with ¡est
mass m.

(6.115) to (6.117) are a fundamenral algebra for the system.

2. The function A(¿)

(6.120) is a Lorentz scalâr.

A(^u) : 
^(")

(6.1.22)

(6.720) can be w¡itten as



A(z) : 

---l 

- [,lo p¿(p.p - m2"2)s1po1e-in''/ñ
\z7r r .h r

(6.123)

(6.124)

(6.12s)

e(p)
p0 - "'"":'

c

-/-o\ llt if po>où\P/ l-t it po<0

(6.123) makes the Lorentz invariance of A(z) manifest.

It follows from (6.120) anð, (6.722) that

A(r y): g il t y is space-like (6.t26)

Proof of (6.126):

A(r y) : 0 when 70 : g0 since the integrand in (6.120) is odcl; in view
^r /l 1,1a\ 

^ 
/^ -.\ ^ ¡^- -rrvr \w.rLL), rl\¿ - y/ : u rur all ùpi1çt -llll9 :ü u.

3. The matrix .9(¿)

(6.119) may be written in the form

1l
5(¿ ) : ---' I da pr- io'' /n

(2r)'ftz 'l
P ''¡ I mc

p.p-m2c2¡ir¡ (6.t27)



4. Microcausality Condition

It follows from (6.117) and (6.126) that

{,þ('),0@} : o if x-y is space-like (6.128)

Since every observable O(t) of the system is a function of bilinea¡ combina-
tions of ry'(z) ana$@), it follows using (6.128) that

lo(r),o(y)l: o if r-y is spaceJike (6.129)

Oþ) and O(s) are compatible if r - y if spaceJike.

(6.129) is the quantal version of the statement that no effect travels faster
than the speed of lìght. Measurements of any observable at any two space-
like separated points do not affect each other.

(6.129) is the causality condition for a system of spin ] femions and an-
tifermions.

(6.128) is the Mícrocausality Condition for a system of spin ] fermions and
antifermions.

6.7.3 The Dirac Lagrangian

(6.109) and (6.121) are the Euler-Lagrange ôquations
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(6.130)

(6.131)

for the Lagrangian density

L("):ú@)(-ið +l),þ@) (6.132)

Comments

1. Normal order

Equations involving þ(x) given by (6.108) are assumed to be written in
normal order.

Creators are moved to the left of annihilators as if creators and annihilators
anticommute.

2. Manifest covariance

(6.132) is a Lo¡entz scalar.

U (L, a)L(Ï)UI (tr, a) : L(lrr I o.) (6.133)



The manifest covariance of the formarism is expressed in terms of a manifestry
covariant Lagrangian.

3. Energy-momentum tensor and poincare generators

The construction of a manifestry cova¡iant Lagrangian density alrows use of
results derived in classical fierd theory. Noether's Theorem gives the energy-
momentum tensor

rtlv('r): ra'øallffi+ @'ú(Ð)ffi - gp'L(,) (6.134)

ru : I a3xrrolrl

a,'" : f ,lt 
"LrpT'o 

(t) - r,Tro (")]

(6.135)

(6.136)

and the Poincare generators

4. Expressions for the 4-momentum

(6.16) gives the 4-momentum in teÌms of the m omentum/helicity creators
and annihilarors (6.2) to (6.5).

(6.135) gives the 1-. momenrurn in tems of the Di¡ac fielcls (6.96) and (6.11g).

(6.135) simplifies to (6.16) on calculation.

155



5. The Lagrangian method

The Lagrangian method, that is, tho determination of poincare generators from
a Lorentz invariant Lagrangian density, can be used to consûuct theories of
interacting particles.

One such theory, quantum electodynamics (the theory of electons, positrons
and photons in interaction) is discussed very briefly in Chapter 8.

The Lagrangian method has received the very briefest of introductions here.
The many excellent books on relativistic quantum field theory should be
consulted for further discussion of the Lagrangian method.



Chapter 7 FOCK SPACE FOR BOSONS

Section 7.1 lntroductory remarks

In this Chapter we give the Fock space descrþtion of a system of bosons.

The system of bosons may be any of those risted in Introductorv Remarks of
Chapter 3. That is, it may, for example, be a system of

. photons charactorizing an elecffomagnotic field1

. phonons characterizing the lattice vibrations of a crystal

. pions o¡ kaons created in collisions of nuclear projectiles

. gluons in nuclear matter.

whatever the system, each boson has integral spin and ail states of the system
are symmetric undor permutation of the particles.

The Fock space descrþtion of a boson system is analogous to the Fock space
description of a fermion system given in Chapters 4 and,5.

Fock space and creators and annih ators for bosons are defined in sections
7.2 and1.3. These operators are defined in terms of a denumerable set of vectors
which fo¡m an orthonormal basis for the HilbeÍ space for a one-boson syst¡m.

creators and annihilators labelled by a continuous variable are defined in
Sections 7 .4 to 1 .6.

The Poincare genetators for a Lorentz invariant system of free bosons are
given in Section 7.7.

1 Photons and M¿rwell's equations as quantum 6elcl 
"qunrion" 

0." dì."rrrãÇ ifäÇiã
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In Section 7.8 we give a covariant descrþtion of a system of free spinless
bosons. This involves construction of the sca-1ar field /(r) and determination
of the Poinca¡e gonerators from a Lorentz inva¡iant Lagrangian density. The
consfiuction of the scalar field is analogous to the construction of the Di¡ac field
given il Chapter 6. The scalar field satisfies the Klein-Gordon equation.

Section 7.2 Boson Fock space defined

1. Lel
,þ : (,þ0,rh,... ,rþ",. ) (1.1)

where tþ,, is a vector in the n-boson Hilbert space !*" lZ.lA¡.1

F,ach þ. is oJ.. lL fo.* ( r.v o) . ,þ,, is the component of ry' in
j*".

2. Addition of tþ and X : (X¡,X',... ,Xn,. '.) is defined as

tþ + X: (rþo ! Xo,rþt * Xr,... ,rþnt Xn,...) (7.2)

? lr.,l,;-li^^ii^- ^f ^/. L., ^ .^^1.,- ^ :- r^A-^, ^^J. 'v¡u¡riP¡¡Louwtt 
wt </ uJ

atþ : (atþ6,atþ1,... ,a1þ,,...) ('7.3)

4. The scalar product of ty' and 1 is defined as

(,þ,x):î(,þ,,,r,) (i 4)
n:0

It is required thar (þ,tþ) < co for alÌ l.
5. The set of elements ry' is a separable Hilbert space.

' j*' i. cleûned in item 4 of the Commcnts Lst
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Comments

l. Boson tr'ock space ó,F"

The above Hilbert space is called boson Fock space. It will be denoted by
å,r,"

¿,1," is the direct sum of the Hilbert spaces j,{." (2.36) for al1 n.

u,F, : åÈ,ei*" e. . ej*"e. . (7.s)

O denotes di¡ect sum.

2- States of the system

The unit norm vectors (7.1) in òE' correspond to st¿tes of the system.

The probability Pn lhar the system has n particles in it is

3. Components of rl

There is no conservation law fo¡ the number of bosons in a physicai system

tþ can have any number of nonzero components.

P" :< ,þ" I ,þ,, >

Ðr, -,

(7.6)

(7.1)
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4. Hilbert space å'¡"

f,'{.," is defined to be a one-dimensional space.

The unit norm vector spanning N{.,.' is labelled | 0t00. . ] >

5. Basis vectors for ðÈ¡'

A basis for óÈ," is the set of vectors

I n[n1n2 - . .l > (7.8)

defined by

I nln1n2- - .l > (7.13)

I otoo . I '- (t otoo I l,o, )

| ).1n1n2. I r: (0, | 7[n1n2. f ì,0, )

./\
| 21n1n2.. .l :>: (0, 0,12ln1n2 I ì,0, )

(1.e)

(7.10)

(7.11)



fo¡ all n : 7,2,. .. is the symmetric determinant (3.33).

Then

< nln1n2 ..l I "' 1"\"'r.. I t: 6nn,6,,ni6n,n;... (7.17)

6. Yacuum state

(7.9) is the vacuum state of the system. It will be denoted by | 0 >.

lo >:loloo. .] > (7.18)

7. General state of the system

The general state of the system has the form
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t I n[n1n2 ' ' '] >< nln1n2 . .l l: 1

nntn2...

öooh
\- -\- \-./.r - /' 1'

nttIn2-. n_0 n tn2.,.

bnn
\- - \- \-... ¡/- L-- l' " unt+n2 l"' ù

n1n2 U:0 n2:0

(7.14)

(7.15)

(7.16)



b

l,þ@ >: Ð | nlnp2,. -l ><nfnp2..,11,þþ) > (7.t9)
nntn2-.-

< nln1n2. ..1 I ,/'(f ) > (7.20)

is the probability amplitude that at time ¿ there are n bosons in the system
with n1 bosons occupying the single-particle state I fu >, and. n2 bosons
occupying the single-particle state I liz ), etc.

Section 7.3 Creators and annihilators

We define boson c¡eation and annihilation operators in this Section. These
oporators are fundamental dynamical variables for a system of identical bosons.
They obey commut¿tiun relations.

As with the fermion case, introduction of creation and annihilation operators
yielcls intuitive and elegant expressions for obsewables and basis stâtes.



7.3.1 Definitions

For each r : 1,2,..., we define

wherc | nln1n2...] > is the basìs vector (7.g) in boson Fock space å,¡".

It follows ftom Q .21) ar\d (7 .22) that

*+ , .B| | nln1n2. . . n,..'l >: Jn, + 1 | rt ! 7 {n1n2... nr I 1 . .} > (7.23)

B, I , t 7ln1n2. . . n, i 7 . . ) r: J- * , I nlryn2 . .n, . . .l > (i.24)

In particular,

b

Bj: D lnf'\Lnpz...n, lr...l> Jn,+t <n1n1n2...1r"...1 
I

'ÍLn7Ì12-..

(1.21)

b

B, : Ð | n[np2... n,...] > J;, + 1 < n I 7[n,tnz... n" + 1 . .] 
|

nn1n2 ..

(1-22)



B"l0>:o

<0lBj:0

(7.2s)

(7.26)

CommenLs

1. Boson creator

Bj is a boson ûeation operator or boson creator.

When acting on an n-boson, basis vecto¡ (7.8) with n" particles occupying
single-particle state I p, >, B/ yields an n + l-boson basis vector (7.g) with
?¿r + 1 pafücles occupying single-particle stâte i B" >.

,) Rncnn onni!'il-+^-

B, is a boson annihilation operator or boson annihilator.

When acting on an n * 1-boson basis state (7.8) with nr + 1 particÌes
occupying single-particle state I B, >, B" yields an n-boson basis state
(7.8) with nr parricles occupying single-pzLrticle state I B" >.

3. Creating an elementary boson

When acting on the vacuum state I 0 >, B/ creates an elementary boson with
rest mass m and spin s in síngle-particle state I B" >.

Bl to>: (o,rr";,0, ) (7.21)
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4. One-boson state

The general one-boson state at time f is

l,þþ)>: !,i"{r)ri ¡o t
r:1

(1.28)

,þ,(t) :< 0 I 8,1þ(t) > (7.2e)

is the probability amplitude that the boson is in the state I B, > at time I

7.3.2 Commutation relations

It follows ftom Q.21) and (7.22) thatl

[8,, B,] : 0

fal,ajl : o

['"'rl] : a"

(7-30)

(7.31)

(7.32)

r The proof of (?,30) to (?.32) is simila¡ to the p¡oof oî (4.34) to (4.36) in To¡Ic 4.3.5
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7.3.3 Basis vectors

It follows ftom (7.23) that the basis vector (7.8) may be expressed as n
creators acting on the vacuum state.

The proof of Q.33) follows on evaluating the right side using (7.23).

1.

Comments

Form of the basis vector

(7.33) is a compact, intuitive and elegant expression fo¡ the basis vector (7.g)

Manifest symmetry

In view of (7.31), (7.33) is unchanged when any rwo parricle labels are
interchanged.

(7.33) is manifestly symmetric under particle interchange.

Fundamental dynamical variables

Each basis vector (7.8) can been expressed in terms of boson creators acting
on the vacuum state. The set of creators and annihilators definecl by (7.21) and
(7 .22) ìs a set of fundamental dynamical variables for a svstem of idenrical
bosons.

I nln1n2 I 0 > (7.33)

Ðn,:, (7.34)
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Commutation relations (7.30) to e .32) arc a fundamental algebra for the
system.

Section 7.4 Creators and annihilators labelled
by position and sp¡n

As in section 5 2' the sìrbscript cy sefves as a ¡enri¡rle¡ rhat the st¿tes are deaned rn the H'bef spâcefor pa¡ticle a.

7.4.1 Definitions

The creator n) g.Zt¡ and the annihila tor B, e.22) are defined in terms of
the clenume¡able set of vectors I p, > (3.2'r) which form an orthonormar basis
for the Hilbert space for u on"-boron Tyrtem with rest mass m and spin s.Ì The
I þ, > ate simultaneous eigenvectors of specified one_particle op"rutårr.

In Section 5.2 we defined fermion field operarors ¡t.(r) fS.el and l',".(c)
(5.7) in terms of the coordinate-space/spin ¡epresentatives of tùe one_fe¡micn basis
vectors I ó, >^ (3.1) and the fe¡mion operators Fj and þ-, given by (4.22) and(4.23). d

_* Y: tott:yun identical procedu¡e in this Section to define boson fie1d operators
B'i'.(e) and B^,(t) in terms of the coordinate-space/spin representatives of rhe
one-boson basis vectors I l), >, ana the boson operators BÌ ina 8,.

We define
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nL.(,) :îB;^,rq"l
r:1

P
B^,(t\ : L 13,-,{r\8,

r-7

('7.3s)

(7.36)

The function

1j,,.,ç"¡ :f .,^" I p, >" ('1.37)

is the coo¡dinate-space/spin representarive of the vector I p, > (3.2.1)

These functions satisfy

J:I
L I drrB|..(r)0,*,(¡).- ò,o

-*. _" J

î B:*"alp,-,:(,') : á(' - "')6,-.^,,

(7.38)

(1.3e)

It follows using (7.25) to ('t.27) thar



B-.(z) l0>:o

<oiBL.(r):o

('7.40)

(1.41)

It follows using (7.38) and (7 .39) that

1.

Comments

Fundamental dynamical variables

(7.35) and (7.36) define funtlamenral dynamical variables f1.1") ana A-.1";
for a system of identical bosons each with rest mass m and spin s.

Transformation equations

BL"@) lo t= (0, | ", -, >,0, . .) (1.42)

"l- Ë [arrB,-,çr1Bf.1rt
m-'-- 

" 
J

B"- i [¿r,o;.(r\B-.e)
-'__:. J

(1.43)

('7.44)
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(7.43) and (7.44) atlow transformarions fiom Bl"@) and, B^"(x) rc Bl and
B, given by (1 .21) and (7.22).

3. Quantum field theory

Af"(o) ana B^"(x) arc labelÌed by rhe continuous variable z.

Al,@) anA B,-,(r) arc quanhrm field operarors in the Schrodinger picture.

The descrþtion of a system of identical bosons using quantum fields as
fundamental dynamical variables is called quantum field theory (eFT) of
bosons.

4. One-boson state

When acting on the vacuum state | 0 >, Bj""(r) creates an elementary boson
at position ¿ with rest mass m, spin s and z-component of spin m".

The general one-boson state at time I is

tþi"@,t)tþ,,(r,t)d3x (1.46)

is the probability that rhe boson is i¡ the volume d:rdydz about the point
(x, y , z) with z -component of spin m" ar time t

,þ*,(",t) is the coo¡<linate-space/spin wave function of the boson.

.{ r^
L I J'Ia* ¡r./)a;"(/) l0>l,þ(Ð >- (7.4s)



7.4.2 Commutation relations

It fotows fiom definitions (7.35) and (7.36) and commutation relations (7.30)to (7.31) that

(7.47) to (7.49) are a fundamental algebra for the sysrem of bosons.

7.4.3 One- and two-particle operators

The operators (4.58) and (4.7j) on fermion Fock space lr¡.r" are equal,
respectively, to the ono- and two_particle operators (4.60) and (4.79) on then-fermion Hilbert space {È, for all n. (5.1gj anA 15.2ì¡ give these operarors in
terms of fe.nnion field operatots. Simrlar cquations Ìioid fo¡ a sysiem of bosons.

The expression on boson Fock space ò,{., corresponding to (5.1g) is

la*,6¡, a*' (x'¡1 : o

[al,ç¡,a1,ç"¡l: o

l"*.(,), nlrþ')] : r(, -,')6^.^,,

(7.47)

Q.48)

(7.4e)

I a3,a3,' at çx)A (r, rt) B (rt)

where
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(ii:)B(t) : (7.s1)

Bt(z) is the corresponding 2s + 1 row matrix and A(r,rt) is rhe 2s ¡ 1 by
2s -¡ 1 square matrix (5.20) of one-particle matrix elemenrs.

The expression on boson Fock space å,{..," conesponding to (5_21) is

wherc A(r,y,r', y/) is the tensor (5.22) of two-particle matrix elements.

Section 7.5 Creators and annihilators labelled
by momentum and spin

7.5.1 Definitions

In Section 5.3 we defined fe¡mion momentum/spin operators flrcl $.ZSl
and I-*"(p) (5.2'7) in terms of the fermion fieid operarors F.j. (: ) and F-" 1r)
given by (5.6) and (5.7).

'W. e follow an ìde¡tical procedule in tHs Section io define boson momen_
tum/spin operators B.l"(p) and B*,(p) tn terms of the boson field operators
Bl,(r) and B-"(r) given by (7.35) ancl (7.36).

A:
| 

,f 
",l3yd3 

r'd3e ' Br @) BI 0)A(,, y , x, , y,) B (y,) B (,,) (7 .s2)
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n:,,.(p): (h)t I ai""i,,/ñal"p¡

B^.(p): (#)t f a3,"-i,.'/ña^.ç"¡

(1.s3)

(7.s4)

We define

It follows using (7.40) to (j.42) rhal

B-.(1c) l0 ¡:9

<0lBL.(e):0

(7.ss)

(7.56)

It follows from (7.53) and (7 .54) that

BÌ,,.(") - (*)' f a37.-ir'/nat ,ço¡

B*,(r) : (h)t f a,7 
"i, "/ña*.ç¡

(7.58)

('7.s9)

nj^,@) to r: (0, lo, -, ì,0, . .)



Comments

1. Fundamental dynamical variables

(7.53) and (7.54) define fundamenral dynamical va¡iables BL,@) and B^,(p)
for a system of identical bosons each with rest mass m and spin s.

2. Transformation equations

(7.58) and (7.59) allow transfomarions from Bl. (p) and B^,(p) to Bå.(u)
and B*,(r) given by (7.35) and Q.36).

3. One-boson state

Whenracting on the vacuum state | 0 >, Bl" (p) creates an elementary boson
with mass m, spin s, z romponent of spin m" and momentum p.

The general one-boson stats at timo ¿ is

+s

| ,r(/) >: t I rfpþ* (p,t¡BJ,"tpl l0 ,
-= ^J

(7.60)

1þk,@,t)1þ*,@,t)d3 p (7.61)

is the probability rhat the boson has momentum in the volumedpl ilp2 clpr at:out
(pt,p',pt) with z romponent of spinm, at time ¿.

rÞ*,(p,t) is the momenhrm-space/spin wave function for the boson.



7.5.2 Commutation relations

It follows f¡om definitions (7 .53) and, (7 .5a) and commurarion relations (7 .47)fo Q.49) that

It follows also that

(7.62) to (7.64) arc a fundamental algebra for a system of identical bosons
e.Lulr wrlll rgsL mass m and sp1n s.

7.5.3 One- and two-particle operators

It follows using (7.58) and (7.59) rhat (7.50) can be wrinen as

lB*.(ù, B*!(p')l - 0

lal"6¡,a¡Jn)]: o

lu,-.ro), nL,.(o')] : 6(p - p')6*.^,.

(7.62)

(7.63)

(1.64)

r . ¡ / t 17
lB-"(t). B' ,t¡]¡l -- [ ' | ê;pxlkÃr""" n.,.,) \zon/ um..m'.

,+ : I a' ea' p, aÌ @)t(p, p,) a (p,)



where

Bl(p) ir the corresponding 2s + 1 row matdx and A(p,pt) is the 2s 11 by
2s { 1 square matrix (5.41) of one-particle matrix elements.

It follows using (7.58) and (7.59) thaf e.52) can be writen as

wherc A(p,q,pt, q/) is the tensor (5.43) of two-particle matrix elements

Section 7.6 Creators and annihilators labelled
by momentum and helicitv

7.6.1 Definitions

In Section 5.4 we defined fe¡mion momentum/helicity operators F)tþ) (5.4g)
and 'F'r(p) (5.49) in terms of rhe fermion momenrum/spin operators ¡;i.ip) -¿i.*.(p) given by (5.26) and (5.27).

We follow an identical procedure in this Section to rlefìne boson mornen_
tum,4reliciry,operators BÀl(p) and B^(p) in terms of the boson momentum/spin
operators B- (p) rnd B- (p) given by (7.53) and (7.54).

(:iî)B(p) = (7.61)

I : I at y,a3 ø a3 p, d3 q, BI çp¡ 
gt (q) A (p,,t, p,, q,) a (q,) a (p, ) (7.68)



We define

It follows using (7.55) and (j .56) that

It follows tuom (7.69) and (7.70) thar

+s
B^r(p) : Ð o",.,^(r,e,qB1,@)

m-ç:_3

+s
B\(p) : Ð o;;.^(r, t,o)B*.(p)

ms:-s

(7.6e)

(1.70)

B)(e)lo>:o

< o lBÀr(p) :o

Q.71)

(t -72)

B^t (p) lo t: (0, t ¿^þ) ì,0, )



+s
ni*.@) : Ð oi;.^(r, n,o)art(p)

À:-s

+s
B^,(p) : Ð o"*"^(r, e, o¡a^ çe¡

l:-s

(7.14)

(t -75)

Comments

1. Fundamental dynamical variables

(7 .69) and (7.70) define fundamental dynamical variables A^t @) ana A^@)
for a system of identical bosons each with rest mass m and spin s.

2. Tlansformation equations

(7.74) and (7.75) allow transformations f¡o- BÀl(p) and Bì(p) ß BL.b)
and B*.(p) given by (7.53) and, e.59.

3. One-boson state

When acting on the vacuum state | 0 >, Blt(p) creates an elementary boson
wilh rest mass m, sDin s, momentrlm p and helicif À.

The general one-boson state at timo ¿ is

,l: I
l,L,(t ) >- )_ I ¿rp,l,^ø.r¡B\r1p; lo >

E1'L
(7.76)

g^- (p,t)g^ Q:, t)a3 p
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is the probability that the boson has momentum in the volume dp1d,p2 dp3abo,tt (p1 , p2 , p3) with helicity À ar time l.

tþ\(p,t) is the momentum-space/helicity wave function fo¡ the boson.

We ¡ecail fiom Chapter 9 of part I that for a boson with ze¡o ¡est mass whichis described by a Hamittonian which is inva¡iant unA". Çu"" inversion

7.6.2 Commutation relations

It follows f¡om definitions (7.69) and (7.70) and,commutarion relarions (7.62)fo (7.64) that

It follows also rhat

i

l

I

i
l

l
j
)

',þ^ \p, tJ -- 0 unless .ì : -Ls

la^@), n^' (p')1 : oL -l

[u^t(r), a''t(p')] : o

fa^çe¡, 
a^'t çr'S] : ,(o - p,)6s¡,

0.1-a)

(7.80)

(7.81)



Lu^.(,),s^t(p)] : (*¡t ",, ",, 
o"*.íç, o, o)

lu*.(o), "^, 
(0,)] : rþ - n,) n;"^çe, o,o1

(1.82)

(7.83)

(7.79) to (7.8i) are a fundamental algebra for a system of identical bosons
each with rest mass m and spin s.

7.6.J One- and two-particle operators

It follows using (7 .7 4) and (7 .7 5) that (7.66) can be writren as

where

!I(Ð it the corresponding 2s | 1 row marrix anð, A(p,p,) is the 2s 12s + 1 square matrix ( ) of one-particle matrix elemenis.'
5.6s*
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,+ : f a3 pas p, ør þ) a@, p,) s (p,)

(i*)B(p) = (7.85)



It follows using e .7 4) and (7 .7 5) that (7.6g) can be wrinen as

s_ 6-1
A(p,q,p',q') is the tensor ( ) of two-particle matrix elemenrs.

Section 7.7 Lorenlz invariant system of free bosons

Equations (7.50), (7.66). (7.84) antì (.7.52), (i.68), (7.86) are general ex_pressions on boson Fock space ð,I.' which are equal, respectively, to one_ andtwo-particie operators on n-boson HiÌbe¡t space j,F, for all n.

These general expressions invorve different sets of fundamental dynamicaivariables. The variabÌes are expressed in column matrices B(d 0.51\. R(n\(t.6t), B(p) (7.85) and corresponding ¡ow marrices pt1.¡, alçJ', à:i(;i.' 
"'"

We cnn cirì.. ou¡uv u^a'rpreù ur ulcse gener expressrons in this Section. Inparticular, we give the poincare generators of a Lorentz invariant system of free
bosons.

7.7.1 Poincare generators

-

. To. describe a physical system which is Lorentz ìnvariant, one must constructthe Poincare generators from the fundamental dynamical variables. That is, onemust construct ten Hermitian. 
_o 

p,e-rators II, pj 
) Ji ,I{i (where j = 1,2,3) whichsatisfy rhe Poinca¡e Atgebra (5.6g) to (5.76) or ('5.71)'to (5.19).

I a3 pa3 qa3 p' a3 q, sI 1p¡nr ç¡ a(p, q, p , q')B (q')B (p')
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For a system of free identical bosons each with rest mass m and spin s,(5.68) to (5.16) arc satisfied when

n : f a3 e,çe¡ar @)n@) : I a'e4e¡st ç,¡nçe¡

.@_Ji¿cr+m\4

(7 -87)

(7.88)

The sr in (7.90) and (7.91) arc 2s * 1 by 2s l J

5-sÎ
matrices satisfying ( ).

(7.89)

ei : f a3nt at @)B(p) : I a'e6 øt¡y,¡sçe¡

: -;n I a3,a,ø1fi"p1

¡¡ : -¿n I ¿',Bt@)@ x y)r B(r) + 
.f 

ar.at6¡,i ap¡ (j.so)

K' : -# | a'e,1e¡ at çe: 
aL "ø) 

+ | a' oat {r)*|L B@) (7.s1)
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u : f as,ntleB(x) : I d,oår¡Bø¡ : I a'esi 1e1nçe¡

The number operator JV for the system is

The helicity À fo¡ the system is

when s3 is diagonal.

Comment

Conservation of number of bosons

The generarors (7.81) tct (7.91) and the helicity (7.93) commute with 1V.

fhe numbe.r of bosons in ths sj,'stem is consiani iir -r-ir¡ie.

In Chapter 9 we consider a system of interacting femions and bosons where
the number of bosons in the system is not constant in time.

Section 7.8 The scalar field and the Lagrangian method

The fo¡malism developed so far in this Chapter is not manifestly covariant.
That is, it has not been expressed in terms of quantities which transform unde¡
Lorentz transformations like scalars, vectors, tensors, etc.

r: f a3eøtçe¡"3nçe¡

183



The noncova¡iance of the fo¡marism does not present any probrem in the de-
scription of a system of f¡ee bosons. It does, however, complicate the description
of a system of bosons interacting with themselves o¡ with fermions.

with tlis point in mind, in this section we consrruct a, fierd, þ(t) (the scarar
field) for a system of spinless bosons which transfo¡ms as a scalar under restrictecl
Lorentz transformations. The scala¡ field satisfies the Klein-cordon equation.
In addition, we describe the Lagrangian method for the system.

The procedure used in tbis section is similar to the procedure used in section
6.7 for construction of the Dirac field t/(z).

7.8.1 Definition of the scalar field

We consider a system of spinless bosons each with resr mass m.

The fundamental dynamical variables of the system are momen m creators
and annihilato¡s which satisfy the fundamenral algebra (7.62) to (7.64) with s : 0.

We write the fundamental dynamica.i variables as al(p) and B(p).

We define the scalar fìeld g(r) by

ó@) : ¿tn../n6"-iPtlñ
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'-"lhLeþt+s'@tl (t.9s)

(7.96)
T.

" - l'aÑh

7.8.2 Properties of the scalar field----_----_-

1. Notâtion

In this Section r stands for the 4_vector ¡r" : ("0,r1 ,x2,rt).

As in Section 6.7 P.r : prrp, l) : ðpôp, AAi B : AðoB _ @0A)8.

2. Hermitian field

þ ancl þ(x.) are Hermitian.

3. Heisenbers oicture

/(e) is the space-translation of the operaror / to rhe point (r1 , ,2 ., x3) jn the

þ'(r): óG)

(i.91)

(7.98)
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Heisenberg picture

þ@) : ";nt/np(r1,12,"3)6DI (r1,12,13)s-tut/n (j.99)

D("1 ,x2,"3): D1 ("1)D2(xr)nt("t) 0.100)

oi (") : e-iPja.lñ (7.101)

4. Transformation under a homogeneous Lorentz transformation

þ is invariant under a homogeneous Lorentz transformation.

lM",rþ]:o

u(^,qóuI6,0): ó

(1.102)

(7.103)

< 'n----f^-*-¿:^'^ --* i ^--'

/(z) transforms under a restricted Lorcntz transfo¡mation accordins to

U(1r,a)þ(x)UI(tr,a): þ(1rr t a) ('7.t04)

6. Field equation



ó@): " | #fa'r"/naço¡ 
¡" ;t,./ñet1r¡) 

tr.rou¡

/(z) satisfies

7. Explicit expression for ó{z)

þ(r) may be wdtten in the form

8. Klein-Gordon equâtion

/(z) satisfies the Klein-Gordon equation.

9. Boson annihilator in terms of ó(r)

(7.106) may be inverted to give

/ r\* t r-qp) ;12.r,) 
J o'rl;r"ip'/ñôTór.) (7.108)

irzôþþ(r) : ló@), P,l

[a*(ff)'løø:o (1.107)



10. The field zr(z)

r(z) is defined as

r(x) : fi061"1 (7.109)

11. Equal-time commutation relation

The foliowing commutation relation holds fo¡ all ¿ anri y with z0 : y0

ló@), "(y)]"":n" 
: ik63 (t - y) (7.110)

(7.110) determines the consrant a in Q .95).

12. General commutation relation

The folÌowing commutation relation holds for all r and, y

lóþ),ó(y)l-a(,-s) (7.11 1)

Ä(z) is given by (6.120).

Comments

1 . Nomenclature

r(r) is the momentum canonically conjugate tol(z).



Fundamental d.ynamical variable

In.view of Q.108), ó(r) is a fundamenta.l dynamical va¡iable for a sysrem of
spinless bosons each with rest mass ?¿.

(7.111) is a fundamental algebra for the system.

Microcausalitv Condition

It follows from (7.111) and (6.126) that

Every observable O(z) of the
(1.172) rhat

system is a funcdon of ó(r). lr loilows from

O(r) and O(y) are compatibte if , - y if space_tike.

(7'113) is the quantal version of the statement that no effect travers faster
than the speed of ìight. Measurements of any observable at any two space_
like separated points do not affect each other.

(7.113) is the causality condition for a system of spinless bosons.

(1.112) Is the Microcausality Condition for a system of spinless bosons.

ló@),ó(y)l: o iÎ r-y is space-lìke

lo(r),o(y)l:0 if r-y is spaceJike
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7.8.3 The scalar field Lagrangian

(7-107) is the Euler-Lagrange equation

OL OLA _-n
ôö(x) "'AçAr,¡çry (7.r14)

for the Lagrangian density

Comments

1. Normal order

Equations involving þ(r) given by (7.106) are assumed to be written in
normal o¡der.

Creators are moved to the left of annihilators as if creato¡s and annihilators
commute.

2. Manifest covariance

(7.115) is a Lo¡entz scalar.

u (L, a)L(r)UÏ (1\, a) = ¿¡ ¡, ¡ 
"1

(7.1 16)

Tlru, røl ru' røn - (Ç)' ø' ølL(r) = (1.11s)



The manifest covariance of the formarism is expressed in terms of a manifestry
covariant Lagrangian.

3. Energy-momentum tensor and poinc¿re generators

The construction of a manifestry covariant Lagrangian density allows use of
results derived in classical field theory. Noetler,s Theorem gives the energy_
momontum tensor

and the Poincare genetators

Mþ':

r'ø : I a3"rr'oçx¡

f a3"¡rrrop) - *ruo@)]

(7.118)

(1.119)

4. Expressions for the 4-momentum

(7.87) and (7.89) give the 4_momentum in terms of creators and annihilators.

(7.118) gives the 4-momentum in tenns of the sca-lar field.

(7.118) simplifres to (7.87) and (7.89) on calculation.

Tttv(r) : O,øøllffi - gp, L(x)
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Chapter I FOCK SPACE FOR PHOTONS

Section 8.1 lntroductory remarks

The Fock space descrþtion of a system of identical bosons each with rest
mass ?¿ and spin s is given in Chapter 7. In this Chapter, we specialize the
fo¡malism developed in Chapter 7 to consider a system of photons.

Photons are negative parity spin-one bosons with zero rest mass. .lhey 
are

described by a Hamiltonian which is invariant under space inversion.

Fundamental dynamical variables and some observables of the svstem are
given in Secrion 8.2.

T¡ansformation of the fundamentar dynamicar variabies under space inversion,
time reversal and charge conjugation is specified in Section g.3.

Transverse photon creators and annih ators a¡e defined in section g.4 and the
vector field is defined in section 8.5. euantum erectric and magnetic fierds a¡e
defined in Section 8.6.

The olranfirm elc.trômaûnêd. €-l,l "-*:"4^^ r,{^----.^rìr- , ,lvr¿LÃwelt s gquauons m rree space.
Each momentum component of the field corresponds to a Íansverse wave moving
with the speed of light in the di¡ectìon of the photon momentum. The expression
for the elechomagnetic fie1d provides a union of the "wave and corpuscurar views
of electromagnetic radiation',.

The Lorentz invariant theory of electromagnetism deveroped in sections g.2
to 8.6 is not manifestly covariant or gauge invariant. A manifestly covariant
and gauge invariant theory is developed in Secrion g.7. This developrnent is
accomplished through the introduction of creators ar.rd annihilators for lìctitious
longitudinal and tirnelike photons.



Section 8.7 contaìns the Lagrangian for the free electromagnetic field.

Section 8.8 contains a very brief introduction to quantum electrodynamics.

Section 8.2 Fundamenlal dynamical variables

We take the fundamental dynamical variables of the svstem to be momen-
tum/helicity creators and annihilators.

Momentumlhelicity creators and annihilators for a general system of identical
bosons each with rest mass m and spin s are given in Section 7.6 The
fundamental algebra is given by (r.79) to (7.81). The poincare generators are
given by (1 .87) to (7.91).

. We recall flom (7.78) that the momentum-spacelhelicity wave function
1þ^(p,t) fú a spin-one boson with zero rest -ur, *hi"h is described bv a Hamil_
tonian which is invariant under space inversion satisfies

,þ^(p,t): o unless À: +l (8 1)

Accordingly, we take the fundamental dynamical variables for a system of
photons to be the momentum/helicity operators

B"'(p) and a^þ) () : +1) (8-2)

These operators satisfy the fundamental algeûa (7 .79) to (7.g1).
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The fou¡-momentum for tho system is

o': (!,0',,',r')

e(Ð: Jp%2 :,pc

(8.4)

(8.5)

St(p) is the corresponding 2-row matrix.l

The numbe¡ operator iy' for the system is

PP - | aseor"øt@)n@)

(E::i;l)

u: I a'ent¡e¡n1e¡

ln ths Chapter 6(p) is rhe 2-rotumn matrix (8.6)
¡nahix (7.85).

In other Cha¡rers 6(p) dcnoles the 2r + I colurnn
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The helicity Â for the system is

o3 is the Pauli matrix.

Comments

1. Vacuum state

The vacuum søte j 0 > contair.rs no photons

rÀip¡10>:o

<0lB)r(e):0

(8.e)

(8.10)

2. Creating photons

-When acting on the vacuum state j 0 > , B^i (p) croates a photon with
momentum (pt,p',pt), energy e(p) and helicity À.

3. One-photon state

The general one-photon state at time t is

t:nIaspstlp)o3ß@) (8.8)

l. [ ¿'p,þ^tp,r)Ðr\p¡ | o >
¡7i, r

l,þ(t) >- (8.1 1)



g^- (p,t)þ^(p,t)d3 ¡t (8.12)

is the probability that the photon has momenhrm in the volume d,p1dp2dp3
abort (pt,p2.,pr) with heticity À at rime l.

ç^(p,t) is the momentum-space,/helicity wave function for the photon.

Section 8.3 Space inversion, time reversal,
charge con¡ugation

The space inversion and time reversaì Íansfotmations for a general physi_
cal system are discussed in Chapter 6 of part I. In Section 6.4 we specifi trow
the fundamental dynamical variables (6.2) to (6.5) for a sysrem of spìn j ie.mi
ons and antifermions transform under space inve¡sion, time ¡eversal aná charge
conjugation.

In this Section we specify how the fundamental dynamical variables (g.2) for
a system of photons transform under space inversion, time reversal and charge
conjugation.

8.3.1 Space inversion

The space inversion operator p on photon Fock space is a linear operator
satisfying (6.32) and (6.33). The photon annihilator (g.2) Íansforms undei space
inversion as follows:

PBr(p)PT : -s-^(-p\
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It follows from (8.3) to (8.8) and (8.13) rhar

8.3.2 Time reversal

The time reversal operator T on photon Fock space is an ant inear operator
satisfying (6.42) and (6.43). The photon annih ator (g.2) transforms uncler rime
reversal as follows:

TBÀ(p)Tt : B^(-p) (8. 18)

It follows ftom (8.3) to (8.8) and (8.18) that

PHPT : I.I

ppipl : -pi

P,{Pf : -^

P.¡/Pt : ¡/

(8.14)

(8.15)

(8.16)

(8.11)
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THTÌ : H

TPJTT : -pJ

TATï: A

t¡'¡ft : ¡¿

(8.1e)

(8.20)

(8.21)

(8.22)

8.3.3 Charge conjugation

The charge conjugation operator C on boson Fock space is a linear operator
satisfying (6.52) and (6.53). The photon annihilator (g.2) transforms under charge
conjugaúon as follows:

It follows from (8.3) to (8.8) and (9.23) thaf

CB^@)C|:-e^@)

CHCT = H

gpiçt: pi

CACT : A

CNCT: N

(8.24)

(8.2s)

(8.26)

(8.21)



Comments

1. Invariance of the Hamiltonian

H given by (8.3) satisfies (8.14), (8.19) and (8.2a).

The Hamiltonian for a system of photons is inva¡iant under space inversion,
time ¡eversal and charge conjugation.

Section 8.4 Transverse photons

8.4.1 Introductory remarks

In this Section we begin the consfiuction of quantum electric and magnetic
fields in terms of the fundamental dynamical variables (8.2),

The consúxcted quantum electomagnetic field satisfies Maxwell,s equations
in free space. Each momentum component of tho electromagnetic field corre-
sponds to a transverse wave moving with speed c in the di¡ection of the photon
momentum.

The first step in the constr uction is to define basis vecto¡s (spherical basis
vectors) in the fixed inertial frame which are appropriate for describing a vector
field whose momentum components are perpendicular to the direction of the
momentum. This is done in Topic 8.4.2.

Transverse photon creators and annihilators a¡e defined in Topic 8.4.3.

8.4.2 Spherical basis vectors

We define real unit vectors 1-(p), i1p), í1p¡ ty
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i(p) : i.o. 0 cos ç *y'cos á sing - dsind

í@): isins+icose

íþ) : iri.t á.os 9 * ísin dsing * Scos g

(8.28)

(8.2e)

(8.30)

(0 ,9) are the spherical polar coordinates of p- in the fixed inertial f¡ame defined
by the orthonormal Cartesian vectors

/---\ /r- +\

(1,2,3) - (r,i,fr) (8.31)

We define spherical basis vecro¡s i+t(p), ío(p), r-_r(p) by

í+t(p) : -ftliol +;í1e¡l

;o(p) : í(p)

d-t(p):#lrrr-¿rrp)l

(8.32)

(8.33)

(8.34)

Comments

t. Properties of Ï(p), í(e), í(p)



i@), í@,3-(p) are an orthonormal set of vectors for all I
5(p) is parallel to pÌ.

íp; ties in the 12-plane.

i@, í@),3-(p) are arrived at by rotaúng ttre triad ï, á, í.

iqy,¡ : nçe,e,o¡i (j : r,2,3) (8.3s)

R(o, þ,.t) : a3@)a2@)R3(t)

Æi(d) : e-isi elñ

sjã: irli x ã

(8.36)

(8.37)

(8.38)

(8.38) defines Sr - d in (8.38) is an arbirary vector in the fixed inertial fiame

2. Properties of ,91, 52, ,93

51 , 52, 53 defined by (8.38) satisfy

[",,rn] - iñ.e¡xtst (8.39)



52 : S .,9: s(s * 1)ñ2

s:1

(8.40)

(8.41)

51 , 52, 53 effect a mixing of the components of a vector fie1d under space
rotations.

In view of (8.41) one says that the intrìnsic angulat momentum of a vector
field is unity.

Further discussion is given in Section 21 of Rose [Bl (o].

3. The operators ^91(p), 52fp). .g3lr)

We define St(p), S,(p), ,9r(p) ¡y

si (p) : nsi ¡¿t

R: R(e,0,0)

(8.42)

(8.43)

Then,

si(p): iñj@) > d (8.44)

[s,(r), s*(o)] : ¿ne ¡t Ét(p) (8.45)



s"(p) - s(p) ,s(p) : s(s + 7)k2

s:1

(8.46)

(8.47)

4. Properties of å' ln). í"(n\- Ë ,(n\

d+r (p), e-o(p), d {p) arc an o¡thonormal ser of vectors for al1 p'

å.(p) 'ti,þ) : 6.r.r, (8-48)

e-6(p) is parallel to p

e-+r(p) an¿ e--1(p) are perpendicular to p-

å(p) is an eigenvector of .93(p) belonging ro eigenvalue Àñ

S'(p);r(p) : rñå(e) (8.4e)

More generally,

S¡(p)d¡,(p) : -rÆ(t,1, ì, À' I i, À +.\/)6-)+r,(p) (8.50)



0t, jz,^t,mz I js,^s) is a Clebsch-Gordan coefficient and

e-¡(p) is the vectot analog of the spherical harmonic yt*(0, p).

5. Transverse vector field

e-11(p) and ê_1(p) are useful for describing a vector field whose momentum
components are perpendicular to the direction of the momentum.

Such a field is consüucted in Section 8.5.

8.4.3 Tiansverse phofon creator anti annihiiator

We define

dfrl: Ð íf @)B^(p)
À:+l

(8.s4)

Comments

1. Notation

sr (p) - - *lt',r, +,.ç'?(p)]
vt

,90(p) :^93(p)

IS-t(p): nls'{n) iS')@)l

(8.s1)

(8-s2)

(8.53)



The Cartesian components of Elp; witt be denored Ay BjlÐ e:1,,2,J).

The meaning of Bi (p) and B^(p) witl be clear ftom the conrext: \.ve use a
Roman superscript to refer to a component of a 3-vecto¡ and the superscript
À as a helicity label.

2. TFansversality

It follows from (8.54) that

p B(p):o (8.55)

In view of (8.55), we say that El(p) creares a transverse ptroton and E(p)
annihilates a transverse photon.

3. Commutâtion relâtions

It follows from (8.54) that

Section 8.5 Vector field

In this Section we define a vector fielcl ,4-(z ) for photons in analogy to rhe
definitions (6.96) and (7 .94) of , respectively, the Di¡ac field r/(z) for femions
and antifermions and the scalar field ('(r.) for spinless bosons.

lni ¡r¡, au çr'1) - açe - e') (a¡t
i ¿\øp"\

p'p/ (8.s6)
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We define Ã1"¡ Ay

Ãçr¡ : 
"tr'" 

/ r' ¿-;r-' ¡ a (8.57)

Ã:"1ffi¡ur,*øt@)) (8.s8)

(8.5e)

Properties of the vector field

1. Notation

In this Chapter, u stands for the 4-vecto¡ ru : (r0,r1 ,x2,r3).

As in Section 6.7 P.t: : Prrp, Z: ôpðp, Aði B : AA0B _ @0A)B

2. Units

The Gaussian unit of ,4 is the stawolt.

3. Hermitian field



Ã ana Ãþ) are Hermitian

At 
^

Ãt1"¡: Ãç"¡

(8.60)

(8.61)

4. Heisenberg picture

,{(") is trre space-translafion of the operator ,4 to the point (c1, ,2,r3) in
the Heisenberg picture.

Ã1r7 - "n'/np("1 ,12,13)'{.DI(r1 ,12,r3)e-i 1/ñ

D (,1 , x2 , x3) : Dt (*t) Dt (rt) nt (rt)

Dt (") : t-iPt altr'

(8.62)

(8.63)

(8.64)

5. Field equation

A(r) sah sfies

ikapÃ@): [.Ãt,1,",] (8.6s)



Ã.þ) : 
" | ffi¡n*',uÉ@) +.'r'lnÊfiço¡]

: "rì, I iäf"-;"lai^.çp¡a^g'¡ 
+ "io''tñ;^(p)¡^t(p)]

(8.66)

7. Zero di

6. Explicit expression for 1(z)

A(r) may be wrirten in the form

i wâve

Ã1r¡ nas zero divergence and satisfies the wave equation.

v.,{(¿) : 0

Ll,4(r) : I

(8.67)

(8.68)

8. Pholon annihilalor in lerms of 1l¡ )

(8.66) may be inverted to give

(8.6e)



9. The field ñ(r)

f (r) is defined as

ì(r): fi011"¡ (8.70)

10. Equal-time commutation relation

The following commutation ¡elation holds 1o¡ all r and g with r0 : y0

lei 
q,1,"kçy¡],"_0" : irt6i*@ - u) (8.71)

ó;r{r1: (*)' ¡ro"','çu,r #) (8.72)

(7.110) determines the constant ¿ in (8.58).

1 1. Generaì commutation relation

The following commutation relation holds for all c ald y

lo'Al,orfrll: 6¡xD(x - a) (8.73)



,(r) : llnÌ A(lr') (8.74)

Â(z) is given by (6.120)

Comments

1. Nomenclature

ã(z) is the momenrum canonically conjugate to,Ã(c).

2. Fundamental dynamical variable

In view of (8.69), Ã1"¡ is a fundamental dynamical variable fo¡ a sysrem
of photons.

(8.73) is a fundamental algebra for tho system.

8.6.1 Definitions

In view of the fact thâr we are dealing with a system of free photons ancl
also that i1"; is a zero-divergence v,ector field satisfying the wave equation,ù/ith
propagation speed c, we interpret ,4(z) as the quantum electromagnetic vector
field ir the radìation gauge.



Th¿t is, we define the quantum electric field Èþ) ana the quantunì ulaguetic
field B(c) by

r. I â.ù.rl,b(t\: -- '
cðt

ll(z)-VxA(r)

(8.7s)

(8.76)

Properties of the quântum electromagnetic field

1. Explicit expressions

It foÌlows lÌom (8.66) that

¡t,l: # .T . I o'rlø1" ;n,/n;^.qp¡a^1p¡ 
"or,/u;^@)a^t@)]

ß'77)

E t ¡ : 9 f i if ; x 
l"-,n " / 

k a^. çr) 
p^ (p) - "o* 

t u í^(p) B^r @)fn 
^1,J l'þ)' 

(8.78)

2. Maxwell's equations



Èþ) ana E(c) satisfy Maxwell,s equations in fiee space.

3. Electromasnetic waves

È@) ana E(r) satisfy the wave equarion

]E(r) :0

ua(z) :0

(8.83)

(8.84)

Each momentum component of d(z) ana dlr) corresponcls to a plane sine
wave moving with phase and group speed c in the direction of the photon
momentum.

The electromagnetic wave is transverse: the eiectric and magnetic components
are mutualÌy perpendicular and both are perpendìcular to the dfuection of the
photon momentum.

v.t(¿) : 0

v É1"1:s

(8.7e)

(8.80)

(8.81)

(8.82)vxEir; :!i)È^\Ð
cot
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4. Union of the wave and corpuscular views of electromagnetic radiation

É@) ana E(c) satisfy rhe wave equation and involve photon operators.

(8.77) and (8.78) thus provide a union of the "wave and corpuscular views
of electromagnetic radiation".

I expect students in lectures to be on their feet cheering on seeing (g.77)
and (8.78). After years of hearing about the union of tho .ù/ave and corpus_
cular views of elecÍomagnetic radiation, they finally have a mathematical
expression for it-

8.6.2 Gauge transformations; the radiation gauge

'We recall f¡om classical electomagnetic theory that Maxwell's equations for
the electric fie\d, È@) and the magneti c freld É@) produced by a source with
charge density p(c) and curenr density J(r) arc

To satisfy (8.86) and (8.87) one writes

v E@) : +" p(")

v ' lJ(r) : fl

v x .dr") -t' 
aEþ)

cðt

v x Errl -!.i,.,,. !ôÈkt
c c ôt

(8.8s)

(8.86)

(8.87)

(8.88)
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E(Ð:v x Ã@)

È1,¡: -çrç,) - 1u1(')
col

(8.8e)

(8.e0)

substitution of which into (8.85) and (8.88) yietds

ze@) : +rpç"¡

=Ãp¡:!fla

(8.e1)

(8.e2)

provided

v Ã1*1*l%):, (8.93)

(8-93) is the Lo¡entz cnndition

The Lorentz condition can be imposed because d(r) ana É@) are unchanged
when the following replacemonts are made

(8.e4)

(8.es)



where ¡(c) is arbitrary.

Transformations (8.94) and (8.95) a¡e a gauge Íansformation.

É@) ana Éç¡ ut" gauge invariant, rhat is, invariant under the gauge Íâns-
formation (8.94) and (8.95).

The choice

p(r) : o (8.96)

which ùom (8.93) yields

v ,4(r) :0 (8.e7)

is possible when p(z) - 0.

The choice (8.96) is called the radiarion gauge.

Section 8.7 Manifest covariance and gauge invariance

8.7.1 Introductory remarks

The Lorentz invariant quantum theory of electromagnetism given in Sections
8.2 to 8.6 is not manifestly covariant ot gauge invariant. That is, it has not been
expressed in terms of quantities which transform under Lorentz transformations
like scalars, vectors, tensors, etc. and it has been developed in a particular gauge
(the radiation gauge).
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The noncovariant and gauge_specific form¿rlism does not present any problem
in the description of a system of free photons. It does, however, complicated the
description of a system of photons interacting with matter.

With ftis point in minde, in this Section we extend the forrnalìsm developedin Sections 8.2 to 8.6 to produco a manifestly covariant and gauge invariant
quantum theory of electromagnetìsm.

The first steps in this extension are to consÍuct porarization 4-vectors and to
introduce creators and annihilato¡s for fictious tongirudina-l and time-like photons.
This is done in Top ic 8.7.2.

The 4-vecto¡ field and the electromagnetic field tensor are constructed in
Topics 8.7.4 and 8.7.5.

Gauge transformations are discussed in Topic g.7.6.

The Lagrangian fo¡ the f¡ee electromagnetic ñelcl is given in Topic g.7.7.

8.7 -2 Fictitious photons

We introduce four orthonormal polarization 4_vectors ef (p) () _ +1,0,4)
defined by

where e\(p) is the j-- component of the spherical basis vector e-¡(p) defined
by (8.32) to 8.34).

,i,@) : (0, 61(e), 61(r,), 6i(e))

,l(Ð : (1,0,0,0)

(l : +1,0)

():4)

(rJ.e8)

(8.e9)
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We introduce two new annihilation and creation operators

a.^@) and s^t(p) () : o, a) (8.100)

satisfying (7.79) to (7.81) with ì,)' : +1,0,4.

CommenLs

1. Larger Hilbert space

We consider a larger Hilbert space in this Section.

The ) : 0,4 annihilators and creators are mathematicaÌ objects.

States of the system are written in terms of the ) - Ì1 c¡eators acting on
the vacùum state.

Every state I ,þ > of the system satisfies

B^(ù l',þ ,: o (À : 0,4) (8.101)

2. Fictitious photons

One says that

B^l(p) () : 0) c¡eates a fictitious longitudinal photon

BÀt(p) (l : 4) creates a fictitious time-like photon

(8.102)

(8.103)



The terms "longitudinal" and "time-like" arise from (g.104).

8.7.3 Photon annihilator Bp(p)

In analogy with (8.54) we define

B'(p): t ,1.@)B^@)
À=+i,0,4

(8.104)

Comments

l. Notâtion

The rneaning of Bt@) ana BÀ(p) is always clea¡ from tho context: the su_
perscript p : (0, 1, 2,3) rofors to the component of a 4-vector; the superscript
À : (+1,0,4) is a (generalized) heticiry tabel.

2. Generalized fransversality

It follows from (8.101) and (8.104) and

^ -p -'(P) - ., -uPpcj-;-|--ppE4

Pp€K:o (l:+1)

(8.105)

(8.106)



ppBq(p) | '/ >: 0 (8.107)

for every state I 1y' > of the system.

(8.107) is the generalized transversality condition.

8-7.4 Çvector field

In analogy with (8.57) we define rhe 4-vecror fr.eld Aþ (r) by

At (r.) : riP.x/ñ ¡t.-iP.r/ñ (8.108)

.. f d.3n ro" -o | #lur,^., sutrr)l
' v'\r/

C

t"
1/2(2r)" h

(8.109)

(8.110)

Properties of the 4_vector field

1. Explicit expression



Ap (z) : 
" I hl"-;n. 

/ a au çr¡ ¡,;r. /r, Bøï çr¡]

= " 
^-Er,^ 

I #fe-*' 
/ fr e1. çp¡ a^ çp¡ + ";o' 

/ fr 
"y(p) 

¡'t (p)] 
(8' I 1 1 )

Aþ (z) may be .reritten in the form

2. Wave equation

,4r'(c) satisfies the wave equation.

ZAF(r) : A (8.I 12)

3. LarenÉz condition

For every state I tþ > of the system,

(8.113) is the quantal version of the Lorentz condition.

4. Manifest covariance

(8.112) and (8.113) are a manifestly cova¡iant form of Maxwell,s equations
for quantum e lecrom agnetism.

ôrAI'(r) I ,þ >: O (8.1 13)
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5. Photon annihilator in terms of ,{plz)

(8.111) may be inverted to give

6. General commutation relation

The following commutation relation holds for al1 z and y

lAt'(r), A'(y)l : -sp" D(r _ y) (8.1 15)

D(r) is given by (8.74).

Comments

1. Fundament¿l dynamical variable

In view of (8.114), At'(r) is a fundamental dynamical variable for a system
of photons.

(8.115) is a funclamental algebra for the system.

Br(p) -ol:) å

\¿Tn /
,i6¡ | a' 

" ffi"ie, /ît a;' A, (r) (8. i 14)



8.7.5 Electromagnetic field-strcngth tensor

The electomagnetic fietd-strength tensor pt""þ) is defined by

FrtY(r): ôPA"(r) - A'AP(") (8.116)

The cartesian components of the erectric and magnetic fierds a¡e defined in
terms of pu, (r) by

Et (t) : - t'oi (')

Bj @) : - Pr' (") (cyciically)

(8.117)

(8.1 18)

1. Manifest covariance

It follows from (8.80) and (8.81) rhat

wherc a,8,1 ate any three of 0, 1,2,3.

It follows from (8.112) and (8.113) thar

," prtr @) * 6B pr^ þ) * 6.r p"Þ 
1r1 : 0 (8. 1 1e)
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ôuFP'(x) | ,þ >: 0 (8. r20)

for every state | Îy' > of the system.

(8.119) and (8.120) are a manifestly cova¡iant fom of Maxwell's equarions
lor quantum elecnom agnetism.

8.7.6 Gauge invariance

Let

B'(p):B'(p)+p'fb) (8.121)

where Bu(p) is given by (8.104) and /(p) is some function.

LÊt

AP Ir1 = t I hl"-;n''tnÊt'1r\ 
1 ";o'/n ou+ çr1) (8.t22)

fiu"1r¡: atÂ"1r,) - a"Ât"@) (8.123)



Ei@): _îo'@)

Êj @) : -în'@) (cyclicatly)

(8.124)

(8.125)

AP(r):AP(r)¡ðþy(x)

\(¡) : a I å|,-io'rn rrr, + 
",0-/ñ I, þtl

(8.126)

(8.127)

n,4P(z) : o

tlrfu1"¡ I ,þ >- o for every srare l,þ >

(8.128)

(8.129)

î,'¡r¡ - Fr" çr¡

Êi 1,5 : ni ç"1

Êiç,¡- a'p7

(8.130)

(8.131)

(8.132)



Comments

1. Gauge transformation

The transformation

AP(x) -- Aþ(r) + ôPy(r) (8.133)

where ¡(z) given by (8.127) is a gauge transformarion.

(8.133) is generated by the transformation

B'(p) - Bþ(p) + p, Í(p) (8.134)

2. Gauge invariance

It follows from (8.128) and (8.i29) that Maxwell's equarions (g.112) and
(8.113), or (8.119) and (8.120), are invarianr under rhe gauge transformarion
(8.133).

It follows from (8.130) to (8.132) rhar tho electomagnetic field_shength
tensor and the electric and magnetic fierris are invariant under the gauge
transformation (8. 133).



8.7.7 Lagrangian for the electromagnetic field

(8.112) is rhe Euler-Lagrange equalion

ac 
-o ôL 

-nôApþ) "'A@,Ap@)) - " (8.135)

for the Lagrangian density

11"¡: -firp,@)F,,(r) (8. 136)

Comments

1. Normal order

Equations involving Au (r) given by (8.111) are assumed to be written in
normal o¡der.

creators are moved to the left of annihilators as if creato¡s ancì annihilators
commute.

2. Manifest covariance

(8.136; is a Lorentz scalar.

U(L,ã)L(ùUt(1r,a): L(t\r I ct) (8.137)



The manifest covariance of the forma.lism ìs expressed in terms of a manifestly
covariant Lagrangian.

3. Gauge invariance

(8.136) is inva¡iant under the gauge transformation (g.133).

Section 8.8 lntroduction to quantum electrodynamics

In this section we give a very brief introduction to quantum erectrodynamics
(QED). The many excellent books on ReFT should be consulted for fu¡the¡ dis-
cussion.2 schwinger lBlSl is a collection of a numbe¡ of ìmportant contributions
to QED.

Quantum electrodynamics is a Lorentz invariant theory of interactìng erec-
ftons, posiûons and photons which combines the theory of erectrons and posiÍons
given in Section 6.7 with the rheory of electromagnetism given in Section g.7.

_ The fundamental dynamical variables of eED are spinor fields /(z) and
,þ(") : ,þr(r)10 and a vector fretd Ap(r).

The fundamental algebra is given by (6.115) to (6.117) and (8.115). In
aciciition, þ(r.) and ,¿12; commute with Ap (y) for all r and y.

Ap(r) satisfies rhe Lorenrz condition (8.113).

The electromagnetic field strength tensor Frù (r) rs definecl by (g.116).

The Cartesian components of the electric and magnetic fierds are rlefined in
terms of Fþ'(r) by (8.117) and (8.118).

A list of selected reference books, joù¡nal a¡ticles and theses follows Chapte¡ 12 ofpa l
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The field equations of quantum electrodynamics are

r,("): -iú{,).,,ø{") (8.140)

Comments

1. Form of the field equâtions

(8.138) and (8.139) are couplecl equations for ry'(z) and Ap(x).

The spinor field ìs "minimally" coupled to the vector field.

Tiie spinor Íìeicì provi<ies the source of an electromagnetic field.

2. Special case: free fields

(8.138) and (8.139) reduce to (6.109) and (g.i12) [rhat is, the Dirac equation
for fiee electrons and positrons and the wave equation for free photonsj when
the coupling constant e is set equal to zero.

QED reduces to the covariant quantum fierd theory of eÌectrons and positrons
given in Section 6.7 and the covariant quantum field theory of electromag_
netism given in Section 8.7 when the fields are uncoupled.

(-n-\aç,)+T),þ@)

zAP(r) -Tt,O,

=0 (8.138)

(8.139)
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3. Current 4-vector

Jp(z) defined by (8.140) is conserved

Jp(x) is the charge cun'ent which is the sou¡ce of the erectromagnetic fierd
Ar(,).

4. Lagrangian

(8.138) and (8.139) are the Euler-Lagrange equations for the Lagrangian
density

L(t) : L¿i,u.(t) + l"-1"¡ * 11"1(c) (8.142)

L¿i,o.(r) and l"*(z) are given by (6.132) and (g.136) and

5. Gauge invariance

(8.142) is invarianr under rhe gauge transformation
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ôrJP(x) -g (8.141)

Li"1(r) : -J(r).A(r) (8.143)



tþ(x) -: e-'"x@4;çr¡

AP(r) -- AP(r.) + ðPy(x)

(8.144)

(8.14s)

where ¡(z) is an c"Lll,." function.

6. Bare mass, bare charge

The parameters m and e appearing in (g.l3g) and (g.139) are not the mass
and charge of an electron.

m and, e are the bare mass and bare charge of the electron.

The mass and charge of the electron are related to m and e by the equations
of QED.

As stated by Schwingerl

"A free electron is accompanied by by an electromagnetic lield which ef_
fectively alters the inertia of the system, and an electromagnetic field is ac-
companied by a cunent of electron-positron pairs which effectively alters the
strength of the field and of arl its charges- Hence a p¡ocess of renormarization
must be carried out, in which the initial parameters are eliminated i¡ favo¡ of
those with immediate physical significance.,,

The renormalization procedure for eED is beyond the scope of these notes.

The relationship between bare mass and physical mass is illustrated for a
system of interacting fermions and bosons in Chapter 9.

page xi, [Bl$
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Chapter 9 FOCK SPACE FOR
FERMIONS AND BOSONS

Section 9.1 lntroductory remarks

The Fock space descriptions of a sysrem of fe¡mions is given ìn Chapters 4
and 5 and a system of bosons in Chapter 7. In this Chapter we give the Fock
space description of a system of fermions and bosons in interaction.

The Lagrangian method is usually used for the description of a sysrem of
interacting fermions and bosons. we do not follow this approach. we consider the
interacting fermion-boson system using the instant and point forms of dynamics
discussed by Dirac [J S'].

The many excellent books on relativistic quantum field theory should be
consulted for discussion of the Lagrangian rnethod.l

The fermion-boson system conside¡erl in this Chapter is a prototype for the
physically interesring systoms listed in Introductotj Remarks of Chapter 3. That
is, it is a prototype for a system of

. eÌectrons and photons

. eÌectrons and phonons

. nucleons and pions

. quarks and gluons

The Hilbert space for the system is a direct product of a fermion Fock space
and a boson Fock space. Fundamental dynamical variables for the system are
given in Section 9.2.

i A list of seÌected refe¡ence books, journaÌ articles and {heses follows Chapter t2 of pa¡t I
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The Poincare generators lot a" Lotentz inva¡iant system of free fermions and
bosons are given in Section 9.3.

The instant fom of dynamics is considered in Sectìon 9.4. The point form
of dynamics is considered in Section 9.5.

The fermion-boson trilinea¡ interaction in the instant form of dynamics is
discussed in Section 9.6.

The dressing transfo¡mation method for expressing the Hamiltonian in terms
of creators and annihilatots for physical particles is given in Section 9.7.

The dressing transformation fot the trilinôar interaction is given in Section 9.8.

The Yukawa potential for interacting physical fermions is derived using the
dressing fansformation method in Topic 9.8.4.

Section 9.2 Fundamental dynamical variables

'We consider a system of fermions and bosons. Each fermion has spin s1
where s¡ is a half-odd integer. Each boson has spin s¡ where só is a non-negative
integer.

The Hilbert space fð>¡,srsa for the system is the direct product of the fermion
Fock space /{.,,"r cliscussecl in Chapters 4 anri 5 ancl the boson Fock space ò4'u

discussed in Chapter 7.

fù*s¡su - l4sr 6 l'4so (e t)

Fundamental clynamical va¡iables for thô system are creators ancl ar.rnihilators
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for fe¡mions

Fk",@,)

rm.,\P)

(e.2)

(9.3)

as given in Section 5.3 and creators and annihilators for bosons

Bk."(p)

B^,u(p)

(e.4)

(e.5)

as given in Section 7.5.

The spin labels in (9.2) to (9.5) tâke the values

rnsJ - sl.)sI I,.. .,-sl

msh : sb)sb - 1,. . . , -só

(e.6)

(9.7)



The fundamental dynamical variables (9.2) to (9.5) satisfy

{F*,'(p), F,-'",(o')} : o

{o/,.,@),r)^r,(r')} : o

{F*.,(r), rl,,(n)} : 6(s, - p')6^",,-,.,

(e 8)

(e.e)

(e.10)

l"^',@), n*',,(p')f : o

lol"."rr),a1,, 1r';] : o

lø^."ç'¡, a1,,."ç,')] : aqo - p,) 6*"0,,,.u

(e.11)

(9.12)

(e.13)

[F,B]-0

F - F,,,,(p) or Ff,,þt)

B : 8,","(p) or Bl^.,(p)

(e.14)

(e. 15)

(9.1 6)



Section 9.3 Free fermions and bosons

To describe a LorcnIz inva¡iant system of fermions and bosons, one must
consúuct the Poinca¡e gonerators H, pi 

, Ji ,1f: in terms of the fundamental
dynamical va¡iables (9.2) to (9.5). The Poincare generators satisfy the poincar.e
Algebra (5.68) to (5.76) or (5.71) to (5.19).

The Poincare generators for a system of free fe¡mions are given by (5.g4) to
(5.88). The Poincare generatots for a system of free bosons are given by (7.g1)
to (7.91). The Poincare generators for a system of Íìee fermions and bosons is
the sum of the right sides of the conesponding equations (5.g4) to (5.gg) and
(1.87) to (7.91).

We add a subscript 0 to the generators for the free system to distinguish them
f¡om the generators for the interacting system.

The j----component of momentum Pj and the Hamiltonian 1Jç are

ao : / ¿' rle' @), ¡(p) F (p) + BI @),b@) B@f (e.18)

I a'y,lrt6lei tçp¡ + Bt@)d B@)] (9.17)

p2 c2 + rn2rc4'¡(P) 
:

,rb):

(e.1e)

(9.20)p2 c2 ¡ mlca



(iíî)F(p): (9.21)

(ii;)B(p) : (9.22)

f'lþ) ana AI @) are row mafticas conesponding ro (9.21) and, (9.22).

The j-component of tho spin angular momentum .9f is

sr, in (9.23) is a 2s¡ * I by 2s¡ * 1 matrix satisfying

f"i,,i] - ike,rts!¡

sf sf-s¡(sr+t)h2

(e.24)

(9.2s)

s¿ : I a' nlrt @),ir þ) + aI ¡,¡"ia ¡e¡) (e.23)



tl tn (9.23) is a 2s¿ f I by 2s6 + 1 matrix sarisfying

l"'u, "f] : ;n,,n,,tu

sò .só : st(st, + 7)ñ.2

(e.26)

(9.21)

The fermion number operator is

The boson number operator is

Comments

1. Vacuum state

w, : I a3ert¡,1rçe:; (9.28)

Nb: | ÊpBI0rB(p) (9.29)



The vacuum state I 0 > contains no formions or bosons

F,-,,(p) l0 >: B*""(p) | 0 >: 0

< 0l¡å.,(p):< 0lBl.,(p)- 0

(e.30)

(9.31)

2. Creating an elementary fermion

When acting on the vacuum state | 0 >, FL.r@) creates a elementary fermion
with rest mass rnl, z-componenf of spin m"r, j romponent of momentum

t' and eneryy e ¡(p).

3. Creating an elementary boson

When actìng on the vacuum state, BL.,(p) creates an elementary boson with
rest mass m¿, z -romponent of spin mro, j-component of momentum d
and energy e¡(p).

Section 9.4 lnstant form of dynamics

In this Section we consider a system of fermions and bosons in interaction.

We include inte¡action using the instant form of dynamics, That is, we take
the j component of momentum and angular momentum equal to the free system
forms and we modify the Hamiltonian and the j-component of the booster.



For the interacting system,

Using (9.32) to (9.35) in the Poincare Algebra (5.68) to (5.76) yietds

lo¿, 
,,1 + fxi , u,] + lri , n,] = o

['.¿,"1] + j<i,x¡l+ [ri,r¡] - o

(e.40)

(e.41)

H:Ho-lHt

pi-pj

ti-i" - "0

Kj:I{3+I{!

(e-32)

(9.33)

(e.34)

(e.35)

f";'*] : o

l"';'a'] :o

[t l'rf] : ir¿e¡ttr{l

lul,r¡l: -iñ.6jrHttc2

(e.36)

(9.31)

(e.38)

(e.39)



CommenLs

1. Equations for 11r and 1ll

(9.36) to (9.47) are the instant form of dynamics equatjons for II1 and I(i.

2. Free system

(9.36) to (9.41) are solvecl by

fI1 :g

I<t, : o

(e.42)

(9.43)

(9.42) and (9.43) yielcl a system of free fermions ancl bosons.

3. Linear and nonlinear equations for Hl and /(i

(S.36) to 19.39r are Iinear equarions for //¡ ancl /({.

(9.40) and (9.47) ne nonlinea¡ equations for H1 and I(r. .

Dirac [J5] stares rhar " [(9.40) and (9.41)] are not easily fulfiÌlecl and provide
the real difficulty in the problem of constructing a theory of a relativistic
dynamical system in the instant fom."

Section 9.5 Point form of dynamics

In this section we include interaction using the instant fo.. of dynamics. That
is, we take the j-{omponent of the angular momentum ancl the booster equal
to the free system forms and we modify the Hamiltonian and the j_component
of the momentum.



For the inte¡acting system,

PP:Pl+Pl

MP' : Ml"

(9.44)

(9.4s)

Equivalently, using (5.80) to (5.82),

Using (9.44) and (9.45) in the Poincæe AÌgebra (5.77) to (5.79) ;rietcts

lMi" , P{) : ir,(s" Pl - s," pi) (9.50)

lPi, Pil + lPi, píl + [pi, pí] : o (9.sr)

H:HotHt

Pj:Pl+Pl

JJ:J3

KJ:K3

(e.46)

(9.47)

(9.48)

(e.49)



Equivalently. using (5.80) to (5.82).

lo¿,oll+ iPí,Pf] + lr1,r¡] :o

[.;, ",] 
+ lei, n,) + lei, u,l - o

(e.56)

(9.s1)

Comments

1. Equations for Pl

(9.50) ancl (9.51) are the point form of dynamics equations for pf

2. Free system

(9.50) and (9.51) are solved by

Pi :0 (9.s8)

ft¿,n'l - o

[t¿,rfl - iñ.e¡r,tpl

[o¿,u,] - iñPl

lt¿,rll: -ik6¡*Httc2

(9.s2)

(e.53)

(9.s4)

(e.55)



(9.58) yields a system of f¡ee fermions and bosons.

3. Linear and nonlinear equafions for.pl

(9.50) are linear equations for pf.

(9.51) are nonlinear equations for Pf.

Di¡ac U5-l states rhar "t(9.51)l are not easily fulfilled and provide the real
difûculty in the problem of constructing a theory of a relativistic dynamical
system in the point form."

4. Comparison of the inst¿nt and point forms of dynamics

The instant form has the advantage that the momentum is unchanged from
its noninteracting form.

The point fo¡m has the advantage that the interaction torms are grouped as
tho the components of a 4-vector.

Section 9.6 Trilinear interaction

In this Section we consicler the instant form of clynamics cliscussed in section
9.4 and we take the simplest form of 11¡ which involves both fermion and boson
operators and which is Hermitian and conserves fermion number.

Ht:
la'pa'qrtçe - q)h(p,q)F(p)BI(q) -F aa.loint (9.s9)

Comments

1. Notation



h(p, q) is a maÍix whose elements are functions of momenta and 3-compo-
nents of spins-

(t ,".,(r,ø)) 
^",,-,", 

: tr*,o*",,-',,(p,Q) (e.60)

2. Piclorial representation

The integrand in (9.59) can be represented pictorially.

3. Nomenclature

(9.59) is the trilirear inreracrion.

lz^,',n,,,o,,,(p, q) is the vertex function for the trilinear interaction.

4. Vertex functions

Ä(p, q) specifies the Íilinear interacrion.

For a Lo¡entz inva¡iant system, À(p, q) is dete¡mined by requiring that (9.36)
tn ¡'Q 41\ hnl¡l

5. Conservation of fermion number

(9.59) conserves fermion number.

[ø',lrrr] : o (9.61)



6. Nonconservation of boson number

(9.59) does not conserve boson number.

lh,Nbll o (9.62)

7. Prototype Hamiltonian

(9.59) is the simplest interaction which alrows creation and annihilation of
bosons through interaction with fermions.

(9.59) is the prototype interaction Ham tonian fo¡ a number of systems of
interacting fermions and bosons.

8. Creating a bare fermion

It follows from (9. 18) rhar

HoFl*,,(p) !o >- e ¡(p)Ff",(r) i o > (9.63)

It follows from (9.i8), (9.32) and, (9.59) rhat

H FJ".rþ) l o >l zr@)Fl,"., (r) I o > (9.64)

for any function ã¡(p).

In view of (9.6Ð, IL,rþ) does rìot create a physical fermion when acting



on the vacuum statg.

In view of (9.6r, Fl.,þ) is said to create a bare fermion when acting on
the vacuum state-

m¡ in (9.1,9) is the rest mass of the bare fermion.

9. Creating a physical fermion

The c¡eation oporator F[,,r@) for a physical fermion satisfies

N¡F),,,(p) lo >- ñå.r(e) lrl > (9.65)

stFL",@) lo >:r,rr,",Fl.r(r) lo > (e.66)

Pt t j,",(r) | o >- f rf,.,¡fi | o > (e.67)

H Fj"",(r) | o >: zî(¿r]., (r) | o >

i¡tns - 1[n+- *7

(e.68)

(e.6e)

ñ1 is the rest mass of the physical fe¡mion.



10. Form of f he ph.ysical fermion eigenkef

The physical fermion eigenke t FiI,.@) | 0 > has the form

FJ".,(r) t0 >: r'å.,(p) l0 > +t [(at)"rt]. io > (e.10)

(9.70) satisfies (9.65).

The functions c^,-,n,,(pt . . .p,+t) in (9.71) are determinecl by satisfying
r'O ÁÁl r^ /'o Áç\
\,.uul Lv \/.uu_/,

I l. Ph-vsical fermion, bare fermion, cloud of bosons

(9.70) is interpreted by rhe slatemenl:

The physical fermion is a bare fermion surrounded by a cloud of bosons

f(at)'rr]" ro,

+s¿ I sJ *oo

: t t lo'or...d3pn+t. e.iÐ
mtt..,m^= 56 m,r+ t:-S/ "

.c*, .,n,"+,(pt . .-p,+ùBl,,bt) . nl"^@")pk_*, (p,+r) I o >



12. Satisfying the Poincare Algebra

(5.68) to (5.76) are satisfied in rhe instanr fo¡m of dynamics when (9.36) to
(9.41) hold.

i. The linear equations (9.36) to (9.39)

(9.36) holds with no restrictions on Ä(p,q).

(9.39) holds if 1l{ has the form

Xrr: 
.f 

a3ea3qrtþ (!)kt(p,q)F(t))81(q) + u,ìjoint (9.j2)

kr(p,q) in (9.12) is related to Ä.(p,q) tlnough (9.39).

(9-37) and (9.38) restrict rhe form of h(p, q) under rotations.

ii. The nonlinear equations (9.40) and (9.41)

(9.40) and (9.41) yielcl nonlinear equaríons for h(p,q).

Hearn, McMillan and Raskin [Jtg] found for some special cases that the
only solution to these nonlinea¡ equations is

h(p,q): o (9.'73)

(9.73) yields (9.42) and (9.43).

(9.73) yields a system of free fermions and bosons.
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I J. Unanswered questions

(9.73) raises a number of unanswered questions regarding the fe¡mion-boson
inte¡action for a Lorentz invariant system of fermions and bosons.

Can interaction be included in the instant form of dynamics?

Can interaction be included in the point form of dynamics?

Is it necessa¡y to modify aI poincare generators in o¡de¡ to include inter-
action?

Is a nonzero trilinear interaction (9.59) possible if all gonerarors are modi-
fied?

Is a nonzero hìlinear interaction (9.59) an approximation to a corect fe¡mion-
boson interaction?

Section 9.7 Dressing transformation

So far in this Chapter we have conside¡ed the fundamental clynamical variables
to be the bare creators and annihilators fJ,",Ø) and Bj,.o1p) anrì their adjoints
given by (9.2) to (9.5).

In this Section we inÍoduce a unitary transformation of Fk,rø) and al., (p)
which yields creators Fj", (p) ana Él-,"(p¡ for physical particles. The transfor_
mation "d¡esses" bare variables to yield physical variables.

The crearor Ff,,çp! tot a physical fermion satisfies (9.65) to (9.68).

The c¡earor ãl.rip¡ fo, a physical boson satisfies equations analogous ro
(9.65) ro (9.68).



For the trilinea¡ interaction (9.59), the physical fermion eigenket is given by
(9.70). The physical fermion is a bare fermion surrounded by a cloud of bosonsl

Further details of the dressing transformation method are given in Greenberg
[Jl?], Schweber [Bl7], Hearn [Tl ], James [T3] and Hearn, McMillan and Raskin
tJ t+1.

-We write

F/".,(r) : uFh"r@)ut

al*(p) : u Bl,,(p)uI

(e.14)

(e.7s)

rt I)

Dr--D

(e.76)

(9.71)

Comments

1. Dressing transformation

[/ is unitary.

U(IÏ:UTU:I (9.78)

[/ is the clressing transformation.



2.

D is the dressing operator.

The stlategy for determining D is given in Item 6.

Fundamental dynamical variablesê

e|",,(p) ana É1",@) and their adjoinrs obey (9.8) to (9.1a).

F)",r@) aa É1,,@) and their adjoints are funriamenral dynamical variables
for a system of fermions and bosons.

Expressions for ouerators.

Every operaror A may be expressed in terms of the variables (9.2) to (9.5).

We write

In view of (9.74), (9.15) and (9.78),

A(ø' A) is obtained from A(F,B)by reptacing i- by r' and B by ñ

4. Invariance of the dressing operator

It follows f¡om (9.76) ancl (9.80) that

uA(t-,B)uI: A(r,a)
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D(ñ,É) - D@,8) (e.81)

P¡oof:

/ .- -\Dlr,B) : UÐ\F,B)Ur - "D(F'B)D(F,B)e-D(F,B) 
: D(F,B) (9.82)

5. Dressed Hamiltonian

It follows from (9.80) and (9.81) that

H(F, Br : H(F, B) (9.83)

?r(r, É) - " 
o(r,4 n 

ç7, 
a) 

"o 
F'4 (e.84)

Proof:

rr(F.,8) - uI n(F,u)u - " 
n(t,\ r(F,B)"o@,") -u(F,a)' (9.9s)

(9.84) defines ?l in rerms of H and I).

H(F, B) is the Hamiltonian in rerms of clressed creators and annihilarors.

?f(r,A) is the d¡essed Hamittonian.



6. Determining the dressing operator

/ - -\olF:u) is chosen i¡ o¡der nt Ff",ç¡ | 0 > and ÉL,,@) | 0 > are
eigenketl of the dressed Hamiltonian.

H(F,B)8L.,@) I o >: zh@)ÉL.,@) lo > (e.87)

for some functions 7¡(p) and, ë6(p).

(9.86) and (9.87) hold if, aparr from rhe terms

FIF and Btñ (9.88)

there are no terms in (9.84) which contain only one annihilation operator.

That is, (9.86) and (9.87) hold if (9.84) does nor contain rorms of the fo¡m

IrfFEJ, FTpplBI , etc. (e.8e)

D (f , A) is chosen in o¡der ro elìminare terms of the form (9.g9) from

u(r,a)

u(r,a)rL.,6) | o >: ¿r@)rL",@) lo > (9.86)



Section 9.8 Dressing the tr¡linear interaction

9.8.1 General remarks

Substituting (9.91) into (9.84) yields

The operator H (F , n) for a system of fe¡mions and bosons interacting via
the trilineaÌ interaction is'

Ht(r,a\ and q(r.a\ in (9.90) are given by (9.18) and (9.59) with r'-\ ,/- \ ,,

replaced by I' and B replaced by B.

The real parameter ) ìn (9.90) is an order-counting parameter which can be
set equal to unity.

We write rhe dressing operator D(îJ.È) in the tom

p:\)s"n, (e.91)

H(r-,a) : Ho(r,a) + 
^n(rr,a)

(e.e0)



(e.e2)

'11 : Ho + ){¡1r + [Ho, Dt]]

+^'{llt, Dl +f,Uuo, Drl, Dtl + La,,D,l}

+...

Comments

1. Dressed Hamiltonian

(9.92) gives the d¡essed Hamiltonian in terms of the known operators f16 and
1/1 and operators D1, D2,. . . to be cletermined.

2. Determining the D,,

The Dn(F,;) -. chosen in o¡der ro eliminate terms of the form (9.g9)
from i9.92).

This can be done o¡de¡ bv orde¡ irl l.

3. Expression.þr Dr

/ - -\ntV,B ) given by (9.59) contains a rerm of the form (9.89).

It follows from (9.92) tnut Or(f,A) is chosen in order thar

[Hç,nt1 : -¡¡' (9.93 )



lt follows ftom (9.18) and (9.59) thar (9.93) holds if

q : f aspa3qít@ - q)dr(p,q)e@)Érk)- adjoinr (s.s4)

, -h(p,s)a1w)q): -;--
^lP, s )

L(p, q) :, ¡(p -,ò + e¡(q) - e¡(p)

(e.e5)

(e.96)

4. Second equation for the dressed Hamiltonian

Substìtution of (9.93) into (9.92) yields

(9.97) gives the dressed Hamiltonian with Di (F, A) Ci*" by (9.9 )

5. Choice of Dz, Ð¡, . . .

11 : Ho + * 
{}tu,, 

n,l + ru,, o¿}

+)' 
t å[ã,, Dt], Dtl + ][n,, Dz], Drl + ]1a,, 

où+ t1i0, r3l ] 
e.w)

+...



D2 is chosen in order to eliminate terms of the form (9.89) in the ì2 te¡m
in (9.97).

Substitntion of D2 tn the ì3 term in (9.91) yields a new equation for the
dressed Hamiltonian.

D3 is chosen in o¡der to eliminate terms of the form (9.89) in the )3 term in
the new equation for the dressed Hamiltonian, and so on

9.8.2 Hamiltonian dressed to second-order

For simplicity, in the remainder of this Chapter we tako the vertex function
(9.60) to depend only on the boson momentum and to be independent of spin.l

I o 4{ ,/r<{
)

h* 
" o*. r 

o,'.,(P, Ç) : nG) (e.e8)

t-jcr'. .. . Invariance of the
Hamiltonian under rotations requires that h(q) be a function of I q l.

nl,ò : n'k)

nk):n(lql)

(e.9e)

(e.100)

Retaining only the À2 term in (9.97) after the above choice of Dc vields an
approximation Ur(f , E) to rhe dressed Hamiltonian tt(f , a) .

r Sprn has been included by Hcam [T ]l and Hcarn, McMill¿ìn and Raski¡ IJIII
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Ut(f ,n) is the Hamilronian dressed to sccond order.

It follows on subsriruting (9.94) tî the ì2 rerm in (9.97) rhat

r : | øln 6)7¡@)F@) + ñt çp¡zule¡ñço¡l (9.102)

; rØ) -- , r(p) À2 [ atn 
h'tq)-

J 'L(p.q)

7t(ù: q(p)

(9.103)

(9.104)

vrr(k.k,.l(\ _ -^2h2lk - k')' L(+K -1"'-k -k')

+k ", t"t

(e. 106)

î12:T+V¡¡*V¡t (e. 101)

:ï | o'ro'r'o'u

) 
v,, (,, n,, x) r (ï- - r) u (å'o * 

î)0,,

V¡¡

,'(|"+*)ø(|rc-r,



''u 
: 

T I ¿'t'¿' r' ¿' t'

r',(|r * r)ø,(|o *)vpç*,n',x)a(|r - o)r(i-- 
î;l'

vrb(k, k,, K) : x o(iu - r)^(i, - r)

fr rl
L^(lr. +1( - k) t¡.|x + *,.|t< _ r,¡ l

+k t> kl

(9.108)

Comments

1. Physical processes

(9.101) contains an interaction V¡¡ between two physical fermions and an
itìferaclion l./,, hetrvcen q nhwcìnal f.*i^- "-,.1 a ñh.,-:^^r L^^^---"--- , Ju o PrrJJr\.4t uu5u .

2. Fermion-fermion potential

(9.105) is the second-order fermion-fermìon potential.

(9-106) gives the form of this potential in terms of rhe vertex function (9.9g).

The right side of (9.106) is negative. The fe¡mion_fermion force is
attractive,



The right side (9.106) can be represented pictorially.

The fermion-fermion potential arises because of "boson exchange,, between
the pair of ínteracting fermions.

3. Fermion-boson potential

(9.107) is the second-o¡der fermion-boson potential.

(9.108) gives the form of this potentìal in terms of the vertex function (9.9g).

The two terms in the second line of (9.10g) have different signs.

One term gives an attractive force and the other gives a repulsive force.

The right side (9.108) can be represented pictorially.

The fermion-boson potential arises because of .,fermion 
exchange,, between

the interacting lermion-boson pair.

4. Bare mass in terms of ohvsical mass

ñ¡ is the known mass of the physical fermion.

ñ1 is related to rhe energy Z¡(p) of the physical fermion by

ñt¡:7¡(o)lc, (e.10e)

The mass m¡ of the bare fermion is not observed
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mf is given to second order by (9.103) and (9.109).

- À2 1,, hz(s)mr-mr+AJd"qdrc/,

^(0, 
s) : e¡(q) + e6(q) - m¡c2

(e.110)

(9.1 1 1)

5. Higher order terms

The ì3 te¡m in (9.97) contains rerms of the form

FtFtBtFlr and rIFTaFe (9.112)

These terms correspond to boson production and annhilation in a
fermion-fe¡mion interaction.

9.8.3 Terminaiing the dressing operator series

(9.91) terminates at the first term, that is,

Dn:0 (9.1 13)

when the approximation

L(p, q) : ,¡(q) (9.114)



is made in (9.95).

Comments

1. Fermion-boson potential

Approximation (9.114) yields

v¡r,(k,n',rc5 : o (9.115)

The fermion-boson porential vanishes when approximation (9.114) is userl

2. Fermion-fermion potential in momentum space

Approximation (9.114) yields the following simplification to (9.106):

vt, (k. kt. t( \ _ -2^2 tL2(k - kt )

€¿,(Ä- - Æ ./

=vfr(lk-k' l)

(9. r l6)

(9.116) is a momentum-space fermion-fermion potential with depends only
on the momentum transferred between the interacting pair.

3. Fermion-fermion potential in coordinate space



It follows ftom (5.106) that the fermion_femion coordinate_space potential is

9.8.4 Yukawa potential

It follows from (9.117) thar

v¡r(, D : I a'q"*./ñvr11¡q ¡¡

vff(r):-(#) (e. 1 18)

g : g6m6c2

fI

mbc

(e.119)

/¿O 1tn\

-r"
Lt -.\ I lgoc"''vtt- -\f-- (e.r21)



Commenfs

1. Yukawa potential

(9.118) is the yukawa potential for interacting fermions.

(9.118) was derived by H. yukawa in 1935.

2. Range of the Yukawa potential

(9.120) is the range of the yukawa porential.

The range is equal to the Compton wavelength of the exchanged boson.

Yukawa used the known range of the nucÌeon_nucleon potential to ptedict the
exisence of a boson with rest mass 140 Mey lc2 .

The pion was discove¡ed in 194j.

3. Form of lhe vertex funcf¡on (9.121)

The facro¡ ll\FlÐ in e.121) appears in the expression (7.106) for the
scalar field ç5(z).

4. Infinite bare mass

The integral in (9,110) diverges when approximation (9.i14) is used with
(9-121).

The b¿L¡e mass mJÊ in this approximation is infinite.



Appendix: Some Commutators

In this Appendix we give some commutators of products of fermion and
boson creators and annihilators.

The right sides of all equations are w¡itren in normal order. That is. all
creatots are written to the left of all annihilato¡s.

Section 4.1 Commutators for fermions

The forlowing commutatofs result from (4.34) to (4.36) and from rhe identities
given in the Appendix of part I.

lr., ri r,l - r¡."

f+,en] : Fi6.t

(4.1)

(4.2)

[r,, rJ r]l : p] t, 
" - pj d*

pt, r"r,] : F¿6," - F"6,¿

(.A.3)

(A.4)

lrj r", rjt,l : F) F$"t - FlF"6,,



[rJr",rjrJ] : rJ(t jd",+ r*a,) (A 6)

frj rj, r,r"] :
= l'J(F,6"r- Ft6"u) + rj1rrd,,- F*6,t) - 6,u6"t16s,6,t

[t,,rirjr"r,] - (t]u,"- Fjil,)r,p"

frf, rl r] r"r"l : rj rj g,"a,. - Fu6,u)

(4.8)

(A.e)

[rJ 
r", r] rjr,r-l :

- rJ(rß., d¿".,)¿ r" + r! rltr ¡ - F., ,u'\"'"J""uwr¿r/¡s

(4.10)

Comments

l. Commutators involyins field oneraf nrs

The commútators (5.15) to (5.17) and the idenrities given in the Appendi,r of
Part I yield a set of idenrities simila¡ to rhe above.



For example, corresponding to (A.l) is

2. Commulators involving momentum and spin

The commurators (5.35) to (5.37) and the identities given in the Appendix of
Part I yielcl a set of identities similar to the above.

For exampie, corresponding to (A-1) is

3. Commulators involving momenfum and helicift.

The commurârors (5.58) to (5.60) and the irlenriries given in rhe Appendix of
Part I yield a set of identities similar to the above.

For example, conesponding to (A.1) is

lr, (",), rj ç" S a6,11 : F¿(z ¿) 6 (r, -,, ) á,." (4.11)

lr,çe,), rl6"¡r,@ù] : r,1e¡tç0, - p")6,"

lo, þ,), F"I (p") F, (p,)f : F @t)6(p,- p,)á,, (4.13)



Section 4.2 Commutators for bosons

The following commutarors resurr from (7.30) to (1.32) and,f¡om the identities
given in the Appendix of part I.

ia,,ala,l: 8t6,"

la|,atn,]: -B16¿

(A.14)

(A.15)

r,r'l
lB,. 

BIBì) - ßló," + 816,,

r. l

lB), B,Btl - - B¡ò¡s - Bsò¡¡

(4.16)

(4.17)

Comments

1. Commutators involving field operators

The commutators (7.47) to e.49) anrj the identities given in the Appendix of
Part I yield a set of identities similar to the above.

lptp pil¡ l- oto . ^Ì^_ t);DuusI DI DsAl



For example, corresponding to (A.14) is

lr'l

lB,(r"\. BJlr")Br(¡r)l -- Btl¡t)6(¡, - r")ò,", (4.i9)

2. Commutators involving momentum and spin

The commurarors ('7.62) to (7.64) and, the identities given in the Appendix of
Part I yield a ser of identities simitar to fhe above.

For example, corresponding to (A.14) is

la,çe,¡, a!6"¡a,@,)f : a,1e,!t(p, - p")6," (4.20)

3. Commutators involving momentum and helicity

The commutators (7.79) to (7.81) a.nd the rdendties pir,,¡n i- r1,- À-^--rj-. ^¡
Part I yietct a ser of identjries ,i.it;;; ;;;;;;;.""*^a'urw 

rrPPv'!'-\ ur

For example, correspomling ro (A.14) is

l"' @,),4'r(p")¡'(p,)] : B' (p,)6 (p, - -p")á",



Section 4.3 Commutators for fermions and bosons

Commutators for fe¡mions and bosons are derived from (4.34) to (4.36), e .30)
to (7.32) and from the results given in the ptevious Sections.

The following commutator arises ìn the calculations in Chapter 9.

lrlr"a,,rtr,atf -
(4.22)

rj rjF"r,ar- + F) Bi,F,B.t6"* - Flaf F"Br6,u + FJ F,6su6r.D

Comments

1. Commutators involving other variables

Commutators involving fe¡mion and boson fieid operators, ot momentum and
spin operators or momentum and helicity operatols are similar to the above.

The examples in the previous Sections illustrate the appropriate conespon_
dence.
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