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Abstract

In this thesis, I study the behaviour of the Stepping-Stone model: a stochastic model

from theoretical population genetics. It was introduced by Kimura and Weiss [1][2]

as a simple model to investigate the interplay of the evolutionary processes of random

genetic drift, mutation, migration and selection. In particular, they were interested in

the behaviour of spatially-structured populations when these processes were mediated

by local interactions. From the point of view of statistical physics, the Stepping-Stone

model can be viewed as a 2-species, non-equilibrium reaction-diffusion model with spatial

degrees of freedom and unique fluctuations that arise from irreversible processes at the

microscale.

My thesis begins with a brief overview of the theory of stochastic processes that

includes both the classical treatment using master equations, the Fokker-Planck equation

and the Langevin equation, and modern formalisms that map these equations to operators

and functional integrals. This is followed by a discussion of the steady-state and critical

phenomena in the Wright-Fisher and Moran models, the non-spatial predecessors of the

Stepping-Stone model. Critical phenomena in these models is shown to be associated

with the breaking of a discrete symmetry that results in a discontinuous order parameter.

Next, the Stepping-Stone model is introduced and reformulated using operators and path-

integrals.

Kimura and Weiss were able to solve for the steady-state of the Stepping-Stone model,

under certain conditions, but the dynamics of the model remained elusive. This model is

related however, to the “Voter” model, which has been well-studied and is known to have

a critical spatial dimension of 2, in that only for d ≤ 2 does the system asymptotically

reach one of the 2 degenerate absorbing states.

I extend the results of Kimura and Weiss and obtain exact results for the dynamics
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of the Stepping-Stone model. Two regimes of the model are analyzed: 1) the neutral

regime, where selection has vanished and mutation is viewed as the control parameter.

Here a steady state exists, characterized by a correlation length that diverges as the

mutation rate, µ becomes zero; and 2) the broken symmetry or “fixed” state, where

selection is small but finite, and mutations so rare that the relevant description concerns

the dynamics of “avalanches” or “cascades” of new alleles induced by the initial mutation

and perturbing the system from the absorbing state.

A unique kind of dynamical critical phenomenon occurs when selective advantage

and mutation become negligible. Like the Voter model, it is qualitatively different both

above and below a critical dimension dc = 2. For spatial dimension d ≤ 2 , the critical
behaviour is associated with the breaking of a discrete symmetry and corresponds to

fixation of one of the two alleles (genotypes). Symmetry breaking in the Stepping-Stone

model is shown to be a consequence of the asymptotic return probability of a random

walk–identically one for d ≤ 2 and strictly less than one for d > 2. In addition to

the correlation length, the steady-state of the neutral regime is further characterized

by a measure of variance defined as the amplitude of the two-point correlation function

evaluated at vanishing separation. In genetics this measure of variance is known as FST ,

the fixation index. Exact results are derived for both the steady-state value of FST , and

its asymptotic time-dependence at the critical point, which approaches 1 in both d = 1

and d = 2. At the critical point, 1 − FST ∼ t−1/2 for d = 1. For d = 2, a much

slower decay is found, 1 − FST ∼ 1/ ln(t). The d = 3 critical behaviour of FST is that

it approaches a constant C < 1 as (C − FST ) ∼ t−1/2. The constant C is non-universal
and related to the return probability of a random walk. It approaches 1 for very large

values of the dimensionless constant κ = Λ
2π2Dnτg

, where Λ−1 is the spatial scale of the

interaction, τg is the generation time, D is the diffusion constant and n is the population

density.
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A related infinite-alleles model was studied by both Sawyer[3] and Nagalaki[4]. These

authors found similar asymptotics for the probability that two randomly choses indi-

viduals are genetically identical under certain assumptions. Sawyer[3] also proved that

fixation in the infinite alleles model occurs iff the random walk followed by the individuals

is recurrent.

The broken symmetry or “fixed” regime of the Stepping-Stone model has been ex-

plored from the point of view of survival of rare mutant alleles, here parameterized by

a coefficient of selection s. The exponent ν, governing the divergence of the relaxation

time as s→ 0 is calculated and found to be ν = 2 for d = 1, while for d ≥ 2 it is given by
the mean field value of ν = 1. Two other exponents for critical spreading processes are

determined and scaling arguments are presented and used to find the decay exponents

that characterize the time-dependent survival probability and its asymptotic value for

very long times. These results also establish the upper critical dimension of the model,

dc = 2.

Finally, these results are rederived and supplemented by a dynamical renormalization

group (RG) analysis. The critical behaviour in d = 1 is found in both regimes to be

controlled by non-trivial fixed points. The critical behaviour of the broken symmetry

regime for d ≥ 2 and its RG fixed point is that of a critical branching process. For the
neutral regime, however, the renormalization group flow is qualitatively different in d = 2

and 3, reflecting the existence of broken symmetry for d = 2. The RG flow for the d = 3

neutral regime contains a line of fixed points with the effective description at large scales

given by a Gaussian version of the time-dependent Landau-Ginsburg model. Finally,

the renormalization results are found to be valid to all orders of perturbation theory.
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Chapter 1

Introduction

“Evolution is a stochastic process of change in gene frequencies in natural

populations.”

–Motoo Kimura [5]

Population geneticists have long recognized the importance of random or stochastic

processes in producing and maintaining genetic variation but have always disagreed on

their significance to the mechanisms of evolution. The work of both Seawell Wright [6]and

R. A. Fisher [7] marked the beginning of a quantitative theory of the role of genetic drift

in the evolutionary process that was outlined by Darwin much earlier in his Origin of

Species. What has become known as the Wright-Fisher model now occupies a central

role of this theory and forms a starting point for the application of molecular population

genetics to natural populations. The Wright-Fisher model has been further generalized

and aspects of it find their way into many areas of the biological sciences. Surprisingly,

Wright argued that random processes were essential to every aspect of evolution while

Fisher took the opposite view that evolution worked by mass selection alone, with random

processes playing the minor role of generating rare new variations. Fisher was responsible

for “The Fundamental Theorem of Natural Selection”, a theory of evolution based upon

deterministic equations that has influenced generations of evolutionary biologists.

The controversy surrounding the importance of random genetic drift reached a cul-

mination with the “Neutral Theory of Molecular Evolution” outlined by Kimura [8][9].

He proposed that most if not all the observed genetic variation at the molecular level was

1



Chapter 1. Introduction 2

due to recent mutations of selectively neutral alleles balanced by fixation due to random

genetic drift. In this thesis I show that from the standpoint of modern statistical physics,

his Neutral Theory in the limit of rare mutations can be considered a theory of critical

phenomena in population genetics. The significance of this finding is not merely academic

as observed mutation rates are in fact small ( ∼ 10−9 − 10−10 per nucleotide per gener-
ation), and selective differences, at least at the molecular level are tiny or non-existent

[8].

Kimura also investigated the influence of spatial structure on genetic drift by for-

mulating the so-called Stepping-Stone model, following Wright’s work on what became

known as “isolation by distance” or equivalently, correlation of nearby individuals. In

the Wright-Fisher model, a predecessor to the Stepping-Stone model, each individual of

the population is equally likely to interact with any other. This gives rise to questions

concerning the implications of purely local interactions on the evolutionary process (in

genetics this is often referred to as spatial population structure ). Wright, argued for the

necessity of such spatial subdivision of populations in order to facilitate the “crossing of

adaptive valleys” in the fitness landscape. Physicists tend to think of this as “hopping

over a potential barrier”. His theory, which he christened the “Shifting Balance Theory”,

was first proposed in 1931 and has met with a stern array of opponents including (of

course) Fisher, who down-played the role of small population size and genetic drift in

favour of his mass selection. Debate over the relevance of the shifting balance the-

ory for the evolutionary processes continues to rage and despite some recent criticisms

of Wright’s theory, the question is far from being resolved [10] [11][12]. Interestingly

enough, Kimura’s neutral theory seems to sidestep Wright’s Shifting Balance Theory

by providing a very different picture of the evolutionary process at the molecular level.

However, in both the theories of Kimura and Wright, random processes are fundamental

and therefore unfavoured by the opposing camp of determinists.
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Some of the questions concerning spatial structure were answered by Kimura and

Weiss [1][2] with their analysis of the Stepping-Stone model. Others, including those

related to the shifting balance theory were left unresolved. The work carried out in this

thesis describes an attempt to extend their results using some of the ideas and techniques

from modern statistical physics and as such, does not directly address the debate over

the shifting balance theory1. On the other hand, several new results have been obtained

in this study that unambiguously highlight the importance of local interactions and

spatial dimensionality on large scale gene flow in distributed populations. These new

results are even more relevant for the neutral theory. Hopefully, the extension of the

theory to more complicated systems will succeed in addressing ideas such as Wright’s

shifting balance theory and further elaborating Kimura’s neutral theory. With regard

to understanding complex many-body populations, it is hoped that the techniques for

treating stochastic processes described in this thesis take us a few steps further along

our own fitness landscape that represents our understanding of many-body problems in

stochastic population models.

Kimura realized the need for new mathematical techniques in 1957,

“In his theories of evolution Wright put forward an important concept of

‘balance,’ especially of balance between directional factors such as selection,

mutation, and migration and non-directional or stochastic factors such as

random sampling of gametes and random fluctuation of environmental con-

ditions. It appears that new methods of stochastic processes will be needed for

a satisfactory treatment of Wright’s theory of evolution.–Motoo Kimura [13]

The research contained in this thesis employs several alternative, yet equivalent the-

oretical frameworks for treating stochastic processes. These are briefly reviewed in

1That would require a multi-locus, perhaps many allele model in contrast to the single-locus, two-
allele model studied in the following chapters.
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chapter 2. Each theoretical approach has its particular advantages and disadvantages

and therefore contributes in complementary ways to the overall understanding that has

emerged from their synthesis. In this thesis, we will employ all of these to varying degrees

in order to complete our understanding of some very fundamental models of population

genetics. Perhaps the most intuitive, easiest to understand and oldest of these frame-

works is the Fokker-Planck equation which describes the explicit time evolution of the

probability density. Unfortunately, its generalization to many degrees of freedom has

limited usefulness. The operator formalism for either discrete or continuous variables

is much less intuitive and quite unwieldy for describing probability densities. On the

other hand, its utility is found in deriving and solving equations for moments and corre-

lation functions. Finally, a functional integral can be obtained from either the response

functional method or the operator approach and is analogous to the partition function

in equilibrium statistical mechanics or the path-integral in quantum field theory. The

path-integral descrition of stochastic processes is invaluable for setting up a consistent

perturbation theory and renormalization group analysis.

In chapter 3 I review the Wright-Fisher and Moran models as a warm-up for under-

standing the behaviour of the Stepping-Stone model. The next two chapters contain the

main results of this thesis. In chapter 4 exact results for the Stepping-Stone model are

derived and discussed. In chapter 5, I re-examine the Stepping-Stone model from the

point of view of the Renormalization Group (RG). The results obtained from the RG are

shown to correspond qualitatively and quantitatively to the exact results of chapter 4.

We are fortunate that the Stepping-Stone model admits a few exact results and

is amenable to the different approaches mentioned above. This situation creates a

much firmer foundation for the application of these methods to the many, more dif-

ficult problems in stochastic population dynamics, reaction-diffusion theory and other

non-equilibrium models. Indeed, the Stepping Stone model may be somewhat unique in
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that complementary to the exact results, a non-trivial renormalization group analysis to

all orders is possible. The benefits afforded by this observation form a two-way street.

Not only can the RG help us understand the Stepping Stone model, the Stepping-Stone

model provides a deeper understanding of the application of renormalization group meth-

ods to non-equilibrium processes in general, and sheds light on the conceptual foundation

of the RG, itself.



Chapter 2

Stochastic Processes.

This chapter is intended as an overview of stochastic processes and serves to introduce

the reader to the terminology and notation used throughout this thesis. First I discuss

the classic approaches to working with stochastic processes: the master equation, the

Fokker-Planck and Langevin equations. I also point out how these are related and

highlight the various equivalences between formalisms. Next we describe several more

modern methods of stochastic processes that map the classic approaches to operators,

functional integrals or both. These latter techniques, while more abstract and somewhat

harder to grasp, are much more valuable for the many-body problems encountered in the

analysis of lattice and continuum models. Readers with experience in the description of

stochastic processes may only need to skim this chapter to familiarize themselves with

the notation. Newcomers to stochastic processes should first read the entire chapter and

may need to consult some of the references, even though the presentation is meant to

be self-contained. Those whose are familiar with the more traditional methods, the

master equation for discrete variables and Fokker-Planck and Langevin equations for

continuous variables, should review section 2.4 on the mapping of these equations to

operators descriptions and path-integrals.

2.1 The Master Equation.

The master equation offers the most flexible description for stochastic processes. Con-

sider a stochastic model where the state or configuration space of the system is the set

6



Chapter 2. Stochastic Processes. 7

{C} . The generality of the master equation is that C can represent almost any kind

of variable: a configuration of spins on a lattice, a m-tuple (na, nb, ...nm), for example

describing the numbers of a m-species system, a set of vertices and edges, a set of binary

numbers and so on. The continuous time master equation is a linear equation for the

time derivative of the probability PC (t)–the probability that the system is in configu-

ration C at time t. It is written in terms of the transition rates w (C 0/C) that give the

probability per unit time of jumping from C to C 0,

∂

∂t
PC (t) =

X
C0
[w (C/C 0)PC0 (t)− w (C 0/C)PC (t)] , (2.1)

and simply expresses the conservation of probability: The first term represents the net

flow of probability into configuration C and the second, the net flow out of C. We will

be concerned with stochastic processes that have the Markov property. This means that

the transition rates w (C 0/C) depend only on the current configuration as opposed to

earlier ones and furthermore are not explicitly time-dependent.

As a simple example, we consider the master equation for a nearest-neighbor random

walk on the integer line or linear lattice. Here the state space is Z (the integers) and we

label a particular configuration as n, the position of our walker. The master equation

reads
∂

∂t
Pn (t) = α {Pn−1 (t) + Pn+1 (t)− 2Pn (t)} , (2.2)

where α is the jump or migration rate. The special solution of this equation for the

initial condition Pn (0) = δn,m is denoted the random walk Green’s function or propagator

Gα (n,m, t). Note that this quantity is really a conditional probability which is commonly

denoted P (n, t|m, 0) in probability textbooks. I, however, will use the physics convention
here of calling it G. The translational invariance of Eq. 2.2 tells us that the dependence

ofG onm and n can only be through their difference, that isGα (n,m, t) =Gα (n−m, t) .
If Qm is the probability that the walker is initially at m, then the general solution of Eq.
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(2.2) is given by

Pn (t) =
X
m

Gα (n−m, t)Qm.

Another example of a master equation would be that describing radioactive decay.

Here the configuration space is the positive integers N, and the master equation given by

∂

∂t
Pn (t) = λ {(n+ 1)Pn+1 (t)− nPn (t)} , (2.3)

having a single parameter λ, the decay rate. Radioactive decay is a special case of one-

step or birth and death processes. These stochastic processes can be modeled as taking

place one event at a time so that the transition rates have the form

w (n0/n) = λ (n) δn0,n−1 + γ (n) δn0,n+1,

where λ (n) is the death rate and γ (n) the birth rate. If n is restricted to the positive

integers, one usually has what is called a “natural boundary” at n = 0,

λ (n) = 0.

In this case the steady state is readily found, for if ∂tPn (t) = 0 for all n, one must have

λ (n)Pn = γ (n− 1)Pn−1.

One can therefore express Pn in terms of P0 through

Pn =
γ (n− 1) γ (n− 1) · · · γ (0)
λ (n)λ (n− 1) · · · λ (1) P0,

and determine P0 from normalization X
n

Pn = 1.

Birth and death processes are usually solved (when possible) by making use of the

generating function

z (z, t) =
∞X
n=0

Pn (t) z
n. (2.4)
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From the generating function, we can find the moments by taking derivatives with respect

to z and then setting z = 1 . For example, the expectation of n is

hni = ∂z(z, t)
dz

¯̄̄̄
z=1

.

Often the moments

φm ≡ hn(n− 1)(n− 2) · · · (n−m+ 1)i = ∂mz(z, t)
dzm

¯̄̄̄
z=1

(2.5)

are referred to as the factorial moments. From the factorial moments, one can always

get back the probabilities

Pn =
1

n!

∞X
m=n

(−1)m
m!

φm

To illustrate the use of the generating function, we take our example of radioactive

decay above and multiply both sides of the master equation in Eq. (2.3) by zn. Next

we sum over n to produce the equation

∂

∂t
z(z, t) = −λ (z − 1) ∂

∂z
z(z, t). (2.6)

Equation (2.6) can be explicitly solved for arbitrary initial conditions using the method

of characteristics (see appendix C, section 2.1 for an example of this method). For the

present purposes, however, we’ll simply look at one particular solution. Suppose we

start with a Poisson distribution of particles so that

Pn (0) =
nn0e

−n0

n!
,

and hence

z(z, 0) = exp [n0 (z − 1)] .

In this case the solution of Eq. (2.6) is easily verified

z(z, t) = exp
£
n0e

−λt (z − 1)¤ .
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From this we see that

hn (t)i = n0e−λt,

and

σ ≡
q
hn2 (t)i− hn (t)i2 = n0e−λt.

Another simple, yet important birth-death process, the branching process, is solved in

detail in appendix C and further illustrates the use of generating functions.

2.2 The Fokker-Planck Equation.

The Fokker-Planck equation is a generalized “diffusion” partial differential equation

(p.d.e) that comes in two slightly different forms. The most common form describes

the time evolution of the probability distribution of continuous random variable, which

we shall denote as W (x, t). This equation was first used by Fokker [14] and Planck [15]

to describe the Brownian motion of particles. A very thorough reference on applications

and methods for solving the Fokker-Planck equation is the book by Risken [16]. Risken

also shows how the Fokker-Planck equation can be regarded as a special form of the

master equation for continuous random variables.

2.2.1 The forward equation.

The more general form of the Fokker-Planck equation is also known as the forward

Kolmogorov equation and is written not for W (x, t) , but in terms of the conditional

probability density P (x, t|x0, t0) , which is the probability density for x at time t ≥ t0,

given the initial condition W (x, t0) = δ (x− x0). The distinction between these two
forms is necessary at this point because in the discussion that follows we will introduce

the backward equation–another equation for the conditional probability P (x, t|x0, t0) .
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Following Risken, we write the forward equation as

∂

∂t
P (x, t|x0, t0) = − ∂

∂x
A (x)P (x, t|x0, t0) + 1

2

∂2

∂x2
B (x)P (x, t|x0, t0) , (2.7)

or defining the linear differential operator

LFP (x) = − ∂

∂x
A (x) +

1

2

∂2

∂x2
B (x) , (2.8)

we can write
∂

∂t
P (x, t|x0, t0) = LFP (x)P (x, t|x0, t0) , (2.9)

We will often refer to the operator LFP as the Liouville operator of the Fokker-Planck
equation. Multiplying Eq. (2.9) by W (x0, t0), integrating over x0, and recognizing that

W (x, t) =

Z
P (x, t|x0, t0)W (x0, t0) dx0,

produces the more commonly known Fokker-Planck equation for W (x, t) ,

∂

∂t
W (x, t) = LFP (x)W (x, t) , (2.10)

The first term on the right hand side of Eq. (2.8), containing A (x) , is referred to as

the “drift” term. The second term, containing B (x), is called the “diffusion” term. In

the most simple diffusion processes B (x) is simply a constant.

Loosely speaking, the two terms have a relatively simple interpretation. Suppose

we start with the initial state above, W (x, t0) = δ (x− x0) . A (x0) describes the instan-
taneous rate of change of the expectation of x − x0 (i.e. hxi − x0), while B (x) gives
the instantaneous rate of change of the variance of x (i.e. hx2i − x20). A steady state

describing fluctuations around x0 is achieved if A (x0) is such that it focuses trajectories

back to x0, counteracting the spreading behaviour of trajectories caused by the diffusion

term.
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The Fokker-Planck equation can be generalized toM variables x1...xM = {x} and has
the form

∂

∂t
W ({x} , t) =

"
−

MX
i=1

∂

∂xi
Ai ({x}) +

MX
i,j=1

∂

∂xi

∂

∂xj
Bij ({x})

#
W ({x} , t) . (2.11)

In general, the drift vector Ai ({x}) and diffusion tensor Bij ({x}) depend on all the
variables {x}.

2.2.2 Solution of the Fokker-Planck equation.

The Fokker-Planck equation is obviously linear in W ({x} , t), however, two classes of
Fokker-Planck equations are often discussed the literature. These go by the names

“linear” and “non-linear”. This terminology can be somewhat confusing since the two

categories are not mutually inclusive and refer to different aspects of the Fokker-Planck

equation. This distinction is important to make so it is included in this brief overview.

A linear Fokker-Planck equation of the form of Eq. (2.11) is one where the drift

vector Ai ({x}) is linear in the variables x1...xM = {x} and the diffusion tensor Bij ({x})
is constant (i.e. independent of {x}, but still a tensor). Linear Fokker-Planck equations
have Gaussian distributions for the stationary as well as non-stationary solutions and

this is true even if Ai ({x}) is explicitly time-dependent. A non-linear Fokker-Planck

equation has a diffusion tensor Bij ({x}) that is explicitly dependent on at least one of
the variables of {x}. A more appropriate term for this type of stochastic process is

heterogeneous diffusion.

Fokker-Planck equations describing heterogeneous diffusion are difficult to solve ex-

cept for the single variable case, where a change of variables produces a constant diffu-

sion term and a modified drift term. Conceptually one can think of the heterogeneous
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diffusion as giving rise to “fluctuation generated forces”. For the single-variable Fokker-

Planck equation of Eq. (2.10), the steady state distribution WS (x) can always be found,

WS (x) =
C

B (x)
exp

·
2

Z x A (y)

B (y)
dy

¸
, (2.12)

where C is some normalization constant. This allows us to define a potential U (x) ,

U (x) = lnB (x)− 2
Z x A (y)

B (y)
dy

so that

WS (x) = C exp (−U (x)) .

2.2.3 The backward equation.

The backward Kolmogorov equation, or adjoint equation, as it is sometimes called, is also

an equation for the conditional probability P (x, t|x0, t0) . However, the partial derivatives
are with respect to the initial time t0 and initial “position” x0. We write it as

∂

∂t0
P (x, t|x0, t0) = L+FP (x0)P (x, t|x0, t0) , (2.13)

and the adjoint operator L+FP (x0) corresponding to LFP (x) defined in Eq. (2.8) is given
by

L+FP (x0, t0) = A (x0)
∂

∂x0
+
1

2
B (x0)

∂2

∂x20
. (2.14)

The adjoint operator is obtained by: (i) changing the sign of the drift term, (ii) reversing

the order of differentiation and multiplication by A (x0) and B (x0), (iii) changing the

partial derivatives with respect to x to those with respect to x0. We should point

out that the backward equation is not peculiar to stochastic processes described by a

Fokker-Planck equation. The master equation 2.1 is a forward equation. One can also

construct a backward equation. However, the relation between forward and backward
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operators for the master equation is slightly more convoluted than the relation of L+FP (x0)
to LFP (x) for the Fokker-Planck equation given above.
The backward equation is very useful for first-passage time problems. The first-

passage time can be defined in a couple of different ways. The first is as the time

at which the stochastic variable x (t) first leaves a given domain [17][18]. For example,

suppose the domain is the interval x ∈ [x1, x2]. For realizations of x (t) that start at t = 0,
the first-passage time is the time when x (t) reaches either x1 or x2 for the first time. The

second definition is more relevant for systems with absorbing states. Absorbing states

are present if both A (x) and B (x) vanish for some value of x. In this case, one usually

defines the first-passage time as the time at which x (t) hits a particular absorbing state.

As an example of the latter, suppose x1 and x2 are absorbing states. The the probability

u (x0, t) of hitting one of the absorbing states in a time interval t satisfies an equation

similar to Eq. (2.13),
∂

∂t
u (x0, t) = L+FP (x0)u (x0, t) . (2.15)

The probability for hitting x1 is obtained by solving Eq. (2.15) with the boundary

conditions

u (x1, t) = 1,

u (x2, t) = 0.

Conversely, the probability of hitting x2 is obtained from the boundary conditions

u (x1, t) = 0,

u (x2, t) = 1.
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2.2.4 System size expansions: from master equation to Fokker-Planck equa-

tion.

I have yet to describe how one arrives at a Fokker-Planck description for a given stochastic

process. In the following section I discuss one method that relies on the equivalence of

the Langevin equation to the Fokker-Planck equation. This approach, however, does

not go beyond a merely phenomenological description of the fluctuations. Ideally, one

should start with a master equation, written in terms of microscopic configurations and

transition probabilities, and systematically derive a Fokker-Planck equation for some sort

of coarse-grained variables. Along these lines, van Kampen [19][20][21] has formulated

a general technique for treating the birth-death and one-step processes described in the

previous section which involves an expansion of the master equation in inverse powers of

Ω, which is a measure of the system size (Ω is usually the volume).

The Ω-expansion of van Kampen begins with the ansatz that fluctuations in a mi-

croscopic variable n should be ∝ √
Ω. This ansatz is quite reminiscent of the Central

Limit Theorem for random variables. This situation for a single variable is described by

writing

n = Ωφ (t) +
√
Ωx, (2.16)

where φ (t) is the non-fluctuating “macroscopic” variable and x, a fluctuating continuous

variable with probability distributionW (x, t). Van Kampen shows that toO (Ω−1) , φ (t)
obeys a deterministic ordinary differential equation that is precisely the one obeyed by

the expectation hn (t)i /Ω under the stochastic process. The fluctuating part described
by W (x, t) satisfies a linear Fokker-Planck equation. Furthermore, the expansion is

systematic in that its validity is readily apparent. The appropriateness of the expansion

can be briefly summarized by saying that stability of the differential equation for φ (t)

in the standard dynamical systems sense implies the validity of the expansion for large
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enough system size. The reader should consult the references above to determine just

what “large enough” means [19][20][21]. The important point to make here is that

van Kampen’s method fails near the instabilities, or critical points as they are called

in statistical physics. This is unfortunate since these points of the phase diagram are

precisely those we would like to study.

So the question remains, does there exist a Fokker-Planck representation of the mas-

ter equation which is asymptotic in system size but retains an accurate description of the

fluctuations, even near critical points? By accurate we mean both qualitatively in that

the phase diagram is preserved, and quantitatively in that the critical exponents charac-

terizing the instabilities are unchanged. The answer is emphatically yes, as was pointed

out by Horsthemke and Brenig [22][23]. Their work was based on the mathematically

rigorous results of Kurtz [24][25] who proved similar results for the asymptotic represen-

tation of stochastic processes by stochastic differential equations (s.d.e.’s). Horstemke

and Brenig’s results are simple to state, in contrast to the change of variables of Eq.

(2.16), one makes the change of variables

n = Ωx.

In other words, we transform to the intensive variable x = n/Ω. Expansion of the master

equation now produces a non-linear Fokker-Planck equation that preserves the character

of the fluctuations near unstable critical points. We will illustrate this type of expansion

in section 3.2.1 when we derive a non-linear diffusion approximation for Moran’s model.

2.3 Langevin Equations.

Many stochastic processes are formulated as stochastic differential equations (s.d.e.’s).

Such processes are most easily visualized in terms of ordinary differential equations

(o.d.e.’s) subject to random perturbations or “noise”. In the physics literature first
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order s.d.e.’s are often referred to as Langevin equations due to the work of Langevin

[26], who also investigated Brownian motion.

2.3.1 A single variable Langevin equation.

A single variable Langevin equation is usually written in the physics literature as

dx (t)

dt
= A (x) +

p
B (x)η (t) , (2.17)

where A (x) is the deterministic force and η (t) , a Gaussian distributed random impulse

with zero mean and auto-correlation

hη (t) η (t0)i = δ (t− t0) . (2.18)

The main advantage of this formulation is its conceptual simplicity. It is easy to simulate

a Langevin equation by first integrating the deterministic part for a time interval ∆t,

followed by adding the random “kick” of
p
B (x)η (t)∆t. The disadvantages of using

Langevin equations are twofold. First of all, Eq. (2.17) as written, is ambiguous. This

point is discussed in detail by van Kampen [27]. The problem is that η (t) is a stochastic

process with discrete jumps. When B (x) is not a constant, one must choose what value

of x is used to compute the noise. Should it be the value before or after the jump? Or

possibly an average of the two? The Itô interpretation [28] is to use the value before the

jump,

x (t+ δt) = x (t) +A (x) δt+
p
B (x (t))

Z t+δt

t

η (t0) dt0,

and is typically appropriate for internal fluctuations, like those of birth-death processes.

One can show that this interpretation of Eq. (2.17) is equivalent to the Fokker-Planck

equation
∂

∂t
W (x, t) = − ∂

∂x
A (x)W (x, t) +

1

2

∂2

∂x2
B (x)W (x, t) .
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Alternatively, one can use the Stratonovich interpretation [29] and take the average

x (t+ δt) = x (t) +A (x) δt+

s
B

µ
x (t+ δt) + x (t)

2

¶Z t+δt

t

η (t0) dt0.

The latter interpretation is appropriate for external noise, for example, a system cou-

pled to an environment where the Gaussian noise is never really “white” (delta-function

correlated), but has a non-zero relaxation time. One can show that this interpretation

leads to the Fokker-Planck equation

∂

∂t
W (x, t) = − ∂

∂x
A (x)W (x, t) +

1

2

∂

∂x

p
B (x)

∂

∂x

p
B (x)W (x, t) .

The second limitation of the Langevin equation formulation is that the form of the

noise term B (x) must come from a more detailed knowledge of the stochastic process.

As pointed out by van Kampen [27], both of these problems relating to specification of

the noise are resolved if one starts with a microscopic description in terms of the master

equation and proceeds using the system size expansion discussed in the previous section

to arrive at a Fokker-Planck equation. One can then use the equivalence described

above to get the appropriate Langevin equation and interpretation. This procedure is

convenient for simulating a Fokker-Planck equation using the Langevin formulation.

2.3.2 Continuum Langevin equations.

The Langevin equation defined by Eq. (2.17) describes a single variable, or degree of

freedom, and is easily generalized to several degrees of freedom by using a system of

o.d.e.’s supplemented with appropriate auto and cross correlators for the noise terms.

This procedure can be further extended to continuous systems with infinitely many de-

grees. For concreteness, a large class of continuum Langevin equations for a field φ (r,t)

in d spatial dimensions has the form
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∂

∂t
φ (r,t) = F [φ (r,t)] +

p
B [φ (r,t)]η (r, t) . (2.19)

Here the force term F [φ (r,t)] and the noise strength B [φ (r,t)] are functionals of φ (r,t).

The force term F [φ (r,t)] is the functional derivative of a potential

F [φ (r,t)] = −δU [φ (r,t)]
δφ (r,t)

, (2.20)

and the Gaussian noise term η (r, t) is specified by

hη (r,t) η (r0,t0)i = δ (r1 − r01) δ (r2 − r02) · · · δ (rd − r0d) δ (t− t0) . (2.21)

In this thesis, φr (t) will be synonymous with φ (r,t) . This choice of notation serves

to emphasize that r is to be regarded as an index for the stochastic variables φr (t).

For convenience we will often write φr and the t-dependence will be implied. The same

notation will be used when r is a vector of some d-dimensional lattice. In this case the

functional derivative in Eq. (2.20) will simply be a partial derivative, i.e.

F (φr) = −∂U (φr)
∂φr

(2.22)

For many stochastic models, especially those found in statistical physics, the mag-

nitude of the noise is independent of φ (r,t), i.e. B [φ (r,t)] equals a constant which I

denote here Γ. For these models, the steady-state (t-independent) distribution of φr,

W [φr] can be shown to be

W [φr] = Z
−1 exp (−U [φr] /Γ) , (2.23)

and the normalization Z, in the continuum limit is given by the path-integral or functional

integral obtained by integrating over all possible realizations of φr. In this thesis the

notation
R
[dφ] will be used to represent functional integrals. Z is also known as the

partition function and is given by

Z =

Z
[dφ] exp (−U [φr] /Γ) .
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As a concrete example we consider the so-called φ4 model of equilibrium statistical

physics. This model correctly describes the critical behaviour of Ising-like systems.

In this case U is the Landau-Ginzburg free energy

U [φr (t)] =

Z
ddr

·
D

2
(∇φr)2 + etφ2r + uφ4r¸ , (2.24)

where et is a linear function of the temperature and u is a constant. It turns out that
there is more that one way to extend dynamics to this model. Here we discuss “model

A” from the literature of equilibrium critical phenomena [30][31] (see also chapter 10 of

[32]). The thermodynamic force is

F [φr] = D∇2φr − 2etφr − 4uφ3r, (2.25)

and to be consistent with equilibrium statistical mechanics, we must set

Γ = kbT.

2.4 Operators and Path Integrals.

The previous sections of this chapter reviewed classical methods for the formulation

and solution of stochastic processes. These methods are adequate for the treatment of

stochastic models having only a few degrees of freedom but become extremely cumber-

some for the analysis of stochastic processes defined on the lattice or in the continuum.

Beginning in the 1970’s, two different formalisms emerged for the treatment of these

types of many-body problems. The response functional formalism is perhaps the most

conceptually straightforward and takes as its starting point the lattice or continuum

Langevin equation discussed in the preceding section. The Langevin equation is recast

as a functional integral from which a consistent perturbation theory and other diagram-

matic methods can be applied [33]. For the study of spatial versions of birth-death
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or one-step processes introduced in section 2.1, a more exotic field-theoretic method is

available that uses creation and annihilation operators similar to those of non-relativistic

quantum field theory. We give a brief overview of these two approaches in this section.

In addition, a third formulation is discussed that involves writing the Fokker-Planck

equation in terms of operators that are similar to the creation and annihilation opera-

tors for birth-death processes. In contrast to birth-death processes, the operators of this

theory represent continuous stochastic variables. This method has not been extensively

discussed in the literature and represents the investigation of the author. We show that

this is an alternative to the response functional method for obtaining a functional integral

but has the added advantage of retaining the operator character when needed.

2.4.1 Response functional formalism.

The response functional formalism was introduced by Martin, Siggia and Rose [34] who

applied it to the problem of fluid critical behaviour. It was further developed for

renormalization group calculations of equilibrium critical dynamics by Janssen [35] and

Bausch, Janssen and Wagner [36]. A nice introduction to this method can be found in

chapter 10 of the book by Cardy [32]. An extremely thorough exposition of this method

and the underlying mathematics is found in the book by Zinn-Justin [33].

Derivation of the functional integral.

One starts with a Langevin equation like that given in Eq. (2.19) but now we add a

source term hr (t) and for simplicity we will consider the case of constant noise. We have

∂

∂t
φr (t) = F [φr (t)] + hr (t) +

√
Γη (r, t) (2.26)

and use this to construct a functional integral. The construction of the functional

integral can be viewed as an application of the transformation of random variables. Our
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aim is to calculate averages and correlation functions of quantities depending on φr (t).

For example we may want to calculate Gφφ, the two-point correlation function which is

given by the expectation

Gφφ (r,t; r
0, t) = hφr (t)φr0 (t0)i . (2.27)

This means we need to evaluate path-integrals over φr (t) . Furthermore, we need to

include only those values of φr (t) that satisfy Eq. (2.26). We move the terms on the

right hand side of Eq. (2.26) to the left hand side and call the resulting expression

C (r,t) . This expression must vanish for all values of φr (t) that satisfy the Langevin

equation. We can accomplish this by writing C (r,t) as the argument of a delta function

which results in the dynamic functional

Z [hr] =

Z
[dφ] δ [C (r,t)] =

Z
[dφ]

£
dφ̄
¤
exp

µ
−
Z
φ̄r (t)C (r,t) d

drdt

¶
(2.28)

This requires a functional integral because the delta function constraint has to be applied

for each value of r and t. We have introduced the φ̄r (t) field for the delta function and

the φ̄r (t) integrals are taken along the imaginary axis. Now we can average Z over the

noise as this is a Gaussian integral for each point r, t. We multiply Z by exp (−η2r/2Γ)
and average over ηr at each point where we haveZ

exp

µ
ηrφ̄r − η2r

2Γ

¶
dηr ∝ exp

µ
1

2
Γφ̄2r

¶
,

and therefore we have produced the functional integral

Z [hr] =

Z
[dφ]

£
dφ̄
¤
exp

µ
−
Z ·

φ̄r (t)C (r,t)− 1
2
Γφ̄2r (t)

¸
ddrdt

¶
(2.29)

The result is that expectations are evaluated with respect to an ensemble weighted by

exp
¡−S £φr, φ̄r¤¢ , where we have defined the action as

S
£
φr, φ̄r

¤
=

Z µ
φ̄r∂tφr − φ̄rF [φr]− φ̄rhr − 1

2
Γφ̄2r

¶
ddrdt. (2.30)
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(For simplicity we have dropped the explicit time-dependence of the fields). Another

term that is often used instead of action is the Lagrangian density, or simply Lagrangian,

which is the quantity in Eq. (2.30) that is integrated over space and time.

Correlation and response functions.

We will need to evaluate expectations of φ and φ̄ fields for arbitrary times and positions.

For example, the most informative correlation is the density-density correlation function,

which we also called the two-point correlation function in Eq. (2.27). The term spatial

auto-correlation is often found in the ecological literature and is synonymous with the

two-point correlation function. Another fundamental quantity is the Gφφ̄, the response

function, which is defined by the expectation

Gφφ̄ (r,t; r
0, t) =


φr (t) φ̄r0 (t

0)
®
, (2.31)

and for many-body systems is also called the two-point Green’s function, two-point propa-

gator, or simply propagator. The response function or propagator of Eq. (2.31) describes

the response of the density field φr (t) to a delta function perturbation at the point (r
0,t0) .

This gives us a nice interpretation for the φ̄r field introduced in the derivation of the func-

tional integral; it is often called the response field.

The expectation of any number of φ or φ̄ fields can, at least formally if not practically,

be found if we introduce another source term, φrh̄r,to the action in Eq. (2.30),

S
£
φr, φ̄r

¤
=

Z
ddrdt

µ
φ̄r∂tφr − φ̄rF [φr]− φ̄rhr − φrh̄r − 1

2
Γφ̄2r

¶
. (2.32)

Expectations can now be found by successive functional differentiation of Z
£
hr, h̄r

¤
,

Gm,n =

φx1 (t1)φx2 (t2) ...φxm (tm) φ̄y1 (t

0
1) φ̄y2 (t

0
2) ...φ̄yn (t

0
n)
®

(2.33)

=
δ

δh̄x1 (t1)

δ

δh̄x2 (t2)
...

δ

δh̄xm (tm)

δ

δhy1 (t
0
1)

δ

δhy2 (t
0
2)
...

δ

δhyn (t
0
n)
Z
£
hr, h̄r

¤¯̄̄̄
h,h̄=0

,



Chapter 2. Stochastic Processes. 24

where h, h̄ = 0 means we have set all h and h̄ fields to zero everywhere. Knowledge of

the full set of correlation and response functions is equivalent to a full solution of the

Langevin equation combined with the required boundary conditions. The full solution

is a probability functional that even in the best case, that of an explicit closed form

solution, is usually much to cumbersome for any practical calculation. On the other

hand, the correlation and response functions, especially the two-point correlation function

and propagator, are invaluable for understanding the behaviour of the stochastic model.

Many-body perturbation theory.

In general, the action S
£
φr, φ̄r

¤
for a given Langevin equation is not sufficiently simple

to put Z
£
hr, h̄r

¤
in a form useful calculating correlation and response functions using

Eq. (2.33). The usual method in field theory is to separate S
£
φr, φ̄r

¤
into a bi-linear, or

Gaussian part, S0 and the remaining or “interacting” part SI. For a particular correlation

or response function, one obtains a perturbation expansion containing correlation and

response functions that are evaluated with respect to S0 as prescribed by Wick’s theorem.

To simplify the book-keeping, each term of the expansion can be represented by so-called

Feynman diagrams. I will not be able to describe this procedure in detail in this thesis.

The reader is encouraged to find the details in one of the numerous standard texts covering

statistical field theory or zero-temperature, non-relativistic quantum field theory. Some

recommendations are the books by Binney, et. al. [37] and Goldenfeld [38]. The reader is

cautioned, however, that these books concern the time-independent theory of equilibrium

statistical mechanics–there are some subtle differences between this and the field theory

described in this section. A much more appropriate treatment for this thesis is the book

by Zinn-Justin [33] mentioned in the introduction of this section. A more entertaining

exposition of Feynman diagrams can be found in the book by Mattuck [39].

I do illustrate the application of field-theoretic methods for the Stepping-Stone model
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in more detail in section 6 of chapter 4. It is unfortunate that such heavy machinery

is needed to develop the diagrammatic techniques that in the end are quite simple and

almost fun to use.

2.4.2 The master equation in occupation number representation.

Master equations for stochastic birth-death processes can be described in terms of an oc-

cupation number representation that has been given several other names in the literature

including “second quantization representation”, “Fock-space methods” and “quantum

field methods”. These names emphasize the fact that the occupation number represen-

tation borrows heavily from the mathematical framework developed for the quantum-

mechanical many-body problem. In addition to stochastic population models, these

techniques are used for the closely related stochastic models of reaction-diffusion pro-

cesses. The occupation number representation was introduced by Doi [40] and used to

develop the theory of diffusion-controlled reactions and in particular the reaction-diffusion

model dubbed A+A→ B [41]. This model was also studied by Zel’dovich and Ovchin-

nikov using similar techniques [42]. The formulation used by these authors was further

elaborated by Grassberger and Scheunert who applied it to several birth-death models

[43]. Their article presents a good review of the underlying mathematical structure of

the theory. The theory has subsequently been applied to many reaction-diffusion models.

A recent review of this theory can be found in the article by Mattis and Glasser [44] who

also provide an extensive bibliography of many applications and related works. Here we

give a brief review of the formalism. Although the formalism is more appropriate for

lattice or spatial models having many degrees of freedom, for simplicity of presentation

we initially discuss the formalism as applied to a single discrete variable representing the

number of particles or individuals of a stochastic birth-death process and follow this with

the extension to many degrees of freedom.
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The single-variable master equation.

In section 2.1 we introduced birth-death processes, where the state of the system is

specified by the discrete probabilities, Pn, of having n-individuals. The main idea of the

occupation number formalism is to represent the state of the system specified by the Pn’s

as a vector |ψi in an abstract space spanned by the basis states |ni that correspond to
exactly n individuals,

|ψi =
X
n

Pn |ni . (2.34)

The |ni basis states are normalized by defining the scalar product as

hn|mi = n!δn,m, (2.35)

so that

Pn =
1

n!
hn|ψi . (2.36)

The choice of scalar product in Eq. (2.35) will be convenient for stochastic processes

describing identical particles. Using the vector space we have constructed, the master

equation
∂

∂t
Pn (t) =

X
m

{w (n/m)Pm (t)− w (m/n)Pn (t)} (2.37)

takes the form
∂

∂t
|ψi = L |ψi , (2.38)

where we have introduced the Liouville operator L which, using the occupation number
representation, is expressed in terms of creation and annihilation operators, a† and a.

The a† and a operators are defined by their action on the |ni basis states,

a |ni = n |n− 1i (2.39)

a† |ni = |n+ 1i .
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They obey the “canonical” commutation relations

£
a, a†

¤
= 1,

where the commutator [A,B] of two operators, A and B, is defined as it is in quantum
mechanics

[A,B] = AB − BA.

We see that in terms of these operators, |ni = ¡a†¢n |0i and the state of zero particles is
defined by

a |0i = 0.

The normalization requirement,
P

n Pn = 1, takes the form

hS|ψi = 1, (2.40)

where |Si is defined by

|Si = exp
¡
a†
¢ |0i (2.41)

=
X
n

¡
a†
¢n
n!

|0i .

In statistical physics and quantum mechanics, |Si is known as a“coherent state” or
“Glauber state”.

The normalization requirement of Eq. (2.40) places a constraint on the form of L.
Since hS|ψi = 1 must be preserved by the dynamics, i.e.

∂

∂t
hS|ψi = hS |L|ψi = 0 (2.42)

for an arbitrary state |ψi . Therefore, one has the requirement

hS| L = 0. (2.43)



Chapter 2. Stochastic Processes. 28

This implications of this requirement can be found by considering a process that takes

n particles into m particles. Obviously we need a term with w
¡
a†
¢m
an, where w is the

transition rate. The requirement of Eq. (2.43) can be satisfied if we add to this a term

with same number of creation and annihilation operators so that the Liouville operator

for this process becomes

Lm,n = w
£¡
a†
¢m
an − ¡a†¢n an¤ . (2.44)

These two terms correspond to the two terms in the master equation, Eq. (2.37) that

represent the flow of probability into and out of the state of n particles. The form of

Eq. (2.44) can be verified to satisfy the requirement of Eq. (2.43) by noting that

hS| a† = hS| . (2.45)

Interestingly enough, using the above definitions of operators and states, Eq. (2.38)

can be shown to simultaneously be a representation of the master equation, the forward

equation and the backward equation.

The generating function.

We now make contact with the generating function introduced in Eq. (2.4). One can

show that

z (z) = hz|ψi , (2.46)

where the coherent state |zi is defined by

|zi = exp ¡za†¢ |0i . (2.47)

Coherent states are also eigenstates of a,

a |zi = z |zi .
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The normalization condition, hS|ψi = 1 becomes

z (z)|z=1 =
X
n

Pn = 1.

Using coherent states and the associated generating function, the creation and annihi-

lation operators have a simple representation

a =
∂

∂z
, (2.48)

and

a† = z. (2.49)

This is a very practical result, for it allows one to very quickly derive the equation of

motion for the generating function once L is specified. For example, consider a branch-
ing process. This stochastic process is of fundamental importance for understanding

stochastic population models. It consists of particles that can independently branch

into two particles or decay and otherwise be removed from the system. The Liouville

operator for the branching process is defined by

LBP = λ
¡
a− a†a¢+ γ h¡a†¢2 a− a†ai , (2.50)

where λ is the death rate and γ is the branching rate. By mere inspection, the generating

function is found to satisfy the equation

∂

∂t
z (z) = λ

µ
∂

∂z
− z ∂

∂z

¶
z (z) + γ

µ
z2
∂

∂z
− z ∂

∂z

¶
z (z) (2.51)

= (z − 1) (γz − λ) ∂
∂z
z (z) .

Expectations of operators.

A few remarks concerning expectations of operators are necessary at this point. For

any operator A, its expectation is given by a scalar product hS |A|ψi. An important
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operator is the number operator N = a†a. Its expectation is the average number of

particles

hni =

S
¯̄
a†a
¯̄
ψ
®
. (2.52)

= hS |a|ψi ,

where the last line follows from Eq. (2.45). Similarly, the k-th moment, µk is given by

the expectation

µk =

S
¯̄
ak
¯̄
ψ
®
.

The Schrödinger picture.

Just as in quantum mechanics, we can think of our state |ψi as evolving in time and
denote the time dependent state as |ψit . The formal solution of the master equation
(2.37) is

|ψit = eL(t−t0) |ψi0 . (2.53)

The operator

Z (t) = eLt

is the time-evolution operator that takes the initial state to the state at time t. If one

can find the eigenvalue spectrum of L, then the model is completely solved. Needless to
say, this is only possible for the simplest of birth-death processes.

Heisenberg equations.

One can also view the time-evolution from the Heisenberg picture. Here the operators

evolve in time and expectations are taken with respect to the initial state. The equation

of motion for an operator A is given by
∂

∂t
A (t)= [A,L] , (2.54)
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and has the solution

A (t)=eLtA (t) e−Lt. (2.55)

An example of Heisenberg equations: the branching process.

Consider, once again, the branching process defined above by LBP in Eq. (2.50). First
we calculate the average number of particles

d

dt
a (t) = [a,L] . (2.56)

We evaluate the right-hand side of Eq. (2.56) by commuting the a operator all the way

to the right. Using
h
a,
¡
a†
¢2i

= 2a†, we find

d

dt
a (t) = 2γa† (t) a (t)− (γ + λ) a (t) . (2.57)

Taking the expectation, we find

d

dt
hn (t)i = (γ − λ) hn (t)i , (2.58)

which is trivially solved. For more complicated models, the Heisenberg equations couple

higher moments. This does not occur for the average number of particles in the branching

process since the particles behave independently.

Continuing with our example, the branching process, we would like to know PS (t) ,

the time-dependent survival probability. This is the probability, 1 − P0 (t) , that the
system has not yet reached the state of zero particles. Recall that P0 (t) is given by the

product

0
¯̄
eLBPt

¯̄
ψ
®
. Suppose we start with only one particle. Then

P0 (t) =

0
¯̄
eLBPta†

¯̄
0
®
, (2.59)

=

0
¯̄
eLBPta†e−LBPt

¯̄
0
®
.
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Adding e−LBPt in the product of the last line of Eq. (2.59) is permitted since LBP is
normal-ordered (all annihilation operators are to the right) and therefore

e−LBPt |0i = |0i .

We recognize the operator in the middle of Eq. (2.59) as a† (t), so

PS (t) = 1− P0 (t) = 1−

0
¯̄
a† (t)

¯̄
0
®
.

It is convenient to define the operator ã = a† − 1. It has the same commutation relation
with a as does a†,

[a, ã] = 1.

This gives us

PS (t) = − h0 |ã (t)| 0i .

Rewriting LBP in terms of ã,

LBP = (γ − λ) ãa+ γã2a.

Using the Heisenberg equation for ã, dã/dt = [ã,LBP], we find
d

dt
PS (t) = (γ − λ)PS (t)− γP 2S (t) .

The ultimate survival probability P∞ is given by the asymptotic value of PS (t) for long

times,

P∞ =
γ − λ
γ

. (2.60)

Branching processes have the interesting property that for positive growth rate r = γ−λ,
there is a finite probability to go extinct, yet the average number grows exponentially!

The time-dependence of PS (t) at the critical point, γ − λ = 0, is also interesting,

PS (t) =
1

1 + γt
, (2.61)
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which is a power law with exponent −1. Away from the critical point, we find

PS (t) =
γ − λ

γ − λe−(γ−λ)t , (2.62)

or an exponential decay to PS on both sides of the critical point.

Many degrees of freedom.

The extension of the occupation number formalism to several variables and lattice models

is quite straight-forward. All that is necessary is to give indices to the creation and

annihilation operators introduced above. For lattice models, we will use the convention

of indexing these operators by the vector r which is decomposed into multiples of primitive

lattice vectors. For example, on hypercubic lattices (linear, square, cubic, etc.)

r =

dX
i

niei, (2.63)

where ni is an integer, and the primitive lattice vector ei is simply the lattice spacing l

times the unit vector in the ith direction.

Commutators of operators at different sites are zero,h
ar, a

†
r0

i
= δr,r0. (2.64)

The normalization state |Si becomes

|Si = exp
ÃX

r

a†r

!
|0i ,

and represents a coherent state at each site. As an example Liouville operator, consider

a collection of random walkers that hop to nearest-neighbour sites with migration (jump)

rate m. (Usually in the physics literature, m is used for indices. Here, we bend to the

population genetics convention and use m to denote the migration or hop rate). The
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Liouville operator for a random walk is given by

LRW = m
X
r

X
e

a†r+ear + a
†
r−ear − 2a†rar, (2.65)

where the sum over e is a shorthand for the sum over primitive lattice vectors. This

model is solved in detail in appendix A using Heisenberg equations to find the Green’s

function or two-point propagator. One should note that in contrast to the single particle

random walk master equation (2.2) presented in section 2.1, the Liouville operator LRW
describes an arbitrary number of random walkers. (In the absence of other interactions,

this number is constant of the motion).

For lattice models with many sites, and especially in the thermodynamic (infinite

lattice) limit, one is usually not interested in obtaining the explicit probability of an

arbitrary configuration, nor is this possible for a general L. For the same reasons outlined
in the discussion of the response functional formalism, one needs to find correlation

functions and propagators. In the present context, correlation functions are expectations

of the number of particles at various sites, e.g. the two-point correlation function,

Gφφ (r,t; r
0, t0) = har (t) ar0 (t0)i . (2.66)

Propagators for birth-death processes describe the response of the system at one point

caused by the addition of new particles somewhere else, e.g. the two-point propagator

defined by

Gφφ̄ (r,t; r
0, t0) =

D
ar (t) a

†
r0 (t

0)
E
. (2.67)

Here we are using the Heisenberg picture and the correspondence of φ (φ̄) with a (a†)

will become clear shortly. For translationally invariant systems, the spatial dependence

in Eq.(2.66) and Eq.(2.67) can only be through the difference r − r0. This is also true

for the time-dependence once the steady-state has been reached.
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The correlation functions and propagators for interacting systems cannot in general

be found in closed form. This is the same situation discussed with regard to the response

functional formalism. One way of dealing with this problem is to pass from operators to

a path-integral description and follow the same procedure as discussed for the response

functional. I discuss this in the following section. An equivalent alternative is to stick

with the operators and use the formalism of time-ordered operators, which also leads

to diagrammatic expansions. I will not discuss this method in this thesis, but refer the

reader to one of the many texts on quantum-field theory. A perennial classic is the

book by Abrikosov, Gorkov and Dzyaloshinski [45]. Their discussion of zero-temperature

methods is most relevant to the operator formalism discussed here.

Before we discuss the path-integral, we point how one can take the continuum limit

using the operator formalism. In this limit the creation and annihilation operators obey

the standard “Bose” commutation relationsh
ar, a

†
r0

i
= δd (r− r0) , (2.68)

[ar, ar0] =
h
a†r, a

†
r0

i
= 0,

and the normalization state is given by

|Si = exp
µZ

ddr a†r

¶
|0i .

From operators to path-integrals.

We can construct a functional integral that resembles that of the response functional

formalism by considering the time evolution operator using the coherent state represen-

tation. We will illustrate this for a single degree of freedom as the extension to many

degrees of freedom does not involve any new concepts. A more detailed exposition of

this construction in the context of quantum many-body theory can be found in the book
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by Negele and Orland [46]. First, we need to know some additional properties of coher-

ent states. We recall from Eq. (2.47) that a coherent state |zi is an eigenstate of the
annihilation operator with eigenvalue z,

a |zi = z |zi . (2.69)

It is also the left eigenstate of the creation operator,

hz| a† = hz| z̄,

where z̄ is the complex conjugate of z. Coherent states are orthogonal, but overcomplete.

Their scalar product is given by

hz0|zi = ez0z̄,

and therefore the resolution of the identity operator becomes

I =
Z
d2z

π
e−zz̄ |zi hz| ,

and the integral is taken over the complex plane.

The state at time tf given the initial state at time ti can be written

|ψitf = eL(t−t0) |ψiti . (2.70)

Using the coherent state representation, this relates the generating function at tf to that

at ti by

z (z0, tf ) =
Z
d2z

π
e−zz̄Z (z0, tf ; z, ti)z (z, ti) ,

with the time evolution kernel

Z (z0, tf ; z, ti) =
D
z0
¯̄̄
eL(tf−ti)

¯̄̄
z
E
.
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If we divide the time interval tf − ti into M equal steps of size ε =
tf−ti
M
, we can write

D
z0| ¡eεL¢M |zE = N−1

Z M−1Y
k=1

dzkdz̄ke
−zkz̄k zM |eεL|zM−1® zM−1|eεL|zM−2® ... z1|eεL|z® ,

(2.71)

where zM = z and N=πM . Since L is normal-ordered, i.e. all the creation operators
are to the left, and the annihilation operators are to the right, we can therefore let them

act on their respective eigenstates in each term of Eq. (2.71) with the result

Z (z0, tf ; z, ti) = N−1 lim
M→∞

M−1Y
k=1

dzkdz̄ke
−zM z̄M−1 (2.72)

× exp
"
−
M−1X
k=1

z̄k

µ
zk − zk−1

ε

¶
− L (z̄k, zk)

#
,

where L (z̄k, zk) is obtained from the normal-ordered L by replacing all creation operators
by the field z̄k and annihilation operators by the field zk. Taking the limit we have the

functional integral

Z (z0, tf ; z, ti) =
Z z̄(ti)=z̄0

z(ti)=z

[dz̄] [dz] e−z
0z̄0 exp (−S [z̄ (t) , z (t)]) , (2.73)

with the action

S [z̄ (t) , z (t)] =

Z tf

ti

dt {z̄ (t) ∂tz (t)− L [z̄ (t) , z (t)]} . (2.74)

This result combined with the initial state given by z (z, ti) tells us more than we really

need to know in most circumstances. We can imagine turning on the interactions at some

finite time, or perturbing the system in some other way and let tf →∞, and ti → −∞,
at which time the system will be found in the vacuum state or some other convenient

steady-state. This allows us to ignore the initial state at ti and the e
−z0z̄0 term at tf . The

only complication is getting the correct “ground state”, or steady-state as the case may

be. I will not discuss this technical but important problem in this introductory chapter.
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If we now add the extra source terms as was done for the response functional formalism,

all correlation functions can by found from the functional integral

Z £h, h̄¤ = Z [dz̄] [dz] exp (−S [z̄ (t) , z (t)]) , (2.75)

with

S [z̄ (t) , z (t)] =

Z
dt {z̄ (t) ∂tz (t)− L [z̄ (t) , z (t)]} .

As we mentioned earlier, it is not much more difficult to repeat this derivation when

one needs to formulate the path-integral for many degrees of freedom. For these prob-

lems, we use the notation φ̄r (t) and φr (t) for the fields that correspond to the creation

and annihilation operators of the Liouvillian. To summarize the results, we find that we

can construct a path integral description of a stochastic process specified by a Liouville

operator L, by introducing the action

S
£
φ̄r (t) ,φr (t)

¤
=

Z
ddrdt

©
φ̄r (t) ∂tφr (t)− L

£
φ̄r (t) ,φr (t)

¤ª
, (2.76)

where L is obtained from L by substituting respectively, φ̄r (t) and φr (t) for the creation
and annihilation operators a†r and ar.

2.4.3 The Fokker-Planck equation using operators.

In this section, we develop an operator formalism for the Fokker-Planck equation in a

similar manner as was done for the master equation. The operators we introduce here

represent continuous random variables, in contrast to the discrete ones of the occupation

number formalism. Once again, for simplicity of illustration, we initially consider a

single degree of freedom. The extension to many degrees of freedom is obvious and will

be discussed after we illustrate use of the formalism with an example.

The basic idea is to represent state of system described by the probability density

W (x) as a vector |ψi in a suitably constructed Hilbert space. The probability density is
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given by a scalar product,

W (x) = hx|Ψi , (2.77)

so that

|ψi =
Z
dx |xi hx|ψi =

Z
dx W (x) |xi . (2.78)

In this formalism, the basis states |xi correspond to δ-functions,

hx|yi = δ (x− y) . (2.79)

Normalization requires

h1|ψi =
Z
W (x) dx = 1, (2.80)

where we have introduced the normalization state |1i, which corresponds to a uniform
distribution Q (x) = 1, i.e.

|1i =
Z
dx |xi .

The dynamics must preserve the projection of Eq. (2.80). Furthermore, in this operator

formalism, the expectation of an operator A is given by the product

hAi = h1|A|ψi .

We define operators x̂, p̂, such that in x-representation

hx|x̂|ψi = xW (x) , (2.81)

hx|p̂|ψi = − ∂

∂x
W (x) . (2.82)

These operators obey the commutation relations

[x̂, p̂] = 1.

This identification afforded to us by Eq.(2.81) and (2.82) allows one to easily write the

operator form of LFP. For continuous random variables, one often uses the characteristic
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function fW (k) =

Z
dx e−ikxW (x) ,

(the Fourier transform of W ). In the k-representation

hk|x̂|ψi =
∂

∂k
fW (k) , (2.83)

hk|p̂|ψi = kfW (k) . (2.84)

This gives us a quick method to write the partial differential equation for the character-

istic function. Expectations of x̂ operators are the moments: the j-th moment of the

distribution, µj is given by the expectation

µj =
D
1| (x̂)j |ψ

E
.

An additional result that is useful for evaluating expectations is the identity

h1| p̂ = 0.

Using our Hilbert space, the Fokker-Planck equation reads

d

dt
|ψi = LFP |ψi , (2.85)

and has the formal solution

|ψit = exp (LFPt) |ψi0 . (2.86)

The path integral

A this point, we could derive a path-integral from the time-evolution operator. This

derivation follows closely that of the occupation number formalism, so I only give the

result. One adds the source terms h̄ (t)x (t) and h (t) p (t) to the resulting action and

arrive at the functional integral

Z
£
h̄, h

¤
=

Z
[dp] [dx] exp (−S [p, x]) , (2.87)



Chapter 2. Stochastic Processes. 41

with action

S [p, x] =

Z
dt
©
p (t) ∂tx (t)− L [p (t) , x (t)]− h̄ (t)x (t)− h (t) p (t)

ª
, (2.88)

where we have obtained L [p (t) , x (t)] by substituting x (t) for x̂, and p (t) for p̂ in LFP.

An example.

We now illustrate the formalism with an extended example. We start with a continuous

random walk. It is described by the Fokker-Planck equation

∂W (x)

∂t
=
γ

2

∂2

∂x2
W (x) ,

and therefore

LFP = γ

2
p̂2.

The action, excluding the source terms, of this process is simply

S [p, x] =

Z
dt
h
p (t) ∂tx (t)− γ

2
p2 (t)

i
. (2.89)

We can carry out the path integral over p (t) since at each point in time it is a Gaussian.

The path-integral becomes

Z =

Z
[dx] exp (−S 0 [x]) ,

with the new action

S 0 [x] =
(dx (t) /dt)2

2γ
,

which one recognizes as the well-known “Wiener functional”. It is typically not conve-

nient to perform the integration over [dp] . The only reason here was to make contact

with a known result.

We can use Heisenberg equations to look at the first two moments.

d

dt
hxi = h[x̂,LFP]i
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= γ h1 |p̂|ψi

= 0,

and

d

dt


x2
®
=

£
x̂2,LFP

¤®
= γ h1 |1 + 2p̂x̂|ψi

= γ.

As expected, the variance grows linearly with time.

For the next example, we add a damping term.

∂W (x)

∂t
= λ

∂

∂x
xW (x) +

γ

2

∂2

∂x2
W (x) (2.90)

This Fokker-Planck equation describes diffusion in a parabolic potential. Alternatively,

if one thinks of x as representing the velocity, Eq. (2.90) is a simple model of Brownian

motion. We know from Eq. (2.12) that the steady-state distribution is Gaussian, i.e.

WS (x) =

s
λ

2πγ
exp

µ
−λx

2

γ

¶
. (2.91)

In terms of the operators,

LFP=− λx̂p̂+γ
2
p̂2.

Using the Heisenberg equations, we find equations for the first two moments.

d hxi
dt

= −λ hxi , (2.92)

d hx2i
dt

= −2λ x2®+ γ.
Solving for the steady state,

µ1 = hxi = 0, (2.93)

µ2 =

x2
®
=
γ

2λ
.
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Equations for higher moments can also be found in a similar manner,

dµj
dt

= −jλµj + γ j (j − 1)
2

µj−2. (2.94)

Solving these for the steady-state, we have

µj =
γ

2λ
(j − 1)µj−2. (2.95)

Therefore, the odd moments vanish. If we use units such that γ
2λ
= 1, we find µ2 = 1,

µ4 = 3, µ6 = 5 · 3, ..., µ2n = (2n− 1)!!,which are precisely the moments of a Gaussian
distribution.

The two-point correlation function (or auto-correlation), and two-point propagator

can also be found for this model using Heisenberg equations, we find

d

dt
p̂ = λp̂, (2.96)

and
d

dt
x̂ = −λx̂+ γp̂. (2.97)

These equations do not couple x̂ and p̂ to higher products so we can write the solution

for the operators,

x̂ (t) = x̂ (0) e−λt − γ
λ
p̂ (0)

·
e−λt

2
− sinh (λt)

¸
, (2.98)

p̂ (t) = p̂ (0) eλt. (2.99)

Using the commutation relations, the fact that h1| p̂ (0) = 0, and taking expectations

results in

Gφφ̄ (t) = h1 |x̂ (t) p̂ (0)|ψi = e−λt, (2.100)

and

Gφφ (t) = h1 |x̂ (t) x̂ (0)|ψi = µ2 (0) e−λt. (2.101)
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In the steady-state, Eq. (2.101) becomes

Gφφ (t) =
γ

2λ
e−λt.

These results can also be found using the functional integral since it can be transformed

to the standard Gaussian form.

To conclude this section, we note that his formalism is easily extended to continuum

models. For example, a spatial version of the example of Eq. (2.90) would be described

by the continuum Fokker-Planck equation

∂W [φr (t)]

∂t
=

δ

δφr (t)

©−D∇2φr (t) + λφr (t)
ª
W [φr (t)] (2.102)

+
Γ

2

δ2

δφr (t) δφr (t)
W [φr (t)] .

Identifying δ
δφr(t)

with φ̄r produces the action

S
£
φ̄r,φr

¤
=

Z
ddrdt

·
φ̄r∂tφr +Dφ̄r∇2φr − λφ̄rφr + Γ

2
φ̄2r

¸
. (2.103)

We find that for any given stochastic process, the operator formalism for the Fokker-

Planck equation produces the same functional integral that we could derive using the

response functional method. One advantage of the operator formulation is that one is

not restricted to only using path-integral techniques. We can alternatively work with

operator equations including time-ordered expansions. In addition, as was mentioned

previously, we must specify the noise term of the Langevin equation using some additional

information.

2.4.4 System size expansions, again!

In section 2.2.4, I introduced two system size expansions for birth-death master equations.

These expansions provide systematic procedures for passing from a microscopic picture
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in terms of discrete random variables to a macroscopic one employing continuous random

variables. In other words, they transform stochastic variables representing absolute num-

bers of things (extensive variables) into stochastic variables that are densities (intensive

variables). The key ingredient for both of these expansions is an appropriate scaling

of the microscopic variables by the system size and proper application of the rules for

transformation of random variables. The choice of system size scaling, Ω−1/2 vs. Ω−1, is

also what distinguishes the two expansions. Here we point out that both expansions can

be carried out using the occupation number formalism for birth-death processes. This

is a very practical result since one is usually concerned with the behaviour in the limit

of large system size. We will also find an important connection between the occupation

number formalism and the operator form of the Fokker-Planck equation that parallels

the classic results of Horsthemke, et. al. [22][23], and Kurtz [24][25].

The system size expansion Horsthemke, et. al. produces a non-linear Fokker-Planck

equation. The expansion can be carried out using creation and annihilation operators,

for example a and a†, by the canonical transformation

a → Ωc, (2.104)

ã = a† − 1→ c̃/Ω.

In the limit of large Ω, the c operator now becomes what we denoted as the x̂ operator of

the Fokker-Planck equation and the c̃ operator becomes the p̂ operator. The need for the

shift to ã = a†− 1 can be seen from action of a† and x̂ on their respective normalization

states. Recall that for the occupation number representation, expectations are taken

with respect to the normalization state

|Si = ea† |0i , (2.105)
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which has the property

hS| a† = hS| . (2.106)

On the other hand, the normalization state |1i for the Fokker-Planck Hilbert space rep-
resents a uniform distribution

|1i =
Z
dx |xi , (2.107)

and therefore has the property

h1| p̂ = 0. (2.108)

This suggests the identification above since

hS| ã = 0.

This method can be shown to duplicate the results obtained with the classical technique

although a more rigorous argument showing how one passes from a finite vector space to

the infinite dimensional Hilbert space is desirable. We should mention that Grassberger

and Scheunert [43] have discussed many of the implications of using shifted operators

like ã and the choice of the scalar product of the vector space.

Van Kampen’s expansion of the master equation [19][20] can also be implemented

with operators. This system size expansion of Van Kampen produces a linear Fokker-

Planck equation, and therefore Gaussian fluctuations around the mean-field solution. In

terms of operators, it is carried out by the canonical transformation,

a →
√
Ωc (2.109)

ã = a† − 1→ c̃/
√
Ω.

The only complication is that when one makes the identification c→ x̂, and c̃→ p̂, one

must also shift x̂ by an amount equal to hxi, i.e. the mean-field solution in order to get
the Fokker-Planck operator describing the fluctuations around this value. This is not a
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problem, however, for in the limit of large Ω, one easily solves the Heisenberg equation

of motion for hxi , as we did in the example of 2.4.3. Although this expansion can be
quite useful and informative, we will not discuss it further. As we pointed out in section

2.2.4, Van Kampens system size expansion breaks down near the instabilities or critical

points of the stochastic process. This is particularly disastrous for models with spatial

degrees of freedom.

An example: density dependent mortality.

Here I illustrate the system size expansion of Eq. (2.104) by extending the branching

process discussed in our introduction to the occupation number formalism (section 2.4.2)

to include density-dependent mortality. Density-dependent mortality is added to the

branching model via the process A + A → A, with rate w/Ω. The choice of Ω in the

rate of this process insures that the death rate due to other individuals scales with the

density and not (unreasonable) the total number of particles. The Liouville operator

has terms for birth, or branching at rate γ, a finite lifetime λ, and the density dependent

term with rate w/Ω,

L = γ
¡
a†a†a− a†a¢+ λ ¡a− a†a¢ (2.110)

+w
¡
a†a2 − a†a†a2¢ /Ω.

First, we perform the shift to ã = a† − 1. This produces

L = γã2a+ (γ − λ) ãa (2.111)

−w ¡ãa2 + ã2a2¢ /Ω.
Now we implement the scaling transformation

a → Ωc, (2.112)

ã = a† − 1→ c̃/Ω,
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to find

L = (γ − λ) c̃c− wc̃c2 (2.113)

+
¡
γc̃2c− wc̃2c2¢ /Ω.

The non-linear Fokker-Planck equation for this stochastic process is therefore

∂W (x)

∂t
= − ∂

∂x

£
(γ − λ)x− wx2¤W (x)

+
1

Ω

∂2

∂x2
¡
γx− wx2¢W (x) ,

and is an equally valid description of the stochastic process originally formulated via the

master equation. In section 3.2.1 we implement this type of system size expansion for a

population genetics model. The reader should compare the ease of the approach using

operators with that of working directly with the master equation.

This section completes our survey of stochastic processes and was included to highlight

the relationship between the occupation number representation of birth-death processes

and the operator form of the Fokker-Planck equation. I use these ideas again when we

look at the equivalent representations of the Stepping-Stone model in chapter 4.



Chapter 3

Spontaneous Symmetry Breaking in the Wright-Fisher/Moran Model

R. A. Fisher [7] was the first to mathematically analyze the problem of genetic drift

using a partial differential equation (p.d.e.) known as the Fokker-Planck, or forward

Kolmogorov equation. In this chapter, I will primarily use a non-linear Fokker-Planck

equation [16] to describe the time-evolution of the probability distribution for a variable

x ∈ [0, 1]. The variable x represents the frequency of a given gene or allele in a fixed-size
population. Fisher’s original work employed an equation for y = cosx, which transforms

the non-linear FP equation to a linear one. (This is discussed briefly in section 2.5).

In either approach, the Fokker-Planck equation is a continuous-time “diffusion” equa-

tion that describes the large system size, long-time limit of what has become known as

Wright-Fisher model. This model is of fundamental importance in theoretical population

genetics and provides a basis for the quantitative tools of modern phylogenetic analysis.

Even though this model has been quite well studied over the years, understanding its be-

havior is an important prerequisite for further development of the Stepping-Stone model

and stochastic population dynamics in general. Methods other than the FP equation

can be used to study the Wright-Fisher model. However, the FP equation would be most

familiar to physicists (it resembles the Schrödinger equation) and more closely related to

developments in modern statistical mechanics.

49
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3.1 The Wright-Fisher and Moran Models.

The Wright-Fisher model is discrete, both in time and state space. It consists of a finite

population of N haploid individuals which are either of type ‘A’ or ‘a’1. Using genetics

terminology, this would be called a “one locus, two allele” model. The population evolves

under non-overlapping generations with sequential stages of producing an essentially

infinite number of gametes (replication), followed by sampling of these gametes to reform

a population of size N . Thus the total population size is conserved. Genetic drift, or

fluctuation in the allele frequencies, results from this random sampling which is easily

shown to be of binomial form. A schematic of the Wright-Fisher model is shown in

figure 3.1. In the limit of large population size, the state of the system is described by

the gene frequency x=na
N
(where na is the number of “a” individuals and we equally well

could have chosen A as the allele of interest. Both Fisher [48], and Wright [6] studied the

effects of this type of binomial sampling on gene frequencies for finite populations within

the context of the discrete model. Subsequently Wright [49] introduced the diffusion

approximation which lead to a non-linear FP equation that has been well-studied in the

theoretical population genetics literature.

A simpler alternative to the Wright-Fisher model was presented by Moran [50], and

consists of overlapping generations. A schematic of Moran’s model is presented in figure

3.2. In this model, two haploid individuals are picked at random. One dies without

reproducing while the other is replicated. The basic effect is the same as the binomial

sampling in the Wright-Fisher model. That is, not all individuals contribute to the next

generation. Moran’s model can be formulated in term of a birth-death master equation

1The convention in population genetics is to specify the population size as 2N. The N refers to the
number of diploid individuals, each formed by the union of 2 haploid gametes. Under random mating
and after one generation, the diploid population will be in Hardy-Weinberg equilibrium, whereby the
diploid population behaves as a haploid population with twice the size[47]. To simplify the calculations,
we use N for the number of haploid individuals. One can convert the results to diploid populations
under random mating by substituting 2N for N .
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of the kind discussed in chapter 2. In the next section, start from this description of

Moran’s model and derive a non-linear Fokker-Planck equation for Moran’s model which

will be identical to that of the Wright-Fisher model.

3.2 The Fokker-Planck Equation for Moran’s Model.

In section 2.2.4, I presented an asymptotic expansion of the master equation that pro-

duces a non-linear Fokker-Planck equation. I use this expansion here derive a non-linear

diffusion equation for Moran’s model. First I carry out the expansion with the classical

technique. Although I use the system size expansion of Horsthemke and Brenig [22][23],

the notation and style is closer to that of Van Kampen [19][20].

The dynamics of Moran’s model consist of two types of random events that occur

independently in time. This means the stochastic process is Markovian and the time

intervals between similar events are exponentially distributed. The first event type cor-

responds to random sampling of gametes with a selective advantage parameterized by

s. Two individuals are picked at random. One produces an offspring identical to itself

while the other is discarded without reproducing. This is illustrated by the ‘replacement’

processes

A+ a → 2a, rate
1 + s

2Nτg
, (3.1)

A+ a → 2A, rate
1− s
2Nτg

, (3.2)

where N is the total number of haploids, N = na + nA. The processes 2A → 2A

and 2a → 2a do not change the configuration and hence do not enter the stochastic

description. The N-dependence of the rates in Eqs. (3.1) and (3.2) is chosen so that

the replacement rate per individual becomes independent of N . Hence the concept of a

“generation time”, τg is meaningful. The second event type describes mutation. These
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Figure 3.1: Schematic diagram of the Wright-Fisher model. Each generation of size N
replicates into an infinite pool of gametes from which N are sampled to form the next
generation.
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events are described by the processes

a → A,

A → a.

We assume mutations are reversible and both events occur at rate µ.

In the expansion below, N will be the system size parameter we called Ω in chapter

2. In general, Ω is not the total number of particles, but the volume. For this model the

total number is a conserved quantity and therefore we can take Ω = N .

3.2.1 Expansion of the master equation.

With the stochastic events described above, the master equation for this process is

∂P (na, nA, t)

∂t
= (Nτg)

−1
½
1 + s

2

¡E−1A Ea − 1¢+ 1− s2 ¡E−1a EA − 1¢¾nanAP (na, nA, t)(3.3)

+µ
©¡E−1A Ea − 1¢na + µ ¡E−1a EA − 1¢nAªP (na, nA, t) (3.4)

where Ea is a “shift” operator defined by

Eaf (na, nA) = f (na + 1, nA) ,

and

E−1a f (na, nA) = f (na − 1, nA) ,

and likewise for the E 0As. Now we transform to intensive quantities

xa =
na
N
, xA =

nA
N
.

The shift operators under this transformation become

Ea =
X
j

1

j!
N−j ∂

j

∂xja
, E−1a =

X
j

(−1)j
j!

∂j

∂xja
N−j . (3.5)
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Using the rules for transformation of random variables, we find the probability distribu-

tion

W (xa, xA; t) = P (na, nA, t) /

¯̄̄̄
∂(xa, xA)

∂(na, nA)

¯̄̄̄
, (3.6)

where
∂(xa, xA)

∂(na, nA)
is the Jacobian of the transformation

∂(xa, xA)

∂(na, nA)
=

¯̄̄̄
¯̄̄ ∂xa∂na

∂xa
∂nA

∂xA
∂na

∂xA
∂nA

¯̄̄̄
¯̄̄

= N−2.

If we now write the equation W (xa, xA; t) and use the shift operators for the expansion,

we find no terms of order N0. The highest order terms are O (N−1) , keeping only these

gives us the equation

∂W (xa, xA, t)

∂x
=

µ

2

µ
∂

∂xa
− ∂

∂xA

¶
xAW (xa, xA, t) +

µ

2

µ
∂

∂xA
− ∂

∂xa

¶
xaW (xa, xA, t)

1

2Nτg

½
∂2

∂x2a
+ sN

∂

∂xa
− sN ∂

∂xA
+
∂2

∂x2A
− 2 ∂2

∂xA∂xa

¾
xaxAW (xa, xA, t)

but since

xa + xA = 1,

∂xa = −∂xA,

we can define x ≡ xa, so that ∂/∂xa = -∂/∂xA = ∂/∂x, and the equation becomes

∂W (x, t)

∂x
= µ

∂

∂x
(2x− 1)W (x, t) + sτ−1g

∂

∂x
x (1− x)W (x, t) (3.7)

+
1

2Nτg

∂2

∂x2
x (1− x)W (x, t) .

which is also the diffusion equation for the Wright-Fisher model [47].
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3.2.2 Operator forms of Moran’s model.

Using the operator formalism discussed in section 4.2 of chapter 2, we can write the

master equation for Moran’s model in terms of creation and annihilation operators. This

approach will be generalized in the next chapter as a reformulation of the Stepping-Stone

model. We use a† and a to describe creation and annihilation of the ‘a’ individuals, and

b†and b for the ‘A’ individuals. The Liouville operator reads

L =
1

2Nτg

h
(1− s) ¡b†¢2 ab+ (1 + s) ¡a†¢2 ab− 2a†b†abi (3.8)

+µ
¡
b†a− a†a¢+ µ ¡a†b− b†b¢ .

Due to the conservation law, one might be tempted to replace the b operators with

numbers,

b → N − a, (3.9)

b† → 2− a†.

and write a Liouville operator in terms of the a’s only. There is a problem with this,

however. It does not represent a canonical transformation. The transformation of Eq.

(3.9) is equivalent to operator transformations

d = a+ b, (3.10)

d† = a† + b†,

followed by the replacement d→ N, and d† → 2. The first problem is that

£
d, d†

¤
= 2, (3.11)

which is easily remedied. A much more serious problem arises from the commutator

£
d, a†

¤
= 1 6= 0. (3.12)
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The correct way to handle the problem is illustrated in two successive transformations.

We could combine the two, but i) it is more instructive to proceed in two steps, ii) we

use the separate transformations in the next chapter when we generalize this model to

spatially-distributed populations, and iii) the first step is carried out in a manner that

facilitates the operator form of the system size expansion discussed in chapter 2.

First, we make a canonical transformation to sum and difference operators,

c = (a− b) /N, d = a+ b,

c† = N
2

¡
a† − b†¢ , d† = 1

2

¡
a† + b†

¢
.

(3.13)

The resulting Liouville operator is

L = −2µc†c + 1

2Nτg

h
−Nsd†c†c2 +N−2 ¡c†¢2 d2 +N−1sc†d†d2 − c†2c2

i
(3.14)

Now we can make the substitution d→ N, and d† → 1. This leaves us with

L = −2µc†c+ 1

2Nτg

h
−Nsc†c2 + ¡c†¢2 +Nsc† − c†2c2i (3.15)

At this point, we could take N large and identify c and c† with Fokker-Planck operators

and write a non-linear Fokker-Planck equation for the variable z = 2x− 1. We will skip
this for now and make the (canonical) transformation to a and ã,

a =
c+ 1

2

ã = 2c†.

(We are re-using the notation; a here is actually N times the original a). The Liouville

operator now reads

L = −µa† (2a− 1) + sτ−1g ãa (1− a)−
1

2Nτg
ã2a (1− a) . (3.16)
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The system size expansion is obtained by taking a and ã to represent Fokker-Planck

operators (see section 2.4.3) rather than (scaled) occupation number operators, i.e.

a → x̂,

ã → p̂.

In what we have called the x-representation (see section 2.4.3), the operator x̂ is multi-

plication by x and the operator −p̂ is partial differentiation with respect to x. In this

manner we arrive at the same Fokker-Planck equation derived by the classical method

and presented in Eq. (3.7).

3.3 Heterogeneous diffusion in the Wright-Fisher and Moran models.

We now review the behaviour of the Wright-Fisher or Moran model as described by

the associated Fokker-Planck equation. First, we consider the model in the absence of

selective advantage or mutation. The Fokker-Planck equation for the allele probability

density W (x, t) , in the limit of pure genetic drift is

∂W (x, t)

∂t
=

1

2N

∂2

∂x2
x (1− x) , (3.17)

were time is in units of the generation time τg.

One notices the effect of random sampling of gametes is to produce a singular, het-

erogeneous diffusion term–it vanishes at the boundaries x = 0 and x = 1. This results

in a dynamical buildup of probability at the absorbing states x = 0 and x = 1, and

correspondingly, an asymptotic decay of the probability density everywhere else. This

arises not only because of the absorbing states, it is also due to the state-dependent

or heterogeneous diffusion (see section 2.2 of chapter 2) given by the diffusion term

B (x) = x (1− x) /2N . This term generates an effective force that drives the system

toward the boundaries. In other words, the behaviour for vanishing s and µ is more
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Figure 3.2: Stochastic Processes in the Moran Model. The arrows represent random
events. a) Replacement. This event occurs at time intervals ∆t given by the distribu-
tion P (∆t) ∝ exp (∆t/τ) with τ defined in the figure. The upper path is taken with
probability p = (1 + s) /2, while the lower path is taken with probability p = (1− s) /2.
b) Reversible mutation at rate µ.
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complicated than a random walk with “cliffs” at the boundary. We shall see that one

can associate a potential with this force that is symmetric about x = 1/2. We can make

this symmetry manifest by transforming to the variable z ≡ 2x − 1, z ∈ [−1, 1] . In the
preceding section I used a operator version of this transformation and will use it again in

the next chapter when I discuss the Stepping-Stone model. In terms of this new variable,

the Fokker-Planck operator becomes

Ldrift = 1

2N

∂2

∂z2
¡
1− z2¢ ,

which is obviously symmetric with respect to z → −z. When mutation and selection

vanish, this symmetry is “spontaneously broken”, meaning that the asymptotic proba-

bility distribution is

W (z) = δ (z − 1) , or W (z) = δ (z + 1) .

Reversible mutation A
µ↔ a and selective advantage in the sampling of gametes,

as discussed in the preceding section, give rise to additional “drift” terms in the Fokker-

Planck equation. If µ is non-zero, the absorbing states vanish. (Recall from section

2.2.2, that both the drift term and the diffusion term must vanish at the same point to

produce an absorbing state.) A non-zero coefficient of selection, s, breaks the z → −z
symmetry and makes one absorbing state preferable.

The steady-state distribution and the dynamics of the expectation and variance of

the (discrete) Wright-Fisher model had been known since the work of Fisher and Wright.

However, the full solution of the FP equation (??), in terms of eigenvalues and eigenfunc-

tions for various regimes of selection and mutation was presented in a series of papers

by Kimura [51][5][13]. Kimura gave a rather complete analysis, not only of Eq. (??),

but also of the conjugate or backward equation [52]. It will not be necessary for us to

review these details. Instead, we will look at this problem from another point of view,
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that of the “effective potential”. For the moment, however, we will make a temporary

digression and completely ignore the fluctuations to see how this system behaves using a

rather naive type of mean field theory.

3.4 Mean-field theory.

Mathematical modeling of population systems is dominated by the dynamical systems

approach [53] . This requires the underlying assumption that in the limit of large popu-

lation size, fluctuations are irrelevant, and average out in such a way that the behaviour

of the system is given by dynamical equations for the densities of the various species

comprising the population (or sub-populations in spatial models). This amounts to a

kind of ‘dynamical mean-field’ ansatz, and is the foundation of the “Fisherian” school of

neo-Darwinian mass selection. Later we will see precisely how this assumption fails but

first it will be instructive to proceed with this assumption.

Using the Wright-Fisher or Moran model defined above, we write an equation for the

expectation value of x, which we can simply and without confusion denote by ‘x (t)’ in

this section. The dynamical equation reads

dx (t)

dt
= −µ (2x (t)− 1) + sx (t) (1− x (t)) , (3.18)

where time is measured in units of the generation time τg. Alternatively, we can define

a potential (or Lyaponov function)

V (x) = µ
¡
x2 − x¢− sµx2

2
− x

3

3

¶
, (3.19)

and equate the time derivative of x, to the negative derivative of V ,

dx

dt
= −∂V

∂x
.
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The steady state value of x (t) will be given by the minimum of V . In fact, Eq. (3.18)

is quadratic so its explicit time-dependent solution is easily found. Figure 3.3 shows the

potential for several values of µ/s. Note that the potential varies quadratically about its

minimum. Setting the right side of Eq. (3.18) to zero, one finds the steady state value

of z,

x̂ =
1

2

Ã
1±

r
1 +

4µ2

s2

!
− µ
s
,

where the positive (negative) sign is chosen if µ/s > 0 (µ/s < 0). The steady state

arises from a balance between the forces of mutation and selection and is known as

mutation-selection balance in the population genetics literature [47].

We would also like to know about the stability of system based upon Eq. (3.18).

This is given by the sign of the partial derivative that results from acting on the right-

hand side of Eq. (3.18) with ∂/∂x, and evaluating the result for x = x̂. Its value is

−p(s2 + 4µ2). So we see that the system is stable as long as either s or µ is non-zero.

In much of what follows, mean-field theory will prove to be inadequate, yet this result

will still hold, at least qualitatively in the thermodynamic limit, even in the presence

of fluctuations–both in the Wright-Fisher model, as well as the Stepping-Stone model.

This is somewhat surprising since it is generally not the case in stochastic population

models.

3.5 The Effective Potential.

To go beyond the simple mean field picture presented in the previous section, I make use

of an “effective potential” for our Fokker-Planck equation. For multivariate systems,

such a potential does not, in general, exist. However, for any single variable Fokker-

Planck equation and in particular, the one of Eq. (3.7), one can construct an “effective

potential” [16].
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Figure 3.3: The mean-field potential V (x) for several regimes of µ/s.
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The steady-state distribution, WS (x) of the stochastic process defined by equations

3.7 is easily found since for any Fokker-Planck equation of this form, one has

WS (x) =
C

B (x)
exp

·
2

Z x A (y)

B (y)
dy

¸
,

where C is some normalization constant. This allows us to define a potential U (x), such

that

WS (x) = C exp (−U (x)) .

If B (x) were constant, which is the case for homogeneous diffusion, for example, in

models where Gaussian noise is added to the mean field dynamics, this potential would

be identical to that of the deterministic differential equation for the expectation value.

In the present case, A and B are given by

A (x) = −µ (2x− 1) + sx (1− x) (3.20)

B (x) = N−1x (1− x) ,

and where I have taken the units of time to be τg. B (x) depends upon x, so the effective

potential becomes

U (x) = (1− 2Nµ) ln (x (1− x))− 2Nsx. (3.21)

This gives us the steady-state distribution

WS (x) = Ce
2Nsx [x (1− x)]2Nµ−1 .

The normalization constant can be found from the intergral

C−1 =

Z 1

0

e2Nsx [x (1− x)]2Nµ−1 dx (3.22)

=
Γ2 (2Nµ)

Γ (4Nµ)
F (2Nµ, 4Nµ; 2Ns) ,
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where F (a, b; x) is the hypergeometric function. For s = 0, WS (x) is simply a symmet-

ric Beta distribution, however, in the genetics literature, WS (x) is known as “Wright’s

distribution”.

In contrast to the mean-field potential V (x), the effective potential U (x) in Eq. (3.21)

is strongly anharmonic. More importantly, however, the effective potential changes sign

when 2Nµ = 1, and therefore is qualitatively different than its mean-field counterpart.

Figure (3.4) shows a comparison of U (x) and V (x) for µ/s ' 1. An important point

to make here is that our new, effective potential tells us not only about the steady-state

distribution, it also tells us something about the dynamics of the system. The point

has been somewhat overlooked in the population genetics literature. In Figure (3.5) I

show two simulations of the Wright-Fisher model for the two regimes, 2Nµ >> 1 and

2Nµ << 1, with s = 0. These simulations were produced by integrating the stochastic

differential equations (s.d.e.’s) associated with the Fokker-Planck Equation (3.7). For

these simulations, the population size was N = 1000 and the mutation rate was adjusted

so that 2Nµ = 20 (top) and 2Nµ = 10−4 (bottom). The method of integration is

discussed in section 1 of appendix B.

Let us consider what happens if we start with s = 0, and “tune” the mutation rate

slowly to zero. First, as µ becomes less that 1
2N
, the effective potential flips. As µ

is further reduced, we observe the behaviour shown in the bottom plot of Figure (3.5).

In the limit µ → 0, the symmetry of U (x) is broken as the system is trapped in one

of the absorbing states. The manner in which this occurs, however, is quite different

from what is common in equilibrium statistical mechanics. Figure (3.6) shows the

effective potential for 2Nµ slightly larger than 1 (lower plot) and then slightly larger

than 1 (upper plot). What one should notice, is that at this “critical point”, the order

parameter (here the expectation value of x) changes discontinuously. But unlike first

order transitions in equilibrium statistical mechanics, where the order parameter also
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changes discontinuously, there is also critical behaviour near the transition.

In the next chapter, we will find that this unusual behavior has important ramifi-

cations for the scaling laws that relate critical exponents. In particular, the standard

“hyperscaling” relation will have to be discarded and replaced with one that takes this

effect into consideration.

3.6 The Broken Symmetry State: Fate of new mutants.

Let us suppose that the mutation rate is effectively zero and enough time has passed

for the system to reach an absorbing state. We would like to know the response of

the system to a small perturbation caused by a single new mutation to a completely

new allele. One might imagine an individual of the population being hit by a cosmic

ray, or subject to some other rare process that produces this new allele. Furthermore,

the new allele could be selectively advantageous, disadvantageous, or just plain neutral.

The ensuing dynamics of the system will be to produce a “cascade”, or “avalanche” of

the new types in the population as a response to the new mutation. This is truly the

Darwinian picture of the basic process of evolution, so it is quite desirable to know what

can happen in this situation. One finds that even for an advantageous new allele, there

is still a large probability that the resulting avalanche will die out. When the selective

advantage is small, the fixation probability remains small regardless of the population

size. Kimura has remarked that this fact has been never been truly appreciated by

the mass selectionists, who imagine that every newly arisen beneficial allele becomes

incorporated into the population [8].

Conversely, it is quite possible that the new allele will take over the population

and reach fixation. For a neutral allele, the fixation probability does depend on the

population size. It is arguable that the most important contribution by Kimura to
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Figure 3.4: Comparison of the stochastic “effective potential” U (x) with the mean-field
potential V (x) for different values of 2µN. Top: 2µN À 1, the minimum is shifted by
an amount ∼ N−1. Center: 2µN. ' 1. Bottom: 2µN ¿ 1, the effective potential U (x)
has turned over.
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Figure 3.5: Simulations of theWright-Fisher model using stochastic differential equations.
For 2µN À 1 (top), the fluctuations are approximately Gaussian around x = 1/2. For
2µN ¿ 1 (bottom), the system stays remains near the absorbing states.
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Figure 3.6: Discontinuous behaviour of the order parameter at the critical point of the
Wright-Fisher model. The effective potential U (x) changes sign at 2µN = 1.
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theoretical population genetics was to propose that most, if not all genetic variation

observed in Nature is due to such neutral mutations [8][9]. This postulate, know simply

as The Neutral Theory provides one of the few truly quantitative theories in Biology. It

should not surprise us then, that as a predecessor to his Neutral Theory, Kimura has

contributed the most to the simple problem of fixation probabilities of new muntant

alleles discussed in this section [13][52].

The Fokker-Planck description we have been using so far is not well-suited for the

type of calculation needed here, for what we want to calculate is effectively a first-passage

type of problem. Using the Fokker-Planck equation to this end would require knowledge

of the eigenvalues and eigenfunctions of the equation, which is indeed possible to derive

[5]. Proceeding in this manner is much too cumbersome. The more general and alos

aesthetic solution is the use the backward, or adjoint equation introduced in section 2.2.3.

∂

∂t
u (x0, t) = L+FP (x0) u (x0, t) . (3.23)

This equation describes the fixation probability at time t, given that the system was

initially at x0. This is precisely how Kimura proceeded to his solution [52]. He solved

Eq. (3.23) when the left hand side is set equal to zero. This produces the asymptotic

fixation or survival probability, P∞ = limt→∞ u (x0, t). Kimura found

P∞ =
1− e−4Nsx0
1− e−4Ns . (3.24)

I will not review that calculation here. Instead a more illuminating exercise will be to

find a first order approximation, valid for very largeN , that gives us the desired results. I

will show that in the thermodynamic, or large system size limit, the fate of a new mutant

allele is described by a simple branching process. I will also show that when the new allele

is selectively neutral, the branching process is critical. This limiting result is important

to understand since many stochastic process have rare event regimes that converge to
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branching processes for large system sizes. Indeed, I show in chapter 4 that the critical

branching process can be understood within the framework of the renormalization group

as a fixed point that describes the critical behavior of many stochastic models above their

upper critical dimension.

To show how this regime of the model emulates a branching process, we start with

the master equation for Moran’s model given in Eq. (3.3) and set µ = 0. Then we use

the conservation law, N = na + nA, to eliminate nA and simply use n for na. We are

left with a master equation describing only the A’s. For clarity, and since we are not

interested in a system size expansion, we do not use the shift operators introduced in Eq.

(3.25) here. The master equation reads

∂Pn
∂t

=
1 + s

2N
[(N − n+ 1) (n− 1)Pn−1 − (N − n)nPn]

+
1− s
2N

[(N − n+ 1) (n+ 1)Pn+1 − (N − n)nPn] . (3.25)

(For ease of notation, I have dropped the explicit time-dependence of Pn.) For very

largeN , we can ignore terms of O (N−1) in the master equation, which simplifies to

∂Pn
∂t

=
1 + s

2
[(n− 1)Pn−1 − nPn] (3.26)

+
1− s
2

[(n+ 1)Pn+1 − nPn] .

We recognize Eq. (3.26) as a master equation that describes a branching process with

branch rate

γ =
1 + s

2
, (3.27)

and decay rate

λ =
1− s
2
. (3.28)

giving us the growth rate

∆ = γ − λ = s.
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I should mention that this result (3.26) can be very easily derived using the operator

form of Moran’s model (3.16).

Branching processes were discussed as an example in section 2.4.2 where we illustrated

operator techniques. An alternative derivation using classical methods is presented in

appendix C. We can use either results, Eq. (C.8) or Eq. (2.62). The time dependence

of the survival probability is given by

PS (t) =
2s

1 + s− (1− s) e−∆t . (3.29)

Its asymptotic value for s > 0, the “fixation” probability is,

P∞ ≡ lim
t→∞

PS (t) =
∆

γ
=

2s

1 + s
, (3.30)

which for small s tells us

P∞ ' 2s. (3.31)

This agrees with a very early calculation by Haldane [54], and the result due to Kimura,

Eq.(3.24) with x0 = 1/2N (since Kimura uses the genetics convention of taking the

population size to be 2N),

P∞ =
1− e−2s
1− e−4Ns ' 2s, (3.32)

for small s and N →∞.
If we repeat the above argument for a selectively disadvantageous new allele A, in

other words, we let s→ −s, we find from Eq. (C.12) the size distribution, Qn describing
the total number n of new alleles produced in the avalanche. For large n,

Qn ' 1

2
√
π
n−3/2e−n/ζ (3.33)

with the characteristic size

ζ = − 1

ln (1− s2) . (3.34)
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When s = 0, the process is critical, ζ diverges and both Qn and PS (t) follow power

laws

Pn ∼ n−3/2, (3.35)

and

PS (t) =
1

1 + t
∼ t−1. (3.36)

3.7 Discussion.

Taking into account the fluctuations, we have found that the effective potential is not the

same as the mean-field potential or “fitness landscape” as it sometimes is called in the

literature only concerned with a mean-field dynamical systems description Even when

2Nµ >> 1, minimization of the effective potential reveals a shift of O (N−1) in the steady

state value of x,

x̂ =
1

2

Ã
1 +

s
1 +

4

s2

µ
µ− 1

2N

¶!
− 1
s

µ
µ− 1

2N

¶
.

For 2Nµ < 1, the situation is qualitatively different as the stability is no longer given by

the mean-field result. In discussions of evolutionary models, there is frequent reference

to “fitness” landscapes or “selective surfaces”. These approaches typically ignore the full

implications of the particular type of state-dependent noise that arises from a microscopic

description, and as we have shown are only valid in the limit 2Nµ >> 1. In fact, most

models involving selective surfaces ignore mutation completely, making the concept of

a fitness landscape quite irrelevant. This observation is the basis of Kimura’s neutral

theory that postulates a model of evolution at the molecular level that is very different

than the sort of mass selection envisioned by Fisher and other followers of the determinist

school of thought.

We have re-examined the Wright-Fisher/Moran model from the point of view of the

‘effective potential’ and found that in the more realistic limit of small mutation rate, it
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is this effective potential that is the relevant landscape upon which the system evolves.

More germane to this thesis, however, the question arises as to whether or not the broken

symmetry and critical behavior exhibited in the Wright-Fisher/Moran model persists

when this model is generalized to include spatial structure, or in physics terminology,

spatial degrees of freedom.



Chapter 4

The Stepping-Stone Model Revisited

4.1 Introduction.

Wright was the first to quantitatively examine the effects of random genetic drift for

geographically distributed populations with his ‘Island’ model. According to this model,

in which time is discrete, symmetric migration takes place between an infinite number

of subpopulations or colonies, which otherwise behave according to the Wright-Fisher

model discussed in chapter 2. As a generalization of the Island model, Kimura and

Weiss [1] introduced the so-called “Stepping-Stone” model, which in addition to long-

range migration, incorporated nearest-neighbour migration between the colonies, now

arranged on a lattice. By solving the steady-state correlation function of this model,

they were able to derive a number of interesting results concerning genetic differentiation

among sub-populations.

Unfortunately, the approach described in the previous chapter of finding an effective

potential does not help us much for the Stepping-Stone model. Such a potential can

actually be derived, but it does not provide a convenient way to calculate the desired

results. We must resort to other means, and will be able to infer the behavior of this

potential with respect to symmetry breaking and critical properties.

We will consider two slightly different models in this chapter, both of which can be

thought of as lattice generalizations of Moran’s model. We find that these models are

equivalent to the original Stepping-Stone model of Kimura and Weiss [1] in the same sense

74
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as the equivalence of Moran’s model and the Wright-Fisher model discussed in the pre-

vious chapter. In this chapter, I formulate these models using the creation-annihilation

operator formalism described in chapter 2. First, I reproduce results reminiscent of those

from Kimura and Weiss[1][2] and Malécot[55] for the steady-state two-point correlation

function. I then extend their work by solving the dynamics of the two-point correla-

tion function for the neutral theory and also for small, but finite selection in the broken

symmetry state. An alternative method for finding this correlation function, which is

closer to the original work by Kimura and Weiss, would be to use the response function

formalism or the operator form of the Fokker-Planck equation introduced in chapter 2. In

section 5 of this chapter, I will give these alternative formulations of the Stepping-Stone

model and will find that they are indeed equivalent to the occupation number description.

Selection was absent in the Stepping-Stone models considered by both Kimura and

Weiss[1][2] and Malécot[55]. Several authors, however, have discussed the Stepping-

Stone model with selection and provided theorems concerning the ergodic properties of

the model for various cases of mutation and selection. Both Itatsu[56], and Shiga and

Uchiyama[57] consider asymmetric mutation rates, that is, A→ a with rate µ and a→ A

at rate v, and prove that a heterozygous steady-state exists when µ > 0, v > 0 and s is

arbitrary. If one of the mutation rates is identically 0 and the other strictly positive, then

a heterozygous steady-state is found only for s greater than some critical value sc. While

Shiga[57] does not rule out the possibility that sc = 0, Itatsu finds that
µ
1−µ ≤ sc ≤ 1.

For the mean-field dynamical system, it is easy to show that for this case, sc = µ.
1 In

section 4.6, I consider the case where µ = 0, v = 0 and s 6= 0. For this case both Itatsu,
and Shiga and Uchiyama find that the only stable steady state is the fixed state of the

selectively advantageous allele. This finding is confirmed by the analysis in section 4.6.

1It should be noted that Itatsu parametizes selection in slightly different manner. His s is half of that
used in this thesis.
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In addition to this, the asymptotic dynamics of the approach to this steady-state.

The two models considered in this thesis have the same on-site processes, but differ

in the way neighboring sites are coupled. In the first model, which I will refer to as

the ‘Exchange Coupled Stepping-Stone (ECSS) Model’, the number of individuals at

each site n, is fixed and independent of position in the lattice. Nearest neighbor sites

are coupled by a random exchange of a pair of individuals, one from each site. Since

all processes, both on-site and nearest-neighbor, conserve the number of individuals, we

have only one independent field. The second model on the other hand, I refer to as the

‘Diffusively Coupled Stepping-Stone (DCSS) Model’, uses random diffusion or dispersal

of individuals to neighbouring sites, does not conserve the number of individuals at each

site and therefore has two independent fields. In the DCSS model for a homogeneously

distributed population, however, the average number at each site is constant. I will show

that the field representing the total number is independent of the gene-frequency field

and therefore described by diffusive fluctuations.

First, I consider the on-site processes which are identical in both models. In the

following, a-operators describe a-type individuals, while b-operators will describe A-type

individuals. The derivation of the Stepping-Stone model here is a generalization of the

operator form of Moran’s model presented in chapter 3. Symmetric mutation is the

same as in Moran’s model and is described by one-body operators

Lmut = µ
X
r

¡
a†rbr − b†rbr + b†rar − a†rar

¢
. (4.1)

Genetic drift along with a selective advantage is given by two-body operators

Lsel/drift = 1

2n

X
r

¡
(1− s) a†ra†rarbr + (1 + s) b†rb†rarbr − 2a†rb†rarbr

¢
. (4.2)

Without coupling, we would have N (the number of sites) independent populations of

size n, evolving under Moran’s dynamics.
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4.1.1 The Exchange Coupled Stepping-Stone Model (ECSS).

Now the total Liouville operator is given by

LECSS = Lex + Lmut + Lsel/drift, (4.3)

with the exchange processes described by Lex, given by

Lex =
m

2n

X
r

X
e

³
b†ra

†
r+earbr+e − a†rb†r+earbr+e

´
+
m

2n

X
r

X
e

³
a†rb

†
r+ebrar+e − b†ra†r+ebrar+e

´
,

where e is a lattice vector of magnitude l, and the lattices can be chosen to be e.g the

linear, square or cubic lattice in d = 1, 2, 3, respectively. Here m is the migration rate.

Usually in the physics literature, m is used as an index. We break with that tradition

here and bend to the convention used in population genetics. In the continuum limit,

however, we denote by D, the diffusion constant, which is given by D = ml2.

4.1.2 The Diffusively Coupled Stepping-Stone Model (DCSS).

For this model, we have

LDCSS = Ldiff + Lmut + Lsel/drift,

the only difference from the ECSS model is the random walk term Ldiff, given by

Ldiff = m
X
r

X
e

³
a†r+ear + a

†
r−ear − 2a†rar

´
(4.4)

+m
X
r

X
e

³
b†r+ebr + b

†
r−ebr − 2b†rbr

´
,

which describes “hopping” to neighboring sites. Once again, in both models, D = ml2

appears as the diffusion constant in the continuum limit.
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4.2 The Neutral Regime.

Under vanishing selection, no allele is favoured and as was discussed in the previous

chapter, if the mutation rate also vanishes, the system becomes critical. Moreover,

even in the spatial model, the critical point remains at µ = 0. This fact will become

clear from inspection of the total Liouville operator–none of the interacting terms in

Lsel/drift produce corrections to the single particle propagator (the Green’s function). We
will also be able to show this by examining the Heisenberg equations for the densities.

These do not couple to higher correlations and are dynamically stable for non-zero µ. In

this section we will obtain exact results for the two-point correlation function for both

finite and vanishing mutation rate. We will also find that the critical behavior of the

d-dimensional system for µ = 0 is intimately tied to return probability of a random walk

in d dimensions. Results similar to those of this section were found by Sawyer[3] and

Nagalaki[4] for an infinite alleles model and are discussed below.

First, we make a canonical transformation to sum and difference operators of the form

used for the Moran model in chapter 3,

c = (a− b) /n d = a+ b

c† = n
2

¡
a† − b†¢ d† = 1

2

¡
a† + b†

¢ (4.5)

This is analogous to the transformation z = 2x− 1, of the Wright-Fisher/Moran Fokker-
Planck equation mentioned in the last chapter, but carried out at every site. Once

again we stress the necessity of using a canonical transformation so that we preserve the

commutation relations, i.e. so that
£
c, c†

¤
= 1 and

£
d, d†

¤
= 1. For the on-site terms,

this results in

Lmut = −2µ
X
r

c†rcr (4.6)
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and

Ldrift = (2n)−1
X
r

¡
n−2c†rc

†
rdrdr − c†rc†rcrcr

¢
(4.7)

In the ECSS Model, the conservation law at each site allows one to replace the dr oper-

ators with the real number n, and the d† operators with 1. Including the exchange and

diffusion parts, we now find respectively,

LECSS = m
X
r

X
e

³
c†r+ecr + c

†
r−ecr − 2c†rcr

´
(4.8)

−2µ
X
r

c†rcr

+(2n)−1
X
r

¡
c†rc

†
r − c†rc†rcrcr

¢
and

LDCSS = m
X
r

X
e

³
c†r+ecr + c

†
r−ecr − 2c†rcr

´
(4.9)

+m
X
r

X
e

³
d†r+edr + d

†
r−edr − 2d†rdr

´
−2µ

X
r

c†rcr

+
1

2n

X
r

¡
n−2c†rc

†
rdrdr − c†rc†rcrcr

¢
If we now look at the Heisenberg equation for the expectation of the difference field, we

find
d

dt
hcri = −2µ hcri , (4.10)

which tells us that the critical point remains at µ = 0.

4.2.1 Fourier transformation to wave-vector space.

We will assume periodic boundary conditions. For translationally invariant systems,

further analysis is accomplished and greatly simplified by transforming to wave-vector

space.
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We use Fourier transforms defined by

cr = N
−1/2P

k

cke
ik·r, c†r = N

−1/2P
k

c†ke
−ik·r (4.11)

dr = N
−1/2P

k

dke
ik·r, d†r = N

−1/2P
k

d†ke
−ik·r

so that

ck = N
−1/2P

r

cre
−ik·r c†k = N

−1/2P
r

c†re
ik·r (4.12)

dk = N
−1/2P

r

dre
−ik·r d†k = N

−1/2P
r

d†re
ik·r

In the DCSS model, we have diffusion terms for both fields

LD = −m
X
k

ωkc
†
kck −m

X
k

X
δ

ωkd
†
kdk, (4.13)

where

ωk =
X
e

¡
2− eik·e − e−ik·e¢ (4.14)

On hypercubic lattices in d dimensions,

ωk = 4
dX
j=1

sin2
kjl

2π
, (4.15)

where l is the lattice constant. For small kl, ωk ∼ k2l2. In the ECSS model, only the
first term in Eq. (4.13) is present.

The mutation term is the same for both ECSS and DCSS models,

Lmut = −2µ
X
k

c†kck. (4.16)

The selection/drift term for the ECSS model is

Ldrift = 1

2n

X
k

c†kc
†
−k −

1

2nN

X
k1,k2,q

c†k1c
†
k2
ck1+qck2−q, (4.17)
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and for the DCSS model

Ldrift = 1

2nN

X
k1,k2,q

³
n−2c†k1c

†
k2
dk1+qdk2−q − c†k1c†k2ck1+qck2−q

´
. (4.18)

4.2.2 Equation of motion for the two-point correlation function.

I now proceed to solve the equation of motion for the Fourier transform of the two-point

correlation function of the difference field, which is defined by the expectation

G̃φφ (k,t) ≡ hckc−ki = hS |ckc−k|ψi . (4.19)

Here I use the Heisenberg representation, so that

d

dt
(ckc−k) = [ckc−k,L]

Taking expectations, one has

d

dt
G̃φφ (k,t) = h[ckc−k,L]i (4.20)

The right side of Eq. (4.20) is found by direct evaluation of the commutator, using the

canonical commutation relations. Examples of this procedure for creation and annihila-

tion operators were given in chapter 2. A vast simplification occurs upon taking the

expectation. This is due to the identityD
S
¯̄̄
c†k
¯̄̄
ψ
E
= 0 (4.21)

I do not present the somewhat tedious algebra here. The resulting equation of motion

for the ECSS model is

d

dt
G̃φφ (k,t) = −2 (mωk + 2µ) G̃φφ (k,t) + n−1 − 1

nN

X
q

G̃φφ (q,t) . (4.22)
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For the diffusively-coupled model, we have the system of equations

d

dt
G̃φφ (k,t) = −2 (mωk + 2µ) G̃φφ (k,t) (4.23)

+
1

n3N

X
q

H̃φφ (q,t)− 1

nN

X
q

G̃φφ (q,t) ,

d

dt
H̃φφ (k,t) = −2mωkH̃φφ (k,t) , (4.24)

where I have denoted by H̃φφ (k,t) , the Fourier transformed two-point correlation function

of the total number field,

H̃φφ (k,t) = hdkd−ki = hS |dkd−k|ψi .

representing the Fourier transform of the total number field. For the case of a homoge-

neously distributed population, one has

H̃φφ (q,t) =

 Nn2,q =0

0,q 6= 0
,

and therefore one recovers the same equation for Gφφ (k,t) as in the exchange-coupled

model. For the rest of this thesis, we will assume a homogeneously distributed population

and work only with the difference fields. This means that as far as we’re concerned, the

DCSS and the ECSS are equivalent. It would be interesting, however, to use the system

of equations, Eqs. (4.23), to examine situations where the population is initially localized

over some small region.

We note that unlike many other stochastic population models, the equation of mo-

tion for the two-point correlation function does not couple to higher order correlation

functions. This fact allows us to find exact results for this model.
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4.2.3 The steady-state.

Using Eq. (4.22), we find the steady-state solution by trying the solution

G̃φφ (k) =
C

mωk + 2µ
, (4.25)

where C is an undetermined constant. This results in an equation for C,

C =
1

n
− C

nN

X
q

1

mωq + 2µ
(4.26)

= (1− CI) /n,

where

I = N−1X
q

1

mωq + 2µ
.

with the solution for C,

C =
1

n+ I

We recognize the two-point correlation function, in real space and evaluated at r = 0,

as the sum

Gφφ (r) =
1

N

X
q

G̃φφ (q) ,

and using the solution for C,

=
I

n+ I
.

To get the correlation function in real space, we need to perform the inverse Fourier

transform. We wish to study the spatial dependence of the correlation function in the

continuum limit in which details such as lattice structure do not matter. In the continuum

limit ωk = k
2l2, so

mωq = mk
2l2 = Dk2,

where we have obtained the diffusion constant D = ml2. The two-point correlation

function becomes

G̃φφ (k) =
C

Dk2 + 2µ
, (4.27)
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which is C times a very familiar quantity in statistical physics: the two-point correlator of

the Gaussian model. Furthermore, in the continuum limit the inverse Fourier transform

becomes an integral

N−1X
k

→ 1

(2π)d

Z Λ

0

ddk,

where Λ ≈ l−1 is a cut-off parameter. We define the correlation length

ξ ≡
s
D

2µ
, (4.28)

and the dimensionless constant

κ = n−1I =
1

n (2π)d

Z Λ

ddk
1

Dk2 + 2µ
, (4.29)

and end up with the result

Gφφ (r) =
κ

1 + κ
exp

µ
−r
ξ

¶
/ |r| d−12 . (4.30)

The integral for κ is easily evaluated

κ =


(n2Dµ)

−1/2
, d = 1

ln(Λξ)
2πDn

, d = 2

Λ
2π2Dn

, d = 3

. (4.31)

All along, we have be measuring time in generations. We can explicitly put back in the

generation τg if needed,

κ =


(n2Dµτg)

−1/2
, d = 1

ln(Λξ)
2πτgDn

, d = 2

Λ
2π2τgDn

, d = 3

. (4.32)

I will refer to κ as the “strength of local differentiation”, for as κ becomes large, the

amplitude of correlation function becomes one and the local populations are fixed to one
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allele or the other. When κ is small, the local populations are polymorphic. As an

alternative to κ, a more appropriate measure, would be the quantity κ
1+κ
. In population

genetics, this quantity referred to as FST , where FST stands for fixation index. If we go

back to the lattice description and use our results for κ to calculate FST , we find

FST =


1

1+n
√
mµ
, d = 1

1

1+4πmn/ ln( m2µ)
, d = 2

1
1+2π2mn

, d = 3

(4.33)

These results for FST should be compared to the steady-state value of FST in Wright’s

Island model [58],

FST =
1

1 + 4nm
. (4.34)

The Island model of Wright also consists of colonies of size n, but in contrast to the

Stepping-Stone model, each colony exchanges migrants with all the rest. We see that

our results for FST for the Stepping-Stone model only qualitatively agree with the Island

model for d = 3 ( 4nm vs. 4π2nm, as Wright uses the genetics convention of 2N for the

population size). For d ≤ 2, FST for the Stepping-Stone model depends explicitly on the
mutation rate and is therefore qualitatively different that its cousin in the Island model.

Figure 4.1 shows several snapshots from computer simulations of the d = 2, Stepping-

Stone model with N = 200 × 200 sites, and illustrates the effects of varying ξ and κ.
Simulations in the same row have the same correlation length, while those in the same

column have the same value of FST . The method of simulation is described in appendix

B.

The results up to this point, while perhaps expressed somewhat differently, are similar

to those of Kimura and Weiss [1][2]. We now leave them behind.
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4.3 Broken Symmetry or d ≤ 2.

For any finite size, or for spatial dimension d ≤ 2, I diverges as µ→ 0, and hence

Gφφ (0) =
I

n+ I
⇒ 1

This implies fixation and the spontaneously broken symmetry likewise observed in the

Wright-Fisher/Moran model. Another way to see this is to look at Φk, for k→ 0, which

is found to be

G̃φφ (k) = δ (k) .

Perhaps the simplest way to see this, however, is to look at the results for κ in the

continuum limit. For d ≤ 2, κ diverges as µ → 0, and the fixation index FST → 1.

This is not the case for d > 2 as κ is independent of µ. This result combined with the

diverging correlation length ξ, means that no matter how large we make the system, it

will eventually reach fixation.

4.4 Critical dynamics of the two-point correlation function.

4.4.1 The decay of heterozygosity.

To go beyond the steady-state solution and solve for the dynamics, I return to the

equation of motion 4.22, which we re-express as

d

dt
G̃φφ (k, t) = −2 (Dωk + 2µ) G̃φφ (k, t) + n−1h (t) , (4.35)

with

h (t) = 1− Φr=0

= 1− FST (t) .
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ξ

F ST

Η 

Figure 4.1: Snapshots of computer simulations of the d = 2 Stepping-Stone model on the
200 × 200 site square lattice. The mutation rate and migration rates were adjusted so
that the simulations in each row have the same correlation length, while the simulations
in the same column have the same value of FST .
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The quantity h (t) is known in the genetics literature as the heterozygosity or more prop-

erly as the local heterozygosity.

From above, we note that for µ = 0, and d ≤ 2, h (t) decays asymptotically to 0.

The integral solution to 4.35 is given by

G̃φφ (k,t) =
1

n

Z t

0

dt0e−2m(t−t
0)ωkh (t0) .

Here we have used the initial condition G̃φφ (k,0) = 0. This means that we start out

with na = nA = n/2 at each site. Summing over both sides of Eq. (4.35) results in an

equation for h (t)

h (t) = 1− 1

nN

X
k

Z
dt0e−2m(t−t

0)ωkh (t0) , (4.36)

Changing the order of summation and integration, we recognize the sumX
k

e−2m(t−t
0)ωk = G2m (0,t− t0) (4.37)

as the diffusion Green’s function for a random walk in d dimensions, with initial and final

position at the origin, and diffusion rate 2m (Appendix A). We have

h (t) = 1− 1

n

Z t

0

dt0G2m (0,t− t0) h (t0) , (4.38)

with G2m (0,t)for the hypercubic lattices given by

G2m (0,t) = e
−4mdt [I0 (4mt)]

d ,

where I0 (4mt)is a modified Bessel function of the first kind. Taking the Laplace trans-

form of both sides results in the equation

h̄ (s) = s−1
1

1 + Ḡ2m (0,s) /n
. (4.39)

Using the scale transformation properties of the Laplace transform,

Ḡbm (0,s) = b
−1Ḡm (0,bs) ,
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and taking b = 4dm, we can write

Ḡ2m (0,s) = (4dm)
−1 Ḡ 1

2d
(0,4dms) ,

where Ḡ 1
2d
is the Laplace transform of a random walk with rate 1

2d
. As shown in appendix

A, the s = 0 limit of Ḡ 1
2d
is fundamental and universal constant that is related to the

return probability Q (0) of a random walk through

Q (0) = 1− 1

Ḡ 1
2d
(0,0)

. (4.40)

For d ≤ 2, lims→0 Ḡ 1
2d
(0,s) =∞, so as noted above Gφφ (r = 0)→ 1 at large times. For

d > 2, however, Gφφ (r = 0) approaches a constant. We can summarize the situation for

arbitrary dimension by writing

lim
t→∞

Gφφ (r = 0) =
1

1 + dnm (1−Qd) . (4.41)

To find the dynamics of the approach of the two-point correlation function evaluated

at r = 0 to its limiting value, we take the Laplace transform of the Green’s function for

random walks which is explicitly calculated for the linear (d = 1), square (d = 2) and

cubic (d = 3) lattices in appendix A. Asymptotically, the Laplace Transform for small s

has the dependence

Ḡ2m (0,s) ∼


(8ms)−1/2 , d = 1

ln(8m/s)
16mπ

, d = 2

C
12m

+B
p

s
123m3 , d = 3

. (4.42)

where the constants C and B for the d = 3 result are found from a simple relation to the

universal return probability of a random walk. Using this result gives us the behavior

of h̄ (s) for small s,

h̄ (s) ∼


q

n2m
2s
, d = 1

4mπ
ns ln(8m/s)

, d = 2

3mn
3mn+C

s−1, d = 3

. (4.43)
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Standard ‘Tauberian’ theorems[59] for Laplace transforms relate the behaviour of h (s)

for small s to the behaviour of h (t) for large t. One finds

h (t) ∼


2

n
√
mt
, d = 1

1
ln(mn2t/4)

, d = 2

3mn
3mn+C

, d = 3

. (4.44)

Furthermore, even though the situation is qualitatively different for d = 3, in that h (t)

approaches some non-zero constant, it is interesting to determine how h (t) approaches

this constant. From the result above, if the constant is subtracted, one finds that the

small s behaviour of the Laplace transform of g (t) = h (t)− limt→∞ h (t) is given by

ḡ (s) ∼
r
mn2

4s
,

and hence

g (t) ∼
r

4

n2mt
.

The integral equation for h (t), Eq. (4.36), is readily solved by numerical quadrature.

This solution is presented in Figure (4.2), confirming our results for the asymptotic decay

of h (t) .

Several remarks are in order: 1) the logarithmic dependence of this quantity for d = 2

is indicative of what is termed “upper critical dimension” in statistical physics; 2) Another

interesting feature is the “crossover” region at early times; but most importantly, 3) even

though strictly speaking, and as we have argued in the preceding section, fixation occurs

for d = 2, the extremely slow logarithmic dependence makes one wonder whether or not,

in any practical sense, the system ever gets there.

In summary we have found that the asymptotic value of Gφφ (0,t), known as FST in

the genetics literature, is related to the return probability of a random walk through

lim
t→∞

FST (t) =
1

1 + dnm (1−Qd)
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In the thermodynamic limit its approach to this value is ∼ t−1/2 for d = 1, ∼ 1/ ln t for
d = 2 and ∼ t−1/2 for d = 3.

4.4.2 The infinite alleles model.

Sawyer[3] and Nagalaki[4] both investigated a related neutral model introduced by Malécot[55]

that differs from the present model by having infinitely many alleles or types. They found

asymptotics similar to those of Eqn. (4.44) for d = 1 and 2, but for a related quantity.

Sawyer’s starting point is an equation derived by Malécot[55] that describes the time

dependence of the probability of identity by descent. This quantity is denoted I (r1, r2; t)

and gives the probability that two randomly selected individuals located at r1 and r2 are

of the same type due to one or more common ancestors. For infinitely many alleles and

assuming that at t = 0 all types in the population are unique, as in done in the paper by

Sawyer, the probability of identity by descent (i.b.d) equals the probability of identity by

type (i.b.t.). A similar equation was studied by Nagalaki for the probability of identity

by type.

One can show that in a two-allele model, the probability of i.b.t. is related to the

correlation function Gφφ (r1, r2) . First we observe that when n is large, the discrete site

variables become frequencies which we denote by the operators

fr = n
−1ar.

The probability of i.b.t. is given by the expectation

I (r1, r2) = hfr1fr2 + (1− fr1) (1− fr2)i ,

where the first (second) term is the contribution from selecting two a0s (A0s). The f -

operators are related to the c-operators by the transformation

fr =
1− cr
2

,
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Figure 4.2: Numerical solution for the heterozygosity h (t) = 1 − FST (t) showing the
dynamics the fixation index (two-point correlation function). Note the slow logarithmic
decay for d = 2. For d = 1, the asymptotic behaviour is clearly t−1/2.
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giving us

I (r1, r2) =
1

2
+
1

2
hcr1cr2i (4.45)

=
1

2
+
1

2
Gφφ (r1, r2) .

Note that I (r1, r2) → 1 iff Gφφ (r1, r2) → 1. Furthermore we see that the initial

conditions used to solve Eqn. (4.35) which were fr = 1/2 for all r, implyGφφ (r1, r2; 0) = 0

and I (r1, r2; 0) = 1/2, in agreement with Eqn. (4.45). Therefore, in the two-allele model

studied in this thesis, I (r1, r2; t) and Gφφ (r1, r2; t) have the same asymptotics. It is quite

interesting that I (r1, r2; t) in the infinite-allele model studied by Sawyer has the same

asymptotics as for the two-allele model. One is tempted to conjecture that I (r1, r2; t)

has the same asymptotics in models with arbitrary number of alleles. An extension of

the methods described in this thesis could likely answer this question.

Sawyer also found that I (r1, r2; t) for any two individuals in any bounded set was

asymptotically equal to unity iff the random walk performed by the individuals was

recurrent. This result is also very similar to the results of this thesis for the asymptotic

value of FST and the existence of broken symmetry. Sawyer’s result, however, is obtained

by a very different method than that described in the previous subsection and pertains

only to infinite alleles model.

Further analysis of the infinite alleles model was carried out by Sawyer[60] who pro-

vided a limit theorem for patch sizes and found that the expectation of N (t) , the average

number of individuals of the same type scales as t1/2, t/ ln t and t in d = 1, 2 and 3, re-

spectively.

4.5 Alternative Formulations of the Stepping-Stone Model.

In section 4.1 I formulated the Stepping-Stone model using the occupation number rep-

resentation. Here I show that one can use either the response functional formalism or
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the operator form of the Fokker-Planck equation to achieve an equivalent description.

Moreover, the starting point for applying these techniques is the Langevin equation in-

troduced by Kimura and Weiss [1][2] in their original formulation of the Stepping-Stone

model. I also point out that all of these reformulations of the Stepping-Stone model lead

to the same path-integral and its associated action. I use this path-integral exclusively

in the section 4.6 and chapter 5.

To remind the reader, the Stepping-Stone model of Kimura and Weiss is spatial model

where colonies (sub-populations) are arranged on a hypercubic lattice and are coupled

by random migration of individuals. Apart from random migration between colonies,

each sub-population evolves according to the Wright-Fisher model. We denote by fr,

the frequency of the allele with a selective disadvantage, in the colony located at position

r. The Langevin equation reads

∂fr (t)

∂t
= m

X
e

(fr+e + fr−e − 2fr)− µ (2fr − 1)− sτ−1g fr (1− fr) (4.46)

+

s
fr (1− fr)
nτg

ηr (t) , (4.47)

where m is the migration rate, µ is the mutation rate, n is the total number at each

site, and s is the coefficient of selection . The noise term is Gaussian and specified by

the auto-correlation

hηr (t) ηr0 (t0)i = δr,r0δ (t− t0) .

The amplitude of the noise in Eq. (4.46) is the result of Wright-Fisher binomial sampling

at each site, and as was shown in section 3.2, is the same for Moran’s dynamics. Finally,

Eq. (4.46) is to be interpreted with Itô’s prescription.
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4.5.1 The Fokker-Planck equation and operators.

The Fokker-Planck equivalent to Eq. (4.46) is found in the standard way,

∂W [fr]

∂t
=

X
r

∂

∂fr

£
m∆r + µ (2fr − 1) + sτ−1g fr (1− fr)

¤
W [fr]

+
1

2nτg

X
r

∂2

∂fr
fr (1− fr)W [fr] , (4.48)

where we have defined the lattice Laplacian ∆r,

∆rfr =
X
e

(fr+e + fr−e − 2fr) .

For the operator description, we define the operator f̂r as multiplication by fr, and the

operator ĝr, as the partial derivative
∂
∂fr
. The gives us the Liouville operator

L =
X
r

ĝr

h
m∆rf̂r + 2µf̂r − 1

i
+ sτ−1g

X
r

ĝrf̂r

³
1− f̂r

´
(4.49)

+
1

2nτg

X
r

ĝ2r f̂r

³
1− f̂r

´
,

Equation (4.49) can also be obtained from LECSS in Eq. (4.3) by performing a canonical
transformation to eliminate the br and b

†
r operators, followed by the system size expansion

for Moran’s model discussed in section 3.2.2, applied to each site. As discussed there

and in chapter 2, this is accomplished by identifying appropriately scaled creation and

annihilation operators with Fokker-Planck operators, which for the present discussion are

the f̂r and ĝr operators.

4.5.2 The path-integral.

One can easily proceed from Fokker-Planck equation to a path-integral description as

discussed in chapter 2. The path-integral can also describe the lattice model, but here
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we take the continuum limit. Using the fields fr and f̄r, that correspond, respectively,

to the operators f̂r and ĝr, the action is given by

S
£
f̄r, fr

¤
=

Z
ddrdt

£
f̄r∂tfr + f̄r

¡
D∇2 + 2µff − 1

¢
+ sτ−1g f̄rfr (1− fr)

¤
(4.50)

+
1

2nτg

Z
ddrdt

£
f̄ 2r fr (1− fr)

¤
,

where for simplicity we have dropped the explicit time-dependence of the fields. The

continuum limit gives us the diffusion constant D = ml2, where l is the lattice spacing.

I use the path-integral description in section 4.6 below and for the renormalization

group analysis in chapter 5. I should also point out that this path-integral is completely

equivalent to that obtained using the coherent-state representation of the creation and

annihilation operators. This procedure is also discussed in chapter 2.

4.5.3 The response functional method.

We can use the response functional formalism to go directly from the Langevin Eq.

(4.46) to the path integral, without making contact with operators. One follows the

same procedure as the example in chapter 2.4.1. I will not show all the steps since terms

in the action that come from the deterministic part of Eq. (4.46) are produced in exactly

the same way as the example of chapter 2.4.1. I only highlight the difference from that

example here, which is the form of the noise term. In our example of 2.4.1, the noise

term was the constant, with variance Γ. Performing the functional integral over the noise

field ηr (t) required the Gaussian integralZ
exp

µ
ηrφ̄r − η2r

2Γ

¶
dηr ∝ exp

µ
1

2
Γφ̄2r

¶
, (4.51)

and therefore generated the φ̄2r term in the Lagrangian density. For the Stepping-Stone

model defined in Eq. (4.46),

Γ = Γ [fr] =
fr (1− fr)
nτg

,
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and the integral over ηr becomesZ
exp

µ
ηrf̄r − η2r

2Γ [fr]

¶
dηr ∝ exp

µ
1

2
f̄2rΓ [fr]

¶
,

which adds the term

S 0
£
f̄r, fr

¤
=

1

2nτg

Z
ddrdt

£
f̄2r fr (1− fr)

¤
to the action. The full action is identical to that given in Eq. (4.50).

4.5.4 The neutral regime.

For the neutral regime, s = 0. We can take either the Fokker-Planck Equation (4.48),

or the Langevin Equation (4.46) and make the change of variables to the difference field,

φr = 2ff − 1.

This produces the Fokker-Planck equation,

∂W [φr]

∂t
=

X
r

∂

∂φr

Ã
m
X
e

(φr+e + φr−e − 2φr) + 2µφr
!
W [fr]

+
1

2nτg

X
r

∂2

∂φ2r

¡
1− φ2r

¢
W [φr] .

For the operator description of the Fokker-Planck equation, we define multiplication by

φr as the operator φ̂r, and
∂
∂φr
, as the operator ψ̂r. The Liouville operator is

L = m
X
r

ψ̂r
³
∆r + 2µφ̂r

´
+

1

2nτg

X
r

ψ̂2r
¡
1− φ2r

¢
, (4.52)

and by now we should not be surprised that this operator is completely equivalent to

LECSS in Eq. (4.8), if we identify the scaled creation-annihilation operators c and c† with
φ̂r and ψ̂r.
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4.6 The Broken-Symmetry State: Fate of a single mutant gene.

In this section, we will assume that the system has evolved into the broken symmetry

state corresponding to fixation of a particular allele, along the lines of our discussion

in section 4 of chapter 2. In that section, we found that the non-spatial model, in the

thermodynamic limit, was equivalent to a simple branching process. Were we to write

the non-spatial model using the creation-annihilation formalism, we would see that the

terms of O (N−1) in the master equation, Eq. (3.25), that were safely ignored as N →∞,
correspond to interactions between the otherwise independently branching particles. In

the spatial model of this chapter, these terms are O (n−1), where n is the local density
(number per site), and hence cannot be ignored in the thermodynamic limit. We are left

with a type of interacting branching process, of which an exact solution appears very

difficult. Fortunately, we will be able to find an exact result for the relaxation time τ .

This quantity is the time scale over which long wavelength perturbations relax and is an

important quantity to calculate since it pertains to any avalanche or cascade, induced by

a single new mutant, that lasts long enough to spread throughout the population. This

is relevant since we are ultimately interested in whether or not this cascade of new alleles

significantly changes the composition of the population or indeed approaches fixation.

In this section, we will find that τ diverges as s → 0, and the exponent describing this

divergence differs from its mean-field counterpart below d = 2.

As discussed in the preceding section, we can describe the model using several different

formalisms. We will need the path-integral description for this section, however. In the

previous section we described how one could accomplish this starting from the Stepping-

Stone Langevin equation. We also pointed out the equivalence of this procedure with

the same derivation of the path-integral from the occupation number representation. We

remind the reader of this latter technique. The details can be found in the example of
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section 2.4.2.

To get the path integral using the occupation number representation, one starts with

the Liouville operator of Eq. (4.8) for the ECSS model. We then use canonical transfor-

mations of the kind discussed in section 3.2.2 for Moran’s model to eliminate one set of

operators. For this section, we will eliminate the operators corresponding to the fixed

allele. Assuming a homogeneously distributed population, as was done for the neutral

theory, produces identical results for the DCSS model, in that terms that couple the total

field dr = ar + br and the ar field we are interested in, do not affect the calculation of

the relaxation time below. After Fourier transformation, we are left with the Liouville

operator

L = −
X
k

(mωk + s) a
†
kak + sN

−1X
k,q

a†kak−qak+q

+
X
k,q

a†k+qa
†
k−qak − (2nN)−1

X
k1,k2,q

a†k1a
†
k2
ak1−qak2+q,

where time is in units of the generation time τg, (so τg = 1). For a selectively advan-

tageous allele, s > 0, and for a disadvantageous allele, s < 0. The a and a† operators

here are scaled creation and annihilation operators and therefore represent the allele

frequency. To facilitate the calculation, I take the continuum limit of L, and replace
the wave-vector sums by integrals. This will in no way change the results. Using the

standard procedure in field theory discussed in section 2.4.2, I pass from the Liouville

operator, via the coherent-state representation, to the path-integral.

To remind the reader, the path-integral is written as

Z=

Z £
dφ̄
¤
[dφ] exp

¡−S £φ̄,φ¤¢ ,
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where the “action” S reads,

S
£
φ̄,φ

¤
=

Z
dt

Z
ddr

¡
φ̄r (t) ∂tφ (t)r − L

£
φ̄r (t) ,φr (t)

¤¢
,

and where L
£
φ̄r (t) ,φr (t)

¤
obtained from L £a†r, ar¤ by replacing the a†r and ar operators

in L with the fields φ̄r (t) and φr (t), respectively. The quantity under the action integral,
φ̄r (t) ∂tφ (t)r − L

£
φ̄r (t) ,φr (t)

¤
, is called the Lagrangian density. As an alternative, we

could stick with our Liouville operator, and use the formalism of “time-ordered” operators

[44], but we would obtain the same results. Finally, I perform an additional Fourier

transformation from time t to frequency ω. This produces the action

S
£
φ̄,φ

¤
=

Z
d̄ω

Z Λ

d̄ dk
¡
iω +Dk2 + s

¢
φ̄k,ωφk,ω (4.53)

+s

Z
d̄ωd̄ ε

Z Λ

d̄ dkd̄ dq φ̄k,ωφk−q,ω−εφq,ε

+(2n)−1
Z
d̄ωd̄ ε

Z Λ

d̄ dkd̄ dq φ̄k,ωφ̄k−q,ω−εφq,ε

− (2n)−1
Z
d̄ω1d̄ω2d̄ εd̄

dkd̄ dk2d̄
dqφ̄k1,ω1φ̄k2,ω2φk1+q,ω1+εφk2−q,ω2−ε.

Here, and in the rest of this thesis, we’ll use d̄ ≡ d
2π
, so d̄ dk = ddk

(2π)d
. A graphical

representation of S
£
φ̄,φ

¤
in terms of edges and vertices is given in Figure 4.3. Each

vertex represents a term in the action. Lines with outgoing arrows represent φ̄r (creation)

fields, those with incoming lines represent φr (annihilation) fields. The single edge (line)

without a vertex represents the φ̄rφr term. Except for this latter term, the label under

each vertex gives the coupling constant that multiplies the respective term in the action.

The factor (iω +Dk2 + s)
−1
under the single edge is the two-point propagator of the “free

theory”, which comes from the solution of the path-integral for the theory without the

interaction terms. In the next section, I give a short description of how these diagrams

assist us in the calculations that follow.
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1/(iω+Dk +s)
1/(2n)

-1/(2n)s

 

2

Figure 4.3: Vertices representing the action for propagation of new mutant alleles. The
propagator of the non-interacting theory represented by the line in the upper left. The
vertices representing the interactions are labeled with their respective coupling con-
stants.



Chapter 4. The Stepping-Stone Model Revisited 102

4.6.1 Diagrammatic Methods in Field Theory.

We are unable to solve the full path-integral for the action in Eq. (4.53) or alternatively

Figure (4.3). At the end of section 2.4.1 of chapter 2, I mentioned that the procedure

for dealing with such “interacting” systems was to break the action up into two parts:

a Gaussian part S0, that is bilinear in the φ̄ and φ fields, and an interacting part SI

containing the higher order terms. A perturbation expansion of a given response function

can then be carried out using the propagator from the action S0. I will not describe the

technical details of how one generates such a perturbation expansion here. The reader

is encouraged to consult one of the many texts on quantum field theory or the references

cited in this thesis [38][61][37][33][46][61]. Here I give an account of the evaluation of such

a perturbation expansion using diagrams generated from the vertices from Figure (4.3).

A response function is defined by the expectation

Gn,m =

φ̄nφm

®
,

where for convenience, we have dropped the indices for wavevectors k1, ...,km+n and

frequencies ω1, ...,ωm+n (or alternative positions and times). The perturbation expansion

for Gn,m using the “bare” action S0 will contain a countable infinite number of terms,

each of which can be represented by a Feynman diagram constructed using the vertices

and propagator line of Figure (4.3). A term in the perturbation expansion for Gn,m is

constructed from these vertices by connecting the outgoing lines of one vertex with the

incomimg lines of another vertex in such a way that the total number of incoming lines

is equal to m and the total number of outgoing lines is equal to n. The “Feynman rules”

are then applied to convert the diagram into an expression. For example, the diagram in

Figure (4.4) comes from combining the vertices in the upper right and lower left of Figure

(4.3). This diagram has one incoming line and one outgoing line and therefore represents

a correction to the two-point propagator. The Feynman rules consist of assigning a
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wavevector q and frequency ω to each line which then brings a factor of (iω +Dq2 + s)
−1
,

the propagator of the S0 action, into the final expression for the perturbation term. Each

vertex in the diagram contributes a factor equal to its coupling constant to this expression,

i.e. the numbers under the vertices in Figure (4.3). Finally, all internal wave-vectors and

frequencies are integrated and wave-vector and frequency are conserved at each vertex.

Internal variables are those not associated with the m incoming or n outgoing lines;

internal lines have both ends connected to a vertex. Conservation of wave-vector at each

vertex means that the sum over the wave-vectors of the incoming lines at that vertex

must equal the sum of the wave-vectors of the outgoing lines for that vertex.

As an example, let us compute the correction to the two-point propagator represented

by the diagram in Figure (4.4). The diagram gives us the following integral,

I = − 1

4n2
1

(iω +Dk2 + s) (iω +Dk2 + s)
(4.54)

×
Z
d̄ ε

Z Λ

d̄ dq
1

i (ω − ε) +D (k− q)2 + s
1

i (ω + ε) +D (k+ q)2 + s
.

The evaluation of this integral gives us the first-order correction to the full propagator,

however, we will not use this result. Instead, we will use a similar perturbation expansion

for Σ, the inverse of the relaxation time, in the next section.

4.6.2 Perturbation theory for the relaxation rate Σ.

At the beginning of section 4.2, we pointed out that none of the interaction terms in the

Liouville operator produced corrections to the mutation rate µ. Unlike the situation with

the mutation rate µ, however, the interaction terms in Eq. (4.53) do produce corrections

or modifications to the two-point propagator. The situation is depicted using Feynman

diagrams in Figure (4.5). We see that the contribution coming from diagrams with only
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ω+ε, k+q

ω−ε, k-q

k, ω k,ω

Figure 4.4: Feynman diagram representing the 1-loop correction to the two-point prop-
agator

one “annihilation” vertex (the vertex in the bottom left of Figure (4.3) are O (s), while
the contributions from those with m “annihilation” vertices are O (sm). For example,

the bottom diagram in Figure (4.5) contributes a term O (s2). Along the same lines, a
perturbation expansion for Σ, the inverse of the relaxation time, is given in Figure (4.6 a).

As we are interested in behavior of the relaxation time for the limit of s→ 0, we might

be tempted to use the expansion in a) which uses the bare s in all of propagators of the

loop integrals. This expansion leaves out diagrams of O (s2) and higher and therefore

is of questionable validity in the desired limit of s → 0. We can remedy this however,

by using the expansion in Figure (4.6 b), where we have substituted Σ back into the

propagators to get a self-consistent equation, formally called a “Dyson” equation for Σ.

This procedure has the effect of including all the diagrams we have left out. In the limit

of s→ 0, the equation for Σ is exact. If the self-consistent equation can be solved, we’re

in luck and can extract the asymptotic divergence of τ = Σ−1 with s.
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= +

+

 +

  = 1/(iω+Dk +s)2

Figure 4.5: Perturbation expansion for the two-point propagator. The upper diagrams
produce corrections of O (s) to the relaxation rate, while the lower diagrams contributes
a correction of O (s2) .
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+Σ = + + ...

+Σ = + + ...
a)

b)

  = 1/(iω+Dk +Σ)2 

Figure 4.6: Perturbation expansion and Dyson equation for Σ. a) perturbation expansion
to O (s) using the bare propagator. b) A self-consistent Dyson equation is derived using
the full propagator.
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4.6.3 The effective relaxation rate and “screening” of selection in low di-

mensions.

Using the diagrammatic expansion in Figure (4.6b), the Dyson equation for the inverse

relaxation time Σ = τ−1, results in an alternating geometric series

Σ = s
¡
1− I + I2 − ...¢

=
s

1 + I
,

with

I =
1

2n

Z ∞

0

d̄ω

Z Λ

dd̄ dq
1

ω2 + (Dq2 + Σ)2
.

Here again, we’ll use d̄ ≡ d
2π
, so d̄ dq = ddq

(2π)d
. The integral I is given by

I =
1

2n

Z Λ

d̄ dq
1

Dq2 + Σ
,

which we have seen before in Eq. (4.29), and evaluates to

I =


1

4n
√
2ΣD

, d = 1

1
8πnD

ln
³
Λ2D
Σ
+ 1
´
, d = 2

Λ
4π2nD

, d = 3

We now proceed to solve the Dyson equation for d = 1, 2 and 3.

For d = 1, we have

Σ =
s

1 + (32n2DΣ)−1/2
(4.55)

for Σ → 0 this gives us

Σ =
√
32n2s2ΣD

Hence the relaxation time diverges as

τ ∼ 1

32Dn2s2
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This is to be contrasted with the mean-field result in which τ ∼ s−1.
For d = 2, the Dyson equation reads

Σ =
s

1 + 1
8πDn

ln
¡
Λ2D
Σ

¢
The solution is

Σ = −8Dsπ n

W−1
¡−8sπ n

Λ2
e−8πDn

¢ ,
where Wk (x) is the k

th branch of Lambert’s W-function, the inverse of

f (W) = W eW

For small x, W−1 (x) ' ln x, so

Σ =
s

ln
¡
Λ2

8sπn

¢
/8Dnπ + 1

and we find that apart from logarithmic corrections, Σ is linear in s.

Next we consider d = 3. Here we simply have

Σ =
s

1 + Λ
4π2nD

.

Note that the integral I in this case is independent of Σ, so this result is simply what we

would have gotten using the naive perturbation approach of Figure (4.6a). The complete

solution of the Dyson equation for d = 1, 2 and 3 is plotted in Figure (4.7). For d = 1,

the complete solution, as opposed to the result for small s is

Σ = s+
2−√4 + 512sn2D

128n2D

Note that for larger s, Σ ∼ s, i.e. it approaches the mean-field behaviour. The crossover
occurs roughly at s∗ ' (64n2D)−1.
One can think of the relaxation time τ , or even the selection coefficient as being

“renormalized” due to the spatial fluctuations. This is particularly acute for d = 1, as

the present results demonstrate.
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Figure 4.7: Divergence of the relaxation time for d = 1, 2 and 3. For d = 1, the
relacxation time diverges as s−2, in constrast to s−1 in higher dimensions. We also see
for d = 2, the slight logarithmic departure from s−1.
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4.6.4 Survival probabilities: scaling arguments.

In the previous section, we found the exponent ν that describes the divergence of the

characteristic relaxation time as the selection coefficient s → 0, i.e. τ ∼ s−ν. We

would like to know the power law behaviour of other quantities such as the ultimate

survival probability of a mutation-induced “avalanche” as a function of s or its time-

dependent decay. In fact, a substantial effort was put forth by the author to calculate

these quantities directly via several methods: generalization of Kimura’s approach [52]

to the non-spatial model using the backward equation, closing of the moment equations

for n-particle operators and direct summation of Feynman diagrams for small s. Un-

fortunately, none of these approaches were successful, which perhaps is a testament to

the difficulty of understanding such non-conservative, non-equilibrium models–even the

“stepping-stone” discussed in this thesis, which as we have shown, admits some exact

results. Fortunately, we can adapt scaling arguments developed for directed percolation

(DP) and other growth models to relate the exponents we know from our exact results

to the otherwise unknown ones.

Here we use scaling arguments put forth by Dickman and Tretyakov [62] for the

Domany-Kinzel cellular automaton (DKCA) [63]. The phase diagram of the DKCA

possesses a line of critical points that separates an active phase from the absorbing

vacuum state. The critical behaviour along this line is that of DP, except at one terminal

point where the asymptotic behaviour is know exactly for d = 1 and is identical to that

of the Voter model. Spreading of a critical process from a localized source is described

by a power laws whose exponents are generally connected by two scaling relations [64].

One of these, known as “hyperscaling’, at first sight fails for the DKCA at the terminal

critical point corresponding to the Voter model. Dickman and Tretyakov realized that

this apparent failure of hyperscaling is due the fact that for the Voter model–and as
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we have discussed in the above chapters of this thesis, the “stepping-stone” model–the

order parameter is discontinuous at the transition. When this is taken into account, a

different hyperscaling relation is obtained.

Spreading of a critical process, localized at the origin is described by a set of exponents

defined by

P (t) ∝ t−δ, (4.56)

n (t) ∝ tη, (4.57)

and

R2 (t) ∝ tz, (4.58)

where the survival probability P (t) is simply 1− P0 (t), the probability of being in the
0-particle state w.r.t. new alleles and the power law behaviour of Eq. (4.56) is valid at

long times. In Eq. (4.57), n (t) is the mean population size of new alleles and R2 (t) in

Eq. (4.58), the mean-squared displacement of the new particles. The ultimate survival

probability is characterized by the exponent β,

P∞ = lim
t→∞

P (t) ∝ sβ. (4.59)

The scaling hypothesis [64] for spreading from an initial perturbation (in this case, a

single new mutant at r = 0, t = 0) postulates the existence of two scaling functions G

and φ defined by

ρ (r, t) ∼ tη−dz/2G ¡r2/tz, st1/ν¢ , (4.60)

and

PS (t) ∼ t−δφ (t/τ) = t−δφ (tsν) .

Here ρ (r, t) is the local order-parameter density, i.e. the density of the new alleles. The

form of Eq. (4.60) follows by noting that for s = 0, integrating this equation over all

space produces Eq. (4.57).
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The existence of the limit in Eq. (4.59) implies

φ (x) ∼ xβ/ν = tβ/νsβ

and hence, in order to cancel the t-dependence in Eq. (4.59),

β = δν. (4.61)

In the case of a selectively advantageous new mutation that reaches fixation, the local

density, for fixed r, must approach the stationary density ρ0 which for our model is simply

1. Since ρ (r, t) is the average over all trials, for small but finite s we have,

lim
t→∞

ρ (r, t) ∼ sβρ0. (4.62)

It follows that G (0, y) ∼ yβ for large y. Then in order to cancel the t-dependence in Eq.
(4.60), we must have β/ν = dz

2
− η, or using the first scaling relation above

δ + η =
dz

2
. (4.63)

This “hyperscaling” relation depend crucially upon the validity of our assumption that

even in the limit that s → 0, the order parameter is discontinuous, or in other words,

that the symmetry is spontaneously broken. As we have shown, this is true only for

d ≤ 2. This situation in not unlike equilibrium critical phenomena, where hyperscaling

is not valid above the upper critical dimension.

In the previous section, we found ν = 1 for d ≥ 2 and ν = 2 for d = 1. For

the Stepping-Stone model, this is the only difficult exponent to determine. The other

exponents, η and z are relatively easy to get. First, we note that when s = 0, the

two-point propagator coming from the action of Eq. (4.53), or Figure (4.3), is simply

that of a random walk. Therefore, z = 1. The next observation to make, is that, also

for s = 0, the expectation of the number of particles is easily shown to be conserved.
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(Formally, one can show this by going back to the Liouville operator and evaluating this

expectation using the commutation relations). This tells us that η = 0. We can us the

scaling relations above to get the rest. In particular, for d = 1

δ =
1

2
,

but β is the same as in higher dimensions

β = 1.

For higher dimensions, δ takes its “mean-field” value of 1, in the sense that this is what we

derived for the Wright-Fisher/Moran model in section 2.4. Figure (4.1) shows simulation

results for the time-dependent survival probability in the d = 1 Stepping-Stone model.

These results agree with the theoretical calculation of δ = 1
2
.

We should remark that the scaling relations above are definitely correct for d = 1, 3,

but in d = 2 one expects logarithmic corrections.
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Figure 4.1: Simulation results for the time-dependent survival probability for d = 1.
Shown are simulations for the N = 128 and 256 lattices which clearly show the t−1/2

dependence of the survival propability.



Chapter 5

Renormalization Group Analysis

5.1 Introduction.

A very significant advance in our understanding of critical phenomena occurred with the

advent of Renormalization Group (RG) . The basic ideas of the RG were introduced in a

series of papers by Ken Wilson and co-workers in the early 1970’s [65]. These ideas have

since taken hold in practically every avenue of theoretic physics and have changed the way

we understand and look at problems in many-body systems. Prior to the inception of the

RG picture, phenomenological assumption about the form of thermodynamic functions

near critical points lead to scaling laws, similar to those described at the end of the

previous chapter. RG theory not only justifies the scaling laws, it also provides a

framework to calculate the exponents in a systematic way, and for difficult problems that

defy exact results. RG techniques fall roughly into two classes. The first goes by the

name ‘k-space’ or ‘wave-vector shell’ Renormalization Group, and the second ‘real-space

renormalization’. In this thesis, we will use the wave-vector shell Renormalization Group

to analyze the Stepping-Stone model, and recover many of the results presented earlier,

but from a very different point of view.

The basic idea of the RG is fairly simple. One wishes to know how the model in

question behaves at large scales of both space and time. One constructs a series of trans-

formations on the model, First, by integrating out the small-scale, fast-time dynamics.

This is followed by a re-scaling of space and time. The parameters characterizing the

115
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model are thus modified and repeating this procedure generates a flow in the parameter

space of the model. The ultimate goal is to find fixed points of this transformation which

can be due to 1) the fact that the fluctuations have all averaged out at large scales, or

even more interesting, 2) the fluctuations have no characteristic scale and persist from

the micro-scale to the macro-scale. The latter possibility is the hallmark of critical be-

haviour. Fixed points corresponding to these critical points are unstable with respect

to one, or perhaps multiple parameters of the model and it is the linearized eigenvalues

of the RG flow that determin the critical exponents.

5.2 A Simple Example of Renormalization: The biased random walk.

In this section we will provide a simple illustration of Wilson’s wave-vector shell Renor-

malization Group.

The time-evolution operator for a random walk with diffusion constant D and bias α

in the x1-direction is given by

U
£
φ̄,φ

¤
= e−S[φ̄,φ], (5.1)

with action

S
£
φ̄,φ

¤
=

Z
dt

Z
ddr φ̄r(∂t −D∇2)φr − α

µ
∂φ̄r
∂x1

¶
φr.

In wave-vector space, one has

S
£
φ̄,φ

¤
=

Z
dtd̄ dk φ̄k(∂t +Dk

2)φk + ik1αφ̄kφk.

(Recall that d̄ ≡ d
2π
, so d̄ dk = ddk

(2π)d
).

Step 1: Separate the k integral in to “fast” and “slow” modes and integrate out

modes near the cutoff.

This resulting action is
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S
£
φ̄,φ

¤
= S<

£
φ̄,φ

¤
+ S>

£
φ̄,φ

¤
,

with

S<
£
φ̄,φ

¤
=

Z
dt

Z Λ/b

0

d̄ dk φ̄k(∂t +mk
2)φk + ik1αφ̄kφk, (5.2)

and

S>
£
φ̄,φ

¤
=

Z
dt

Z Λ

Λ/b

d̄ dk φ̄k(∂t +mk
2)φk + ik1αφ̄kφk.

Here b & 1 is our factor describing our wave-vector shell just below the cutoff. Now

we integrate out the “fast” modes. This is easy since the action, written in wave-vector

space, does not mix “fast” and “slow” modes and is of gaussian form. The integration

simply adds a multiplicative constant to the exponential in Eq. (5.1), and the resulting

action of the “slow” fields is simply what we had before in Eq. (5.2).

Step 2: Re-scale momenta and time.

As the objective is to end up with an action that looks the same as before, in partic-

ular, we want to restore the cutoff on wave-vector to its original value, so we let

ki → b−1ki,

and re-scale time by some as yet undetermined factor bz, i.e.

t→ bzt.

The resulting action for the “slow” fields becomes

S<
£
φ̄,φ

¤
=

Z
dt

Z Λ

0

d̄ dk b−dφ̄k(∂t + bz−2Dk2)φk + ibz−d−1αk1φ̄kφk.

Step 3: Re-scale Fields to find fixed-points of the transformation.
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To accomplish this we let

φ̄k → bpφ̄k

φk → bqφk,

and now look for values of the exponents z, p and q that produce a fixed point. It is im-

portant at this stage to point out the necessity of choosing independent re-scaling factors

for the φ̄k and φk fields. This is due to the fact that within both the creation/annihilation

formalism, and the response function or Fokker-Planck based field theory, most processes,

especially those that describe an interaction between diffusing particles (unlike the ones

considered in the present section, but see below) contribute two terms to the action that

have different numbers of creation operators, or equivalently φ̄ fields.

First we consider the term under the action integral with the time derivative,

dtd̄ dk ∂tφ̄kφk → bq+p−ddtd̄ dk ∂tφ̄kφk.

We need to keep this fixed so

p+ q = d.

Next we consider the diffusive and drift terms, which as a result of the above choice give

us new constants via the recursion relations

D0 = bz−2D (5.3)

and

α0 = bz−1α. (5.4)

From the recursion relations above, we find two different fixed point corresponding to

different choices of z. The choice z = 2 produces the ‘random walk’ fixed point, however,

the drift term grows like b at each iteration of the renormalization. In other words, this
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fixed point is unstable to drift. On the other hand, the choice z = 1 gives us the ‘Drift’

fixed point, for which the diffusion constant D flows to zero. This is naturally what we

expect for drift: at large length and time scales, the effective motion is rectilinear. Using

the terminology of the renormalization group, the drift term is relevant, with respect to

the random walk fixed point.

Albeit simple, this example illustrates some of the basic notions of the renormaliza-

tion group and provides a foundation upon which to generalize the procedure to more

complicated systems. With further analysis of the above RG flow, one could extract the

various exponents that characterize the random walk with and without drift, however

in a sense, the results are somewhat trivial given that these are exactly known, i.e the

propagators are easily derived due to the non-interacting character of the system.

5.3 Perturbations from the Random Walk Fixed Point.

It will be necessary for us to understand more complicated perturbations from the random

walk fixed point than considered above. In general, we cannot easily make the separation

into “slow” and “fast” fields as above–the resulting action will contain terms that mix

“slow” and “fast” modes. It will, however, be very instructive to consider the RG flow

for small perturbations from the random walk fixed point. In this manner we can study

the stability of the random walk fixed point. In the process, we will discover yet another

non-interacting fixed point of central importance in population-like systems.

5.3.1 n-particle to m-particle processes.

We start with a random walk action as discussed above, but omitting the drift term.

Suppose we add small perturbation corresponding to the stochastic process of going

from n-particles to m-particles. This contributes 2 terms to the action



Chapter 5. Renormalization Group Analysis 120

δS(2)m,n = um,n

Z
dt

Z Λ

d̄ dk1...d̄
dkm+n φ̄k1φ̄k2 ...φ̄kmφkm+1φkm+2...φkm+nδ

Ã
m+nX
i

ki

!
,

and

δS(2)m,n = −um,n
Z
dt

Z Λ

d̄ dk1...d̄
dk2n φ̄k1φ̄k2 ...φ̄knφkn+1φkn+2 ...φk2nδ

Ã
2nX
i

ki

!
.

Following the three steps outlined in the example of the preceding section, and requiring

that the term with the time-derivative be invariant under re-scaling, we have for the field

re-scaling factors

p+ q = d.

The random walk fixed point is accessed by choosing

z = 2.

For arbitrary p and q, the two terms will scale differently. Accordingly, we will denote the

two new coupling constants u
(1)
m,n and u

(2)
m,n. The resulting recursion relations describing

the growth (or decay) of the perturbations are

u(1)m,n = b2−(m+n−1)d+mp+nqum,n

u(2)m,n = b2−(2n−1)d+n(p+q)um,n

We can make both coupling constants behave in the same manner if we choose

p = d,

q = 0.

The result being u
(1)
m,n = u

(2)
m,n = u

0
m,n, and

u
0
m,n = b

2−(n−1)dum,n (5.5)

So the relevance of a perturbation from the random walk fixed point depends only on

the number of incoming φ fields.
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5.3.2 Relevance of independent decay and branching processes.

The simplest process to consider are those which have only one annihilation operator or

φ field, for example random decay (or death), and branching (or birth). Having only

one power of φ in the action means that these processes occur independently of other

particles. These processes are always relevant from random walk fixed point, as can be

seen by putting n = 1 in Eq. (5.5), which tells us that these terms grow as b2. One

could take z = 0 in the above RG procedure and find

D0 = b−2D

and

u0m,1 = um,1,

i.e. the diffusion constant D flows to zero. This type of fixed point is non-critical, which

is easy to see since it is stable to any perturbation (except, of course other terms with

n = 1, which are marginal).

5.3.3 Behavior of coagulation, or annihilation processes.

Next we consider processes such as coagulation (A+A→ A) or annihilation (A+A→ 0).

For example, the former would have a term in the Lagrangian

u
¡
φ̄r − φ̄2r

¢
φ2r. (5.6)

and would produce a RG flow u0 = b2−du, so these processes are irrelevant with respect

to the random walk fixed point for d > 2.

5.3.4 A paradox.

Higher order process (i.e. n ≥ 3) would all be irrelevant at d ≥ 2 and so one might

be tempted to conclude that the upper critical dimension dc = 2 for these models. The
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processes A + A → A and A + A → 0 have been quite well studied in the literature

where both exact results, RG arguments and simulations clearly establish that dc is in

fact equal to 2.

Perhaps the most pervasive critical behaviour known in non-equilibrium statistical

mechanics is that of directed percolation (DP), also known as Reggeon field theory in

particle physics. DP is quite easily formulated using the operator/path-integral tech-

niques discussed in this thesis. Its population model analog contains, in addition to

births and deaths, density-dependent mortality–or effectively decay, branching and a

coagulation term, all of which have been discussed above. So shall we conclude on the

basis of the above argument that dc = 2 for DP also? Unfortunately this is quite wrong.

DP has been quite well-studied in the literature and is found to have an upper critical

dimension dc = 4. This fact is well-established by the breakdown of perturbation theory

for d < 4 and non-so-transparent field-theoretic RG results.

It seems unfortunate that for DP, dc = 4 does not come out of the simple wave-vector

RG argument above. Is there something wrong with the theory or our argument? The

resolution of this ‘paradox’ is that our argument about the stability of the random walk

fixed point is in fact correct. What we have neglected, however, is the possibility of

another critical fixed point. It is with respect to this fixed point that dc = 4 for directed

percolation.

5.4 The Critical Branching Fixed Point.

In the preceding section we found that perturbations described by a single annihilation

operator or φ field were classified as ‘relevant’ with respect to the random walk fixed

point. Independent branching is described by such a term and therefore the random

walk fixed point is always (in arbitrary dimension) unstable to such a branching process.
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We should expect from our study of branching processes in appendix C to find another

fixed point corresponding to a branching random walk where the branching rate is equal

to the decay rate. The qualitative difference between a critical branching random walk

and the simple random walk is that the latter conserves the number of particles. In

terms of the spreading exponents introduced in the last section of chapter 3, the simple

random walk has a survival probability identically equal to 1, so both the exponent β

in Eq. (4.59) and the exponent δ in Eq. (4.56) are identically equal to 0. For the

critical branching process, however, we know from the exact results in appendix C (see

also section 2.4.2) that δ = 1 and β = 1. The mean number of particles in both models

is conserved so both have η = 0. Of course, in both cases these exponents are consistent

with the scaling laws in Eq. (4.61) and Eq. (4.63).

We will now explicitly find the RG fixed point corresponding to the critical branching

process and then consider perturbations as was done for the simple random walk above.

In addition to the random walk term, the action for the branching random walk has both

a decay term and a branching term, i.e.

S = SRW + SB + SD,

with

SRW =

Z
dt

Z
ddr φ̄r(∂t −D∇2)φr,

SB = γ

Z
dt

Z
ddr

¡
φ̄2rφr − φ̄rφr

¢
,

and

SD = λ

Z
dt

Z
ddr

¡
φr − φ̄rφr

¢
.

and the system is critical when γ = λ. It will be convenient to shift the φ̄r field by 1,by

defining the field eφr ≡ φ̄r − 1.
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Grassberger [43] has discussed this shift in the context of the creation-annihilation op-

erator formalism, showing that it corresponds to an alternative, but equally valid choice

of the scalar product. The resulting action becomes

SRW =

Z
dt

Z
ddr eφr(∂t −D∇2)φr,

SB + SD =

Z
dt

Z
ddr γeφ2rφr − (γ − λ) φ̄rφr,

At the critical point, therefore one finds only the γeφ2rφr term.
Perform the first two steps of the renormalization procedure, we find the recursion

relations

D0 = b2−zD,

and

γ0 = b2−2d+2p+qγ.

Once again we must have p+ q = d. We can keep both the diffusion constant D and the

branch rate γ fixed by the choices

q = 2,

p = d− 2,

z = 2.

Thus we have found the fixed point corresponding to the critical branching process.

5.4.1 Perturbations from the Critical Branching fixed point.

We now consider perturbations from the Critical Branching fixed point. Following our

standard procedure, we look at a perturbation due to a n-particle to m-particle process,

and find the coupling constant behaves under our renormalization procedure as
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u
0
m,n = b

2−(m+n−1)d+m(d−2)+2num,n. (5.7)

Let us first consider the coagulation, or density-dependent mortality term, whose coupling

constant we denote by u1,2. Recall that in the last section, this term was found relevant

for d < 2 with respect to the random walk fixed point, and thereby provided us with

something of a paradox given the well-known upper critical dimension of DP, dc = 4.

Using the above recursion relation, we see that

u
0
1,2 = b

4−du1,2,

confirming the upper critical dimension for DP.

In the next section, when we renormalize the stepping-stone model in the broken

symmetry state, the term corresponding to u1,2 will vanish at the critical point, thus will

not play a role in the critical behaviour. It will be necessary, however, to consider the

process with m = 2, n = 2. One finds

u
0
2,2 = b

2−du2,2.

Hence, models that fall into this category will have an upper critical dimension, dc = 2,

which agrees with the exact results presented in the last chapter.

5.5 The Gaussian Fixed Point.

Before we proceed to renormalize the stepping-stone model, there is one more “easy”

fixed point to consider. We shall need it when we consider renormalization of the

stepping stone model for the description of the steady-state critical behaviour obtained

as the mutation rate goes to zero. It is also important to consider since it represents a

convenient way to incorporate dynamics into equilibrium statistical mechanics and has

been thoroughly studied in the context of dynamical critical phenomena.[30][31][32]
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In equilibrium statistical mechanics one has a free-energy H, which for the present

context can be considered a functional of some field φr. The simplest way to add dynam-

ics to the static picture of equilibrium statistical mechanics is to postulate a Langevin

equation for φr
dφr
dt

=
δH [φr]

δφr
+ η (t) , (5.8)

where η (t) is a Gaussian noise term with auto-correlation

hη (t) η (t0)i = 2γδ (t− t0) .

Eq. (5.8) is also know as the time-dependent Landau-Ginzburg (TDLG) equation. The

action S, or dynamical functional corresponding to Eq. (5.8) is found by looking at the

equivalent Fokker-Planck equation, or using the response function method, and is given

by

S =

Z
dt

Z
ddr φ̄r

δH [φr]

δφr
− γφ̄2r. (5.9)

If we consider H to represent the Gaussian model, we have

H =
D

2
(∇φr)2 + r0φ2r, (5.10)

and the dynamical functional (e.g. from the response-function formalism) associated

with the TDLG equation above is

S =

Z
dt

Z
ddr φ̄r(∂t −D∇2)φr + r0φ

2
r,−γφ̄2r. (5.11)

Here r0 is proportional to the reduced temperature, and hence the critical point occurs

at r0 = 0. We note that the action in Eq. (5.11) can be viewed as a random walk action

with a “source” term. We now have to deal the this “source” term, φ̄2r. Setting n = 0 in

Eq. (5.5) shows that it is relevant with respect to the Random Walk fixed point in all

dimensions.
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Once again, one needs to find the appropriate field re-scaling exponents p and q to

produce the RG fixed point. One simply repeat the above arguments for the γφ̄2r term.

One finds the results

p =
d− 2
2
,

q =
d+ 2

2
.

5.5.1 Perturbations from the Gaussian Fixed Point.

Consider now the effect of our standard perturbation ∝ φ̄mr φnr on the RG flow near the
Gaussian fixed point. Using the above values for p and q, we find

u0m,n = b
2−d(m+n2 −1)+n−mum,n

To make further contact with equilibrium statistical mechanics, we consider the RG

flow arising from a φn+1r perturbation in H. The corresponding term in the dynamical

functional, would be ∝ φ̄rφnr . It is important to note here that within the context of equi-
librium statistical mechanics, except for the φ̄2r term that we have kept invariant under

the RG transformation, only terms with one power of φ̄r will appear in the dynamical

functional. This is evident from Eq. (5.9). The form of the noise term, ∝ φ̄2r, is the

result of a constant noise source (i.e. the noise is independent of φr). The term coming

from the free-energy H is given by φ̄r
δH[φr]
δφr

and only contains the explicit φ̄r since H [φr]

does not depend on any φ̄r. The coupling constant for a φ̄rφ
n
r term in S we denote by

un, flows as

u0n = b
1+n− 1

2
d(n−1)un

from the Gaussian fixed point. In particular, a φ4r term in H, which corresponds to a

φ̄rφ
3
r term in the action, flows as

u03 = b
4−du3.
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from the Gaussian fixed point. In a similar manner, a φ6r term in H, produces the flow

u05 = b
3−d
2 u5.

Both of these results are identical to the standard, non-dynamical RG theory of equilib-

rium statistical mechanics. (see, for example [37]).

Finally, in the following section, we will need to consider a term in the Lagrangian

proportional to φ̄2rφ
2
r. As mentioned above, this kind of term would never occur in the

equilibrium theory. Using the above results, this term scales as

u
0
2,2 = b

2−du2,2,

further confirming dc = 2, for the stepping stone model.

5.6 Summary of non-interacting fixed points.

In the preceding sections of this chapter, we went to great lengths to elaborate the

various non-interacting fixed points described by the creation/annihilation formalism or

alternatively the response-function/Fokker-Planck formalism. Our reasons for doing

this are twofold. First, this distinction has not always been appreciated or even made

in the literature. This is perhaps because all of these non-interacting models can

be called “gaussian” in a sense–the propagator is of gaussian form. Yet, as we have

discussed, each one describes different physics. Although they share some critical ex-

ponents (specifically, those describing the two-point correlation function), they differ in

other respects, for example, the survival exponents and conservation of particles. More

importantly, however, the distinctions we have elucidated above demonstrate both the

flexibility and breath of these operator/path-integral formalisms to describe the diverse

world of stochastic processes.



Chapter 5. Renormalization Group Analysis 129

Let us briefly summarize these fixed points and their stability within the RG picture.

First, we have the Random Walk fixed point. A prototypical model would be a random

walk (or collection of random walkers) with spontaneous decay. When the decay rate

vanishes, the number of particles (in contrast to the mean number or particles) is con-

served. The Random Walk fixed point is always (in arbitrary dimension) unstable to a

“branching term”. When the branching rate equals the decay rate, the relevant fixed

point becomes what we have named the Critical Branching Process fixed point. Only

the mean number of particles is conserved, and non-zero survival exponents are found.

Next we found that the Gaussian fixed point of the TDLG extension of the equilibrium

Gaussian model could be viewed as the inclusion of a “source” term to the Random Walk

Lagrangian. This term also is relevant in arbitrary dimension, with respect to the Ran-

domWalk fixed point, giving way to the Gaussian fixed point. Indeed, we have uncovered

a very interesting equivalence: fluctuations in the TDLG extension of dynamics to equi-

librium statistical field theory can be described as a source of spontaneously decaying

random walkers. In the Landau-Ginzburg model of equilibrium phase transitions, one

has a φ4r term in H and hence the walkers would also be interacting. In general, using

the random walker picture, the absolute number of walkers is not conserved. (We should

note, however, that it is possible to construct a free-energy in Eq. (5.8)that does conserve

the absolute number, by making the source term ∝ k2. This model is called “model B”
in the literature on dynamical critical phenomena [30][31]. It is quite straight-forward to

see that a term like this grows like bd from the Random Walk fixed point.)

Finally, we have evaluated the stability of these fixed points to perturbations due to

various interactions between particles. Some of these terms, like those found in directed

percolation or φ4-theory are relevant for d < 4, however, these term are not present

at the critical points of the Stepping-Stone model, nor do they get generated in the

renormalization procedure. We have discussed the terms that are present, finding them
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relevant for d < 2. In the next section, we will go beyond the perturbation analysis in

this section and explicitly find the non-trivial fixed points for d < 2 and show how they

give rise to “non-classical” critical exponents.

5.7 Renormalization of the Stepping-Stone Model.

Using the wave-vector shell RG introduced in the previous sections, we now proceed with

full renormalization of the Stepping-Stone Model. First we must distinguish between the

two different regimes of the model, already discussed in chapter 3. The first describes the

steady-state of the “neutral theory”, which occurs when selection is absent and becomes

critical as the mutation rate vanishes. Using the results of the last few sections, mere

inspection of the Lagrangian shows that the critical behavior for d ≥ 2 is controlled by
the Gaussian fixed point. On the other hand, for the description of the broken-symmetry

state we have a Lagrangian describing single new alleles, with vanishingly small selective

difference, propagating in a “sea” of the fixed allele. From the Langrangian of the

broken-symmetry state, we see that the critical behaviour for d ≥ 2 is controlled by the
Critical Branching Process fixed point. We also note that d = 2 is marginal for both

these situations, therefore one expects logarithmic corrections for d = 2 systems.

5.7.1 The Neutral Regime.

Here we follow the Wilson-like procedure [65][38] introduced in section 4.2. Because of

the similar diagrammatic expansions, the results of our renormalization group analysis

are somewhat similar to those of the diffusive annihilation (A + A → 0) and diffusive

coagulation (A+A→ A) models.[66][67] First, we employ the same procedure discussed

at the beginning of section 3.5 to get an action S from the Liouville operator for the

ECSS model given in Eq. (4.8). One again, the procedure is to introduce the fields
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(iω+Dk2+2µ)
v
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Figure 5.2: Vertices representing the Lagrangian of the Neutral regime

φ̄r (t) and φr (t) and write S as

S
£
φ̄,φ

¤
=

Z
dt

Z
ddr φ̄r (t) ∂tφ (t)r − L

£
φ̄r (t) ,φr (t)

¤
,

where L
£
φ̄r (t) ,φr (t)

¤
obtained from L £a†r, ar¤ by replacing the a†r and ar operators of

L with the fields φ̄r (t) and φr (t), respectively. The resulting action reads,

S
£
φ̄,φ

¤
=

Z
d̄ω

Z Λ

d̄ dk
¡
iω +Dk2 + 2µ

¢
φ̄k,ωφk,ω (5.12)

+v

Z
d̄ω

Z Λ

d̄ dk φ̄k,ωφ̄−k,−ω

−u
Z
d̄ω1d̄ω2d̄ ε

Z Λ

d̄ dk1d̄
dk2d̄

dqφ̄k1,ω1φ̄k2,ω2φk1+q,ω1+εφk2−q,ω2−ε,

which can be represent graphically as the edges and vertices in Figure (5.2). In the

previous chapter, we had

u = v = (2n)−1 .

In the bare model, they are identical, and our choice of time measured in generations

made them equal to 1. For the present purposes, we need to distinguish between them

to allow for the possibility of distinct RG flows. The separation of fields into “fast” and

“slow” modes results in a term that mixes the two and hence the integration over the

“fast” modes produces additional contributions to the renormalized coupling constants.

We must use our knowledge of field theory to evaluate these contributions–the net
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Figure 5.3: Bubble diagrams contributing to the renormalization of v (above) and u
(below).

result is precisely what we would arrive at from a standard perturbation expansion, with

the important exception that the wave-vector q in the “loop” integrals is restricted to

Λ/b ≤ |q| ≤ Λ.
The first important observation to make is that applying steps 1 and 2 of our RG

procedure to the Lagrangian in Eq. (5.12) or Figure (5.2) does not “renormalize” the

mutation rate µ. (Obviously, this is also the case for the standard perturbation expan-

sion.) So its behavior under the full RG transformation will be identical to its flow from

the Gaussian fixed point and grow as b2. Hence, we can forget about it for the rest of

the discussion. The second observation is that the RG procedure only can only generate

additional terms ∝ φ̄mφn, with n ≥ 2 and m ≥ 3. These terms are easily shown to be

irrelevant. This leaves us with only the two original terms and these have similar renor-

malizations, which we can perform to all orders by summing the “parquet” diagrams in

Figure (5.3), we have already seen in the previous chapter.

For the evaluation of the “bubble” integral, we can take the external wave-vector to be
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ω, k

−ω, −k

0, 0 0, 0

Λ/b<|k|<Λ

Figure 5.4: Diagram representing the 1-loop integral that contributes to the differential
RG recursion relation.

zero, see Figure (5.4). This is because any k-dependence generated in the renormalization

of u is easily show to be irrelevant. Furthermore, we only need to know the differential

recursion relation for u and v to find the RG fixed point and its associated eigenvalue.

We will show shortly that in the limit b = el → 1, diagrams with n loops proportional to

ln, therefore only the one-loop diagrams contribute to the differential recursion relation.

The net result of our analysis, is the recursion relations

u0 = b2−du
³
1− u

D
Id

´
,

v0 = v
³
1− u

D
Id

´
where

Id =

Z ∞

−∞
d̄ω

Z Λ

Λ/b

d̄ dk
1

ω2 + k4

=

Z Λ

Λ/b

d̄ dk
1

k2
.
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We have

Id =


1
π
b−1
Λ
, d = 1

1
πD
ln b, d = 2

1
πD
Λb−1

b
, d = 3

We now define l through el ≡ b. In the limit l→ 0, b ' 1 + l and we have

Id =


1
π
l
Λ
, d = 1

l
πD
, d = 2

1
πD
Λl, d = 3

.

As mentioned earlier, this tells us the diagrams with n loops are proportional to ln.

The differential recursion relations for d = 1 read

du

dl
= u− u2

DπΛ
,

dv

dl
= − uv

DπΛ
.

These equations have the non-trivial fixed point

u∗ = DπΛ,

v∗ = 0.

For d = 2, the recursion relations are

du

dl
= − u

2

πD
,

dv

dl
= − uv

Dπ
.

These solution to these equations is

u (l) = u0

³
1 +

u0
Dπ

l
´−1

,

v (l) = v0
³
1 +

u0
Dπ

l
´−1

.
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Now the only fixed point is at u∗ = v∗ = 0.

For d = 3, the differential recursion relations are, once again, qualitatively different,

du

dl
= −u− u2

πD
,

dv

dl
= − uv

Dπ
.

The somewhat surprising result is a line of fixed points with u∗ = 0 and v dependent on

the initial values.

The RG flow for all of the above is plotted in Figure (5.5). At first sight the result

for d = 3 might seem somewhat strange but a moment’s reflection tells us that this is in

complete harmony with the exact results from the previous chapter. For d = 2 and 3, we

see that the u-term representing the interaction is irrelevant. This term is responsible for

the anomalous decay of the two-point correlation function in d = 1. For d = 1 and 2, we

see that the v-term, which loosely speaking is the ‘source term’ for the fluctuations, flows

to zero at large length and time scales. This reflects an absence of fluctuations in the

steady-state and is precisely what happens in the absorbing state of fixation that occurs

in d = 1 and 2, where as we have argued the symmetry is spontaneously broken. For

d = 3, v remains finite and the effective description a large scales is that of the Gaussian

model.

5.7.2 The Broken-Symmetry State.

We now follow a similar procedure and apply the RG to the action that describes prop-

agation of single, new mutant alleles. We re-write the action from Eq. (4.53) here,

making the parameters of the model explicit by introducing the constant u as was done

in the previous sub-section,
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d=1

d=2

d=3

u* u

u

u

v

v

v

a)

b)

c)

Figure 5.5: Renormalization group flow for the neutral theory. Top: The flow for d = 1
shows the non-trivial fixed point at u∗ = DπΛ. Top and Centre: v flows to zero for d = 1
and 2 and indicates that the absorbing state is eventually reached. Centre and Bottom:
u flows to zero but v reaches a line of fixed points that correspond to the Gaussian model.
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S
£
φ̄,φ

¤
=

Z
d̄ω

Z Λ

d̄ dk
¡
iω +Dk2 + su

¢
φ̄k,ωφk,ω

+su

Z
d̄ωd̄ ε

Z Λ

d̄ dkd̄ dq φ̄k,ωφk−q,ω−εφq,ε

+
u

2n

Z
d̄ωd̄ ε

Z Λ

d̄ dkd̄ dq φ̄k,ωφ̄k−q,ω−εφq,ε

− u

2n

Z
d̄ω1d̄ω2d̄ εd̄

dkd̄ dk2d̄
dqφ̄k1,ω1φ̄k2,ω2φk1+q,ω1+εφk2−q,ω2−ε

Once again, we can graphically represent this action using the vertices and edges of

Figure (4.3). Using the same arguments as above, we find the recursion relations

s0 = b2s
³
1− u

D
Id
´
,

u0 = b2−du
³
1− u

D
Id
´
,

with Id the same as above.

For d = 1, we have the differential recursion relations

ds

dl
= 2s− su

πDΛ
,

du

dl
= u− u2

πDΛ
.

These have the non-trivial fixed point s∗ = 0, u∗ = DπΛ.

For d = 2, the RG flow is

ds0

dl
= 2s− us

πD
,

du0

dl
= − u

2

πD
,

and the only fixed point is at s∗ = 0, u∗ = 0.

For d = 3, we find

ds0

dl
= 2s− 1

2

suΛ

πD
,
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du0

dl
= −u− 1

2

u2Λ

πD
,

and like the previous result, the only fixed point is at s∗ = 0, u∗ = 0 .

The RG flow for this regime of the Stepping-Stone model, and for d = 1 and 2 is

shown in Figure (??). The flow for d = 3 is qualitatively similar to that for d = 2. These

results also correspond nicely to what we found in the previous chapter, namely, that the

behavior of the model is qualitatively different for d = 1.

5.8 Determining critical exponents from RG eigenvalues.

In the previous section, we deduced the RG flow and found non-trivial fixed point for

d = 1. Here we show how this result can be used to find v, the relaxation time exponent

calculated in the previous chapter.

Recall that the relaxation time τ is a divergent function of s,

τ = τ (s) ∼ s−ν. (5.13)

. Under a renormalization transformation parametrized by b, time and hence τ gets

re-scaled by bz. On the other hand, the RG analysis above also tells us how s gets

re-scaled. This allows us to write

τ (s) = bzτ (sbys) , (5.14)

where ys is the eigenvalue coming from the linearized RG flow near the non-trivial fixed

point u∗. (At the Critical Branching fixed point, ys = 2). We are free to choose b, and

making the choice b = s−1/ys results in the relation

τ (s) = b−z/ysτ (1) , (5.15)

and so we see that

ν =
z

ys
. (5.16)
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u

u

s

s

u*

d=1

d=2

Figure 5.6: RG flow for the broken symmetry state. Top: For d = 1, the linearized RG
flow around u∗ determines the critical exponent ν = 2.
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We have related an eigenvalue of the RG to a critical exponent. The RG we performed

in the previous section had z = 2. For the non-trivial fixed point, ys is determined from

the eigenvalues of the matrix

M =

 ∂s0(u,s)
∂s

∂s0(u,s)
∂u

∂u0(u,s)
∂s

∂u0(u,s)
∂u


s=s∗,u=u∗

, (5.17)

where s0 (u, s) = ds/dl, u0 (u, s) = du/dl. One finds

M =

 1 0

0 −1

 , (5.18)

therefore ys = 1, and hence

ν = 2, (5.19)

in complete agreement with the calculation of chapter 4.



Chapter 6

Summary of Results and Conclusions

6.1 The Wright-Fisher and Moran Models.

In chapter 3 we introduced the Wright-Fisher Model, which for large population size

is described by a Fokker-Planck equation with a heterogeneous diffusion term. We

also introduced Moran’s model, formulated using a master equation, and used a system

size expansion to show that for large population size it obeys the same Fokker-Planck

equation. For all intensive purposes, therefore, the Moran model is identical to the

Wright-Fisher model. By examing the Fokker-Planck equation from the point of view of

the effective potential, we showed that both the steady-state and dynamical behaviour

were qualitatively different, depending on the value of 2Nµ, where N is the population

size and µ is the mutation rate. We also showed that for 2Nµ ¿ 1, the mean-field

picture that results from ignoring the fluctuations becomes irrelevant. This observation

is the basis of Kimura’s Neutral Theory[8]. When there is no selective advantage of one

allele relative to the other, and when the mutation rate vanishes, the eventual fixation

of the population to one of the two equivalent absorbing states was shown to be an

example of what is termed in statistical physics, a “spontaneously broken symmetry”.

Broken symmetry in the Wright-Fisher model was also shown to be associated with

a kind of critical behaviour, that of the branching process. In contrast to the familiar

examples in statistical physics, however, the critical behaviour in the Wright-Fisher model

is accompanied by a discontinuous jump of the order parameter. Although we presented

141
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no new results for the Wright-Fisher-Moran model, a review of the main features of this

model from perhaps a slightly different point of view than is discussed in the population

genetics literature was necessary in preparation for our analysis of the Stepping-Stone

model.

6.2 The Stepping-Stone Model.

The main results of this thesis were exact calculations for steady-state and dynamical

properties of the Stepping-Stone model. We examined two regimes of the model: the

neutral regime and the broken symmetry state.

6.2.1 The neutral regime.

In the neutral regime there is no selective advantage of one allele over the other, and for

non-zero mutatation rate, a steady state is achieved that is characterized by the correla-

tion length and the fixation index FST . The fixation index is the two-point correlation

function evaluated at vanishing separation of the field that relates the difference between

frequencies of the two alleles. In other words, FST is the variance of the frequency differ-

ence averaged over the sub-populations. When the mutation rate becomes vanishingly

small, the correlation length diverges for all spatial dimensions d, but FST → 1 only

for d ≤ 2. This indicates a broken symmetry of the type found in the Wright-Fisher

model. The asymptotics of FST , including its time-dependence, were explicitly shown to

be related to the return probability of a random walk and are also indicative of critical

behaviour. However, for d > 2, the critical behaviour is not associated with symmetry

breaking.

The above results for Stepping-Stone model are reminiscent of the Voter model, where

“consensus” is reached for infinite lattices with d ≤ 2 and is also a consequence of the
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eventual return of the random walk[68]. In contrast to the Stepping-Stone model, FST

is identically 1 in the Voter model since the site variable consists of a “spin”, σ = ±1.
The fixation index FST is actually measured in natural populations (see ch.5 of [69] and

references therein). Therefore the Voter model is of limited use for population genetics.

Exact results have been given for the dynamics of reactive interfaces in the Voter model

that are in rough agreement with our results, in that logarithmic behaviour is observed

in d = 2[70][71]. My results are also similar to those found by Sawyer[3] and Nagalaki[4]

for the infinite alleles verions of the Stepping-Stone model and were discussed in section

4.4.2.

Most measurements of FST for natural populations are interpreted using Wright’s

formula from his “Island model”, a model with infinite range migration[58]. The results

I have found for the steady-state value of FST for the Stepping-Stone model suggest that

this may not be appropriate for large population size and d ≤ 2. I should point out

that natural populations with d > 2 are quite unrealistic. The results of Eq. (4.33) are

presented here using the genetics convention for a population size of 2N ,

FST =


1

1+2n
√
mµ
, d = 1

1

1+8πmn/ ln( m2µ)
, d = 2

1
1+4π2nm

, d = 3

(6.1)

and are to be compared with the result from the Island model,

FST =
1

1 + 4nm
. (6.2)

in Wright’s Island model. Only for d = 3 do the results qualitatively agree. In the

limit of vanishing mutation rate µ, the results for d ≤ 2 are quite different. One should
also be careful in applying these results to d = 2 populations for very small µ, due

to the extremely slow logarithmic relaxation of FST near the critical point. A final
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point concerning FST and long-range migration is also in order. Long-range migration,

for example Levý flights, will push the critical dimension for symmetry breaking lower

than d = 2. (The infinite range migration of the Island model is an extreme limit

where symmetry is not broken even for d = 1). Therefore one should expect long-range

migration to have a very strong effect on FST for two-dimensional populations. In other

words, species with long-range migration should exhibit greater polymorphism than those

with finite-range migration.

6.2.2 The broken symmetry state.

I have calculated the relaxation time τ for long-wavelength perturbations due to rare,

new mutant alleles with selective disadvantage s. The relaxation time τ diverges with s,

τ ∼ s−ν . (6.3)

The exponent ν characterizing the divergence of τ with s is identical to the non-spatial

result ν = 1 for d ≥ 2. For d = 1, however ν = 2. For small selective advantage, τ

in the Stepping-Stone model is higher than that of the non-spatial Wright-Fisher model,

the result of a “screening” of selective advantage due to the spatial structure of the

population. The shift of τ is finite for d = 3, logarithmically dependent on s for d = 2,

and very different for d = 1 as indicated by exponent ν = 2 in Eq. (6.3).

Other critical exponents describing the spread of new alleles at the critical point s = 0

were easily obtained and found to be equal to their random walk counterparts. Scaling

arguments were used to find the asymptotic behaviour of the survival probability PS (t)

of the cascade of new neutral alleles. For d = 1 the non-classical value of v leads to the

result

PS (t) ∼ t−1/2,
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while for d ≥ 2, the asymptotic behaviour of PS (t) is that of a critical branching process,

PS (t) ∼ t−1.

Although the relaxation time and survival probability are characterized by non-classical

exponents for d = 1, the ultimate survival probability P∞ = limt→∞ PS (t), or fixation

probability for alleles with a selective advantage s0 grows as

P∞ ∼ (s0)β , (6.4)

with β = 1 for all dimensions. This “classical” value of β describes the fixation proba-

bility in the Wright-Fisher model as well as the ultimate survival probability for super-

critical branching processes. One can summarize these results: Selectively disadvanta-

geous new alleles tend to last longer and selectively advantageous alleles tend to take

longer to reach fixation, and much more for d = 1 populations, but the fixation probabil-

ity scales the same in all dimensions as well as in the non-spatial model. Unfortunately,

I was unable to calculate the much desired prefactor in Eq. (6.4). To remind the reader,

in the Wright-Fisher model P∞ ' 2s for small s and large population size[54][52]. This
would be a nice factor to know as the fixation probability is a key ingredient to Kimura’s

neutral theory.

6.3 Renormalization Group For Reaction-Diffusion and Related Stochastic

Processes.

In preparation for the renormalization group analysis of the Stepping-Stone model, a

good deal of effort was spent examining the general structure of the functional integral

description of stochastic processes. The complexity of this elegant description, from the

point of view of the renormalization group, manisfested itself in the existence of several

non-interacting fixed points. This fact has not been appreciated or even noticed in
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the literature concerning the application of renormalization group methods to spatially-

distributed stochastic models. The need for this distinction between non-interacting

fixed points of the RG may be due to the specific wave-vector shell renormalization used

by the author and therefore may not be necessary for others type of renormalization group

approaches, e.g. real-space RG[72], field-theoretic RG[33], operator-product expansion

RG[32] or “dynamic RG”[73]. On the other hand, understanding the structure of the

general theory aids the application of RG methods to not only the Stepping-Stone model,

but other more complicated population and reaction-diffusion models that defy exact

results.

6.3.1 Renormalization to all orders.

Here I reiterate my argument of chapter 5 that the renormalization group analysis for

the Stepping-Stone model is valid to all orders of perturbation theory and therefore

represents a novel, exact application of the renormalization group . This is contrasted

with the usual situation in which the RG is an expansion in ε = dc − d. The reason for
this is the existence of a small parameter, s that cuts off a large number of diagrams at

the critical point s = 0. These diagrams are generated from the sφ̄φ2 term represented

by the vertex in the bottom left of Figure (4.3). For example, in the model of directed

percolation this vertex is non-zero at the critical point and hence the differential RG flow

obtained by including only one loop diagrams is only valid for small ε = dc − d.

6.3.2 Modern Theory of Stochastic Processes.

In addition to finding exact results for the Stepping-Stone model, I have decribed the

synthesis of several theoretical formalisms of stochastic processes. These ranged from

the classical Fokker-Planck and Langevin equations to the more modern description using

operators and path integrals. Using Moran’s model and the Stepping-Stone model, I
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demonstrated the equivalence of the several of these approaches. Hopefully this exercise

will further clarify the extension of these formalisms to more complicated models.
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Appendix A

Random Walks on the Linear, Square and Cubic Lattices.

A.1 Random Walk Green’s Functions.

In this appendix, we calculate the Green’s function and return probability for continuous

time random walks. Most treatments of random walks in the mathematical physics

literature deal with discrete time random walks, and even though these have similar

asymptotics, there are some subtle differences to continuous time walks. We need the

properties of continuous random walks for the analysis of the Stepping-Stone model in

chapter 4.

Written in terms of creation-annihilation operators, a random walk on a lattice is

described by the Liouville operator

L = α
X
r

X
e

a†r+ear + a
†
r−ear − 2a†rar. (A.1)

For hypercubic lattices, r =
Pd

i niei, and the lattice vector ei is simply l times the unit

vector in the ith direction. Here α is the migration rate or jump rate. We identify the α

in Eq. (A.1) with D/l2, so that in the continuum limit D becomes the diffusion constant.

We will consider a lattice with a total number of sites N =
Qd
i Ni and assume periodic

boundary conditions. We will also take N1 = N2 = ... = L.

Fourier transforming to wave-vector space using

ar = N
−1/2P

k

ake
ik·r, a†r = N

−1/2P
k

c†ke
−ik·r , (A.2)

in which , k =
Pd

i
mibi
Ni
, with |bi| = 2π

l
, one finds
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L= −α
X
k

ωka
†
kak, (A.3)

where

ωk =
X
e

¡
2− eik·e − e−ik·e¢ . (A.4)

On hypercubic lattices in d dimensions,

ωk = 4
dX
j=1

sin2
kjl

2
, (A.5)

For small kl, ωk ' k2l2, so in the continuum limit

L/D= − 1

(2π)d

Z
k2a†kakdk, (A.6)

The Heisenberg equations don’t couple higher order operators,

dak
dt

= [ak,L] = −αωkak (A.7)

da†k
dt

=
h
a†k,L

i
= αωka

†
k (A.8)

So

ak (t) = ak (0) e
−αωkt, (A.9)

a†k (t) = a†k (0) e
αωkt.

Thus the propagator, in wave-vector space is

Gα (k,tf − ti) =
D
S
¯̄̄
ak (tf) a

†
k (ti)

¯̄̄
0
E
, (A.10)

=
D
S
¯̄̄
ak (0) a

†
k (0) e

−αωk(tf−ti)
¯̄̄
0
E
,

= e−αωk(tf−ti)
D
S
¯̄̄
ak (0) a

†
k (0)

¯̄̄
0
E
,

= e−αωk(tf−ti)
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Now we Fourier transform back to get

Gα (r,t) =
1

N

X
k

e−αωkt+ik·r. (A.11)

Written in terms of indices,

Gα ({n} ,t) =
1

N

dY
j=1

LX
mj=0

exp
¡−αωkj t¢ exp³2πmjnj

L

´
, (A.12)

=
1

N

dY
j=1

LX
mj=0

exp
³
−4αt sin2 πmj

L

´
exp

³
i2π
mjnj
L

´
,

=
e−2αt

N

dY
j=1

LX
mj=0

exp

µ
2αt cos

2πmj

L

¶
exp

³
i2π

mjnj
L

´
.

The random walk on the infinite lattice corresponds to the limit as L→∞. The multiple
sum becomes a multiple integral by introduction of the angles θj =

2πmj

L
, with dθj =

2π
L
.

Then

Gα ({n} ,t) =
1

(2π)d

dY
j=1

Z 2π

0

dθj exp
¡−4αt sin2 θ/2¢ exp (injθ) dθj , (A.13)

=
e−2αt

(2π)d

dY
j=1

Z 2π

0

dθj exp (2αt cos θ) exp (injθ) dθj.

Recalling the integral representation of the modified Bessel function of the first kind

In (x) =
1

2π

Z 2π

0

einθex cos θdθ, (A.14)

one has

Gα ({n} ,t) = e−2dαt
dY
j=1

Inj (2αt) , (A.15)

In (x) =
1

2π

Z 2π

0

einθex cos θdθ (A.16)

First we note that at any time Gα (r,t) is normalized to 1. This follows from the identities

ez = I0 (z) + 2I1 (z) + 2I2 (z) + ..., (A.17)
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and

In (z) = I−n (z) . (A.18)

We also see for large r and t, the anticipated result for the diffusion propagator

GD (r,t) ' (4πtD)−d/2 exp
¡−r2/4tD¢ , (A.19)

which follows from the asymptotic properties of the modified Bessel function.

A.2 Relation of the first-passage time to the Green’s function.

Using the Green’s function of a continuous-time random walk, Gα (r,t) gives the prob-

ability of finding a random walker at the lattice site r at time t, given that the walker

started at the origin at t = 0. Since this is not necessarily the first visit to r, we define

the first-passage time distribution Fα (r,t) dt, as the probability that the walker reaches

r for the first time in the interval [t, t+ dt].

The probability of eventually reaching the origin, or the return probability,is obtained

by integrating the first-passage time,

Q (0) =

Z ∞

0

Fα (0,t) dt. (A.20)

We need to relate Fα (r,t) to the Green’s function Gα (r,t) . To do this we note that if

the walker is a point r at time t, it must have been there for the first time at some t0 < t.

Therefore, one has the convolution

Gα (r,t) =

Z t

0

Gα (0,t− t0)Fα (r,t0) dt0, (A.21)

which is valid for r 6= 0. For r = 0, we must add a term for the probability P (t) that

the walker has never left r = 0, i.e.

Gα (r,t) = P (t) δr +

Z t

0

Gα (0,t− t0)Fα (r,t0) dt0, (A.22)
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Taking the Laplace Transform of Eq. (A.22) for r = 0 results in

eFα (0,s) = 1− eP (s)
G̃α (0,s)

(A.23)

And since Q (0) = eFα (0,s),
Q (0) = 1−

eP (0)
G̃α (0,0)

. (A.24)

For the Markovian random walks considered in the previous section, the time interval

between successive jumps is exponentially distributed with the characteristic time αz,

where z is the number of nearest neighbors and equal to 2d for hypercubic lattices con-

sidered here. The probability of never leaving the origin is therefore

P (t) = e−2αdt, (A.25)

and its Laplace transform eP (s) = 1

s+ 2αd
(A.26)

The result for Q (0) is then

Q (0) = 1− 1

2αdG̃α (0,0)
(A.27)

Under a change of time scale, or equivalently, α→ bα, the Laplace transform behaves as

G̃bα (0,s) = b
−1G̃α (0,s/b) , (A.28)

Taking b−1 = 2αd, we can write for the return probability

Q (0) = 1− 1

G̃1/2d (0,0)
(A.29)

We see that the propagator for a random walk with rate (2d)−1 is quite special, so in

what follows we simply drop the subscript and refer to it and its Laplace transform as G

and G̃. The fundamental quantity G̃ (0,0), which is of course independent of the jump

rate, gives us the return probability through Eq. (A.29).
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A.3 The Critical Dimension of the Random Walk.

The return probability is unity only if the integral of the Green’s functionG (0,t) diverges.

The result (first proved by Polya for a random walk in discreet time) is that for d ≤ 2,
Q (0) = 1, but Q (0) = const for d > 2. We will recover this result for our continuous-

time random walks by explicitly calculating G̃ (0,0) below. So we see that d = 2 is special

for random walks.

A.4 Asymptotic Behaviour of the Random Walk Green’s Function Gα (0,t).

It is not difficult to explicitly calculate G̃α (0,s) in d = 1 and d = 2, for the linear and

square lattice, respectively. The case of d = 3 is a much harder integral but has been done

by Joyce. Nevertheless, we first show how one can extract the asymptotic dependence

of G̃α (0,s), for s → 0, in arbitrary dimension, without explicitly calculating the return

probability (for d > 2). This is accomplished by looking at the dependence of Gα (0,t)

for large t. It is independent of the particular choice of lattice, e.g. triangular, hexagonal,

f.c.c., and depends only on dimension d through

Gα (0,t) ∼ (αt)−d/2 . (A.30)

We also observes that for small t, Gα (0,t) is bounded, so any divergence from the integral

over t, comes from the large t part of the integral. So G̃α (0,0) diverges in d = 1 as

limT→∞ T 1/2, and in d = 2 as limT→∞ lnT , but approaches a constant C for d > 2.

The asymptotic behaviour of the Laplace transform of Gα (0,t) is obtained from so-

called ‘Abelian’ theorems and only depends on behaviour for large t given above. One



Appendix A. Random Walks on the Linear, Square and Cubic Lattices. 158

finds

G̃α (0,s) ∼


(4αs)−1/2 , d = 1
ln(4α/s)
8απ

, d = 2

C
6α
+ B

6α

p
s
6α
, d = 3

. (A.31)

The constant C in A.31 is of course related to the return probability by

C =
1

1−Q (0) . (A.32)

A.5 The Laplace Transform of Gα (0,t).

Above we defined G (r,t) as the propagator of a random walk with rate (2d)−1and found

that its time integral G̃ (0,0) was intimately related to the return probability of the

random walk. Here we explicitly calculate the Laplace transform G̃ (0,s) for hypercubic

lattices in d = 1, 2 and 3. A change of scale will then give us

G̃α (0,s) =
1

2dα
G̃
³
0,

s

2dα

´
,

From above,

G (0,t) = e−t [I0 (t/d)]
d

First one uses the integral representation of the modified Bessel function

I0 (z) =
1

2π

Z 2π

0

dθ ez cos θ, (A.33)

to obtain

G̃ (0,s) =

Z ∞

0

e−ste−tI0 (t/d) dt (A.34)

=
1

(2π)d

Z ∞

0

dt

Z 2π

0

ddθ exp

Ã
−t+ t

d

dX
i=1

cos θi − st
!

Integrating over t results in the multiple integral

G̃ (0,s) =
1

(2π)d

Z 2π

0

ddθ
1

s + 1− d−1Pd
i=1 cos θi

(A.35)
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A.5.1 The Linear Lattice.

For d = 1, we have

G̃ (0,s) =
1

2π

Z 2π

0

1

s+ 1− cos θdθ (A.36)

=
1p

s (s + 2)

The corresponding quantity for the random walk with rate α is

G̃α (0,s) =
1p

s (s+ 4α)
(A.37)

We see that for small s,

G̃α (0,s) ∼ (4αs)−1/2 . (A.38)

For large s,

G̃α (0,s) ∼ s−1, (A.39)

reflecting the fact that G̃α (0,s)→ 1 with slope 0 as t→ 0.

A.5.2 The Square Lattice.

For d = 2,

G̃ (0,s) =
1

4π2

Z 2π

0

Z 2π

0

1

s+ 1− 1
2
(cos θ1 − cos θ2)dθ1dθ2 (A.40)

=
1

2π

Z 2π

0

1q
(2s+ 2− cos θ2)2 − 1

dθ2

=
1

π (s+ 1)
K

µ
1

s+ 1

¶
,

where K (z) is the Complete Ellliptic Integral of the first kind, so

G̃α (0,s) =
1

π (s+ 4α)
K

µ
4α

s+ 4α

¶
, (A.41)
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For small s

G̃ (0,s) ∼ ln
³
2
√
2
´
/π + ln

¡
s−1
¢
/2π (A.42)

and hence

G̃α (0,s) ∼ (4απ)−1
µ
ln
³
2
√
2
´
+
1

2
ln (4α/s)

¶
(A.43)

A.5.3 The Cubic Lattice.

For d = 3, we have one of the three so-called ‘Watson integrals’

G̃ (0,s) =
1

8π3

Z 2π

0

Z 2π

0

Z 2π

0

1

s+ 1− 1
3
(cos θ1 − cos θ2 − cos θ3)dθ1dθ2dθ3 (A.44)

The other two ‘Watson integrals’ give the corresponding random walk propagator for the

body centered and face centered cubic lattices. These integrals originally were derived

to analyze the discreet time random walk, but as we have found, also pertain to the

continuous time random walk discussed in this thesis. A closed form expressions for this

integral has been given by Joyce [74],

G̃ (0,s) =
4

π2
1

s+ 1

q
1− 3

4
x1

1− x1 K (k+)K (k−) , (A.45)

with

k2± =
1

2
± 1
4
x2
√
4− x2 − 1

4
(2− x2)

√
1− x2 (A.46)

and

x1 =
(s+ 1)2 + 1

3
− 1

3

p
s (3s+ 2) (3s+ 4) (s+ 2)

2 (s+ 1)2
, (A.47)

x2 =
x1

x1 − 1
For small s,

G̃ (0,s) ∼ C +B√s,
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where

C =
6
√
2

π2
K

Ãr
1

2
− 1
2

√
6−

√
3

!
K

Ãr
1

2
+
1

2

√
6−

√
3

!
(A.48)

= 1. 516 386059

and

B =
3

2
C = 2.2745790885 (A.49)

Then for d = 3 and small s , we have

G̃α (0,s) ∼ C

6α
+B

r
s

63α3
, (A.50)



Appendix B

Computer Simulations

This appendix provides additional details on the computer simulations presented in chap-

ter 3 and 4. These simulations were written using C++ and compiled for the Windows,

Unix and Linux operating systems.

B.1 Stochastic Differential Equations.

Stochastic differential equations (s.d.e.’s) are easily simulated on the computer using

techniques similar to those developed for integration of ordinary differential equations

(o.d.e.’s). The only complications involve questions of accuracy and efficiency. The

simulations in Figure (3.5) were produced using a method of second-order accuracy de-

scribed by Milshtein.[75].

B.2 Continuous-time Reaction Diffusion Processes.

For simulations of the Stepping-Stone model, a C++ library for the simulation of continu-

ous time reaction-diffusion processes was developed by the author. This library consists of

classes representing various fundamental reaction processes (for example A+B → A+A,

A + B → B + B, A → A + A and B → 0), in addition to random walk processes

(Ar → Ar+e), and exchange processes (Ar + Br+e → Ar+e + Br). Not all of these pro-

cesses were necessary for the Stepping-Stone model, however, the library was designed in

such a way that programs for the simulation of other lattice reaction-diffusion processes
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could easily be implemented without rewriting the core code. We will not present all of

the details of the class library in this appendix. Instead, we will point out the important

differences of our simulations for continuous time reaction-diffusion models with those

commonly used in statistical physics. The main differences are two-fold.

First of all, most simulations in the literature use a spin-like variable at each site

which has at most several possible values. The theoretical formulation of birth-death type

processes we use is the occupation number formalism, which describes classical “Bosons”.

By this we mean that there can be an arbitrary number at each site. Therefore we need

simulations where the site variable is an integer, and more importantly, not fixed to a

particular value. Two-species models have two integers for site variables. Furthermore,

the fundamental processes divide naturally into two classes: those that are purely on-

site–the reaction processes, and those that couple sites–diffusion and exchange.

The second major difference involves time. In the standard Monte-Carlo method,

time is discrete and measured in steps. At each step, one tries to change the configu-

ration according to some allowed “rules”. The new configuration is either accepted or

discarded according to probabilities that depend on the difference of the new configu-

ration with the old configuration. For example, when simulating equilibrium systems

like the Ising model, at each step a site is selected and the spin is flipped. If the new

configuration has a lower energy (∆E < 0), it is accepted. If it has a higher energy

(∆E < 0), it is accepted with a probability e−∆E/kbT . Once again, we strive to make the

simulation fit the theoretical description, which is for continuous time Markov processes

where the “event” times are exponentially distributed with a characteristic time for each

event that depends on the local configuration. Using the Monte-Carlo method, events

cannot happen simultaneously. Furthermore, the Monte-Carlo method is inefficient for

simulations near a critical point where ‘critical slowing down’ makes the rejection rate

extremely high. In reaction-diffusion models, the critical point is often associated with
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an absorbing state, so using the Monte-Carlo method is wasteful because “dead” sites

are still picked at random and rejected. For these reasons, a technique was developed

for the simulation of continuous time processes.

The main idea for the simulation engine, was to keep track of the next event for each

site. The simulation is first initialized by iterating through the lattice, site by site, and

picking an allowed event from set of the fundamental processes that specify the model.

The occurence time of the event is also recorded and the times of the events from all the

sites are sorted. After this is completed, the simulation begins by executing the earliest

timed event. This event changes the configuration of its associated site, in addition to

connected sites, depending on the nature of the event. A new event is generated for this

site as well as those coupled to it. The times are again sorted and the procedure is

iterated.

The reordering of times, especially for the whole lattice seems somewhat inefficient:

the time cost in sorting an unsorted collection of N items grows as O (N2) . The solution

is to use a “heap”, or “priority queue” to maintain the items such that the earliest time

is on top. A heap is a special type of binary tree that maintains a set of elements under

the operations of inserting new elements and extracting the smallest element[76]. The

worst case initial sort using a heap is O (N logN) , but more importantly, the operation

of removing the smallest, inserting a new element and reordering the tree requires a

time cost of O (logN) . This provides an efficient way to implement the continuous time

simulations. For this purpose, a class known as a “dynamic priority que” was developed

as the core component of the simulation engine.



Appendix C

The Branching Process

The branching process is perhaps the simplest stochastic birth-death process, however, it

is necessary to understand its properties, especially its critical behaviour. This reason is

that many critical points in stochastic population models behave as a critical branching

processes in the thermodynamic or large system size limit. A even more compelling

motivation is that the critical points of spatial versions of these models above their

upper critical dimension exhibit the same critical exponents as the simple branching

process. Thus, the RG fixed point corresponding to the critical branching process

plays the same role in these transitions as does the Gaussian fixed point in equilibrium

statistical mechanics.

C.1 The model.

Consider a system of ‘A’-particles or individuals subject to the Poisson-distributed ran-

dom events

Death : A→ 0 rate λ

Birth : A→ 2A rate γ

The state of zero individuals is an absorbing state, so the system hits this state it stays

there.
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The corresponding master equation is

∂Pn (t)

∂t
= γ (n− 1)Pn−1 (t) + λ (n+ 1)Pn+1 (t)− (λ+ γ)nPn (t) (C.1)

Suppose we start with one individual at t = 0. We’d like to know something about

the sizes and durations of the resulting cascades. The interesting quantities therefore are

1. The survival probability.

PS (t) = 1− P0 (t) ,

or the number of cascades (or “avalanches”) lasting longer than time t, and in particular,

its asymptotic value

P∞ = lim
t→∞

Ps (t)

2. Cumulative size distribution n (s), the number of cascades larger than size s, or

the probability that a cascade involves at least s individuals.

One finds critical behaviour when ∆ ≡ γ − λ = 0, i.e. all of these quantities behave
as power laws

PS (t) ∼ t−δ

P∞ ∼ ∆θ

n (s) ∼ s−α

C.2 Survival probability.

The survival probability can be found by using the generating function

z (z, t) =
∞X
n=0

Pn (t) z
n (C.2)
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From the generating function, we can find the moments by taking derivative w.r.t z and

then setting z = 1 . For example

hni = ∂z(z)
dz

¯̄̄̄
z=1

and 
n2
®− hni = ∂2z(z)

dz2

¯̄̄̄
z=1

often the moments

φm = hn(n− 1)(n− 2) · · · (n−m+ 1)i = ∂mz(z)
dzm

¯̄̄̄
z=1

(C.3)

are referred to as ‘factorial’ moments.

From the factorial moments, one can always get back the probabilities

Pn =
1

n!

∞X
m=n

(−1)k
m!

φm (C.4)

We can use Eq. (C.1) to obtain an equation for the generating function for this

birth-death process. By multiplying by zn and summing over n, one finds

∂z (z, t)
∂t

= (z − 1) (γz − λ) ∂z (z, t)
∂z

(C.5)

This can be solved using the method of characteristics.

C.2.1 The method of characteristics.

Let [z (τ ) , t (τ)] be some curve in the (z, t) plane. The change in z along this curve is

dz
dτ

=
∂z
∂t

dt

dτ
+
∂z
∂z

dz

dτ
(C.6)

We want to choose a curve such thatµ
dz

dτ

¶
/

µ
dt

dτ

¶
= − (z − 1) (γz − λ)
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Eq. (C.5) implies z (z, t) is constant along this characteristic. Integrating

dz

dt
= − (z − 1) (γz − λ)

we find

C =
z − 1
γz − λe

(γ−λ)t

where C is some constant of the curve z (t). Then z (z, t) must be some function of C.If

we consider initial conditions such that at t = 0, the number of individuals was exactly

m, or Pn (0) = δn,m, we have

z (z, 0) = zm

One finds the solution

z (z, t) =
·
e(λ−β)t (γz − λ) + λ (1− z)
e(λ−β)t (γz − λ) + γ (1− z)

¸m
(C.7)

This complicated looking expression tells us everything we need to know about this birth

death process. Expanding in a power series, we can find Pn (t). The survival probability

is

PS (t) =
λ− γ

e(λ−γ)tλ− γ (C.8)

For γ < λ,

P∞ = 0

the population becomes extinct. For λ < γ

P∞ = 1− λ
γ

(C.9)

=
∆

γ
(C.10)

For the critical case, λ = γ, one finds

PS (t) =
1

1 + γt
(C.11)
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The result for the critical point can also be found by solving the (factorial) moment

equations. Using Eq. (C.3), one can show that

dφm (t)

dt
=

γk!

(k − 2)!nm−1

and that for 1-initial particle boundary conditions , these equations can be recursively

integrated to find

φm (t) = m! (βt)
m−1 ,

which is then substituted into Eq. (C.4) to obtain Eq. (C.11).

C.2.2 The backward equation.

There’s actually an easier way to get the duration results. For this method, we need

conditional probabilities.

Pn/m (t2, t1) ≡ prob. of finding n at time t2

given m at time t1.

The forward equation reads,

dPn/m (t2, t1)

dt2
=
X
n0
wn,n0Pn0/m (t2, t1)− wn0,nPn/m (t2, t1) ,

or with t = t2 − t1,

dPn/m (t)

dt
=
X
n0
wn,n0Pn0/m (t)− wn0,nPn/m (t) .

The backward equation is,

dPn/m (t2, t1)

dt1
= −

X
m0
wm0,mPn/m0 (t2, t1) + wm0,mPn/m (t2, t1) ,
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or with t = t2 − t1,

dPn/m (t)

dt
=
X
m0
wm0,mPn/m0 (t)− wm0,mPn/m (t) .

Note that we can obtain the master equation by multiplying the both sides of the forward

equation by Pm and summing over m, so that one only need worry about state probabil-

ities at time t2 and not conditional probabilities. For this simple branching process, the

backward equation for 1-initial individual boundary conditions is

dPn,1 (t)

dt
= − (λ+ γ)Pn/1 + γPn/2 + λPn/0

Using the generating functions

z1 (z) =
∞X
n=0

Pn/1 (t) z
n

z2 (z) =
∞X
n=0

Pn/2 (t) z
n

the backward equation becomes

∂z1 (z, t)
∂t

= − (λ+ γ)z1 + γz2 (z, t) + λ,

but since

zm (z, t) = [z1 (z, t)]m

∂z1 (z, t)
∂t

= − (λ+ γ)z1 + γz21 (z, t) + λ,

subject to the initial condition

z1 (z, 0) = z

hence

z1 (z, t) =
e(λ−γ)t (γz − λ) + λ (1− z)
e(λ−γ)t (γz − λ) + γ (1− z)
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Figure C.1: A typical tree from a branching process

C.3 Size distribution.

In order to find the size distribution, we look at a generic tree

The probability of a tree with n leaves is

Qn =

 # of trees

with n leaves

× [Prob(death)]# leaves × [Prob(branch)]# vertices

= (Cayley’s formula)×
µ

λ

λ+ γ

¶n
×
µ

γ

λ+ γ

¶n−1

=
1

2n− 1

 2n− 1
n

 · λγ

(λ+ γ)2

¸nµ
λ+ γ

γ

¶
Using Stirling’s formula

Qn ' 1

2
√
π
n−3/2

·
4λγ

(λ+ γ)2

¸nµ
λ+ γ

2γ

¶
or

Qn ' 1

2
√
π
n−3/2e−n/ζ (C.12)
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with the characteristic size

ζ = − 1

ln
³

4λγ

(λ+γ)2

´ (C.13)

So the cumulative size distribution

n (s) ∼ s−1/2

We briefly mention another way to calculate the size distribution by using a slightly

modified model. Suppose we write a master equation for the process corresponding to

Death : A→ R rate λ ,

Birth : A→ 2A rate γ ,

where R is a ‘removed’ individual. Using a two species generating function

z(y, z) =
X
n,l

Pn,ly
lzn,

one can use either the backward or forward equation and the relevant method above to

solve for the t→∞, R probabilities, defined by Ql =
P

n Pn,l.


