
C"l c,,lus qllô!{ti.*

The Shoctos'f Porlh B¿ftec" Tto P"n{s

Consìder tto poì;ts (X^, yJ qncl (Xt, y!

in *he (x,y) 
Plane

Y¡

Yr

Whot curve Y (x)

shor*est pclh le.gth 5
ttne "ndr #oi"*s (år7¡)

hos *he
hdtw"e"t

"rå Cx",y.Í

How cqn v{e Prove Thisl



C 
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c.,lus of Vnciolions

The Shortest L-segne,il. P"*h Befween Jro Pohfs

Consiåer 'two pr*tt (xt,yù and CXe, y.)
ìn *lre (X, y) plone

Whdt vqlue of y, lequls fo {he
shortest Z-sag.ect pa{h legth 5 - bûween
th" !nd goirTs (x^.y;) qnd çxB, yr) I

How cqn We pcove thìs?

q*,Y,)



Cot cu l-us of Vari.itions

The +dl'"l p"+h le"x{h 5 in {he Z-seg'.#
c-cÂSe ìs

S = 5, tSr. = âtt
where S¡ =

5¿=

oc.* S; =

End Poi'ç$s ( Xo,/,) = ( Xa, )*)
( X., ).) = (Xs, ys)

W, L,O,b we cotn çgt to = /o . o
Xz= I Y""h

+ g=s(x)=@+m
Vvh¿r¿ we hqvctqK*r X¿-X=X-to=àg.

S is q frn¿tinrt dF y, lof I raci"ble)



C"lculus dt Vor¡"*ions

Our g*l is to rniniwrizs 5(X) q+ Sni,r
f.c Sorne vqlue /,*,,.

However, slnce u p untìl now y, hqs
orbïtrory we ore fcee +" thoose

/y, = Y',¡n (o:sunring q mìnumut" e:<¡Sts)
päconqtci¿e +he" vqriqtion owoy
'y, wìth q pofome{ec ct.

Thdt lt, ute cqn wci'fe Ï = X +o(

so {l*t g= s(I) = 5 ( y,+d)

been

qnd

frorn

Täylor expønJi^g qbo"t *he rnìnìrnum we haVe

s(T) = s(y,) +
:ñ

ï\ ne¿essary condl-fio^ foc
o5i
ã;rl. = o

*l*rr"r'

5 (7,) = 5,¡. is
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$+.üil J+o ! fff.r) +.T?l J+ -(.ti'-ú+l

[+-Í'Á,ll 
.J i] F( +y' l] = f,t'Â-,r) *J+lt"r I - J,( * 

"ri]
Ë( +r,úlU'Å-I) ' Ë(',(-'1) +"ril ='(

@(.Å-q)=@'Å
:tr(, Jo+ 6'u¡n¡og

t/ Jo* "o,Fntã zFrqa\y

'r{, - q

1
Lt

L ê

*l=Á

-ol Pg :; laãa

I sQ'
ë

rÁ

-{P- 1- ILl ;rtl + 
=(>+"(l 

+Jff = ('À)s

tr(. + 
"ü *


