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Ḡ (~rf , tf ;~ri, ti) =

〈G (~rf , tf ;~ri, ti)〉dis

?���BàFLÏ:Ï�Ë2Ç�Bà=TF�ËhÏ:Ï�9jF�Âæ729EÏ�6L8�7�BD8xÌ�Ï�Ë0Î�Å¯Ã�ÅhF�Ã
〈V (~r)〉dis = 0

F�Âh7
〈V (~r1)V (~r2)〉dis = W (~r1 − ~r2)
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Ḡ (~rf , tf ;~ri, ti)
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V (~r)
?dÕ�Å2B�ÐhFL8�B�=d8�BNBDÂ1ã Ï�È^ËhÂhÎvÃ:9<6�Â

G0 (~rf , tf ;~ri, ti)
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Ï�Ã:FLÂh72ÏCÈ^6�8
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��6§ÍbBDÁ�BD8xÌ�Ð0BDÈ^6L8:B
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G(~k, ~p, iωn) =

∫

d~r

∫

d~r ′

∫ β~

0

dτ e−i~k·~re+i~p·~r′

eiωnτG(~r, τ ;~r′, 0)
Ü�íxß

FLÏ"Ã�Å2BªÊ28�6�ÊhF�;�F§Ã:6L8"FLÏ:Ï�6�ÎD9EF�Ã�Bx7áÍ$9<Ã�Å Ã:Å2BªÊh8�6�ÐhF�Ð29EÆE9©Ã�Ñá6�È$;L6�9<Â2;k9EÂæÍ$9<Ã�ÅæÇ�6�Ç�BNÂ�Ã�Ë2Ç
~p
F�Âh7¯ÎD6LÇ�9EÂ2; 6LË2ÃXÍ$9©Ã:ÅæÇ�6LÇ�BDÂ�Ã:Ë2Ç

~k
?=��BD8:BLÌ

τ
9jÏ³Ã�Å2Bà9EÇÄF�;L9EÂhFL8�ÑáÃ�9EÇ�BàFLÂh7æÍbBªÍb6L8:× Í$9©Ã:ÅnÈ^BN8�Ç�9E6LÂ29jÎ>� F§Ã�Ï�Ë2Ð0F�8�FàÈ^8�BxÚ�Ë2BDÂhÎD9<BxÏ

ωn = (2n+ 1)π/β~
Ì�Í$Å2BD8:B

β = (kBT )
−1 ?�Ö$ÈQÃ:BD8bFtÁLBD8�F�;�9<Âh;�6§ÁLBN8/7�9jÏ�6�8:7�BN8NÌLÍ�B�ÔhÂ07�Ã�ÅhF�Ã)Í�B�ÎNF�Â´F�Ï�Ï�6�Î�9jF§Ã�B�Ç�6LÇ�BNÂ�Ã:Ë2Ç Ã�6TÃ�ÅhB�72FLÏ�Å2Bx7³ÆE9EÂ2BNÏ�F�Âh7�8:BDÊ2ÆjFLÎDB

Ã�ÅhBDÇ Ð�Ñ

W (~q) =

∫

d~r e−i~q·~r W (~r) .
ÜVïLß
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Î�6�ÂhÏ�BD8:ÁtF�Ã�9E6LÂa9<ÂgÃ�ÅhBTÈ^6L8:Ç 〈

G(~k, ~p, iωn)
〉

dis
= δ~k~p Ḡ(~k, iωn)

?
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ï�?�Õ�Å29jÏ$Ñ�9EBDÆj72Ï

Σ(~k, iωn) ≈
1

~2

1

V

∑

~k′

G0(~k
′, iωn)W (~k − ~k′),

Ü�B�ß

Í$Å2BN8�B
G0(~k, iωn)

9jÏ�Ã:Å2BTÃ�BNÇ�Ê¥BD8�F§Ã:Ë28:BA=d8:BDBNÂ1ã ÏbÈ^Ë2ÂhÎvÃ:9<6�ÂgÈ^6L8�È^8:BDBTÊhF�8�Ã�9jÎ�ÆEBNÏ

G0(~k, iωn) =
1

iωn − εk/~
,

ÜDC�ß

Í$9<Ã�Åá729EÏ�Ê0BN8:Ï�9E6LÂ
εk = ~

2k2/2m
?
ÖbÃdÆ<6§Í~BDÂhBD8:;L9EBNÏNÌ0ÍbB"Ê29jÎ�×àË2Ê 6LÂhÆ<ÑgÃ�ÅhB³Î�6�Â�Ã�8:9<Ð2Ë2Ã�9E6LÂkÈ^8:6LÇ*Ç�6LÇ�BDÂ�Ã:FaÎ�ÆE6�Ï�BAÃ�6ªÃ�Å2B�ä2BN8�Ç�9

Ï�Ë28�È¬F�Î�B�?
å�ÂÓÃ�Å29jÏ�ÆE9EÇ�9<ÃNÌ�F�Âh7 F�Ï�Ï�Ë2Ç�9EÂ2;aÏ�Ê2Å2BN8�9jÎDFLÆ�Ï�Ñ�Ç�Ç�B�Ã:8�Ñ�Ì
W (~k − ~k′)

Í$9<ÆEÆC7�BDÊ¥BDÂh7Ó6LÂ2ÆEÑk6LÂ Ã�Å2B�F�Â2;�Æ<B
θ
Ð0BDÃ�Í�BNBDÂ ~k F�Â07

~k′
?/Õ�Å�ËhÏ�Í�BA;�B�Ã�È^8:6LÇÛÀ)Ú¥?�ÜEB�ß

Σ(~k, iωn) ≈
mkF

(2π)
3

~3

∫

dΩW (θ)

∫ +Λ

−Λ

dξk′

1

iωn − ξk′

= −
i

2τc

Ï�;�Â
(ωn) ,

ÜEFLß

Í$Å2BN8�B
ξk = vF (k − kF )

Ì
Λ
9jÏdFLÂÓË2Æ<Ã�8�FtÁ�9<6�Æ<BDÃ
Î�Ë2Ã�6�ënFLÂh7kÍbB³Å0FtÁLB"Ã�F�×�BDÂkÃ:Å2B³ÆE9EÇ�9<Ã

Λ/ |ωn| → ∞
?��áB�ÅhFtÁ�B³F�ÆjÏ�6a7�BDÔhÂ2BN7

Ã�ÅhBAÇ�BxF�ÂaÃ�9EÇ�BAÐ0BDÃ�Í�BNBDÂkÎ�6�Æ<ÆE9EÏ�9E6LÂhÏ
τc
Ð�Ñ

1

τc
=

mkF

4π2~3

∫

dΩW (θ) .
ÜEG�ß

ä2Ëh8�Ã:Å2BD8:Ç�6L8:BLÌ�ÍbBªÎNF�Â¯7�B�Ô0Â2BÄÃ�ÅhB´Ç�BNF�Â È^8:BDBÄÊ0F§Ã�Å¯Ð�Ñ
` = vF τc

?kÕ�Å2B´7�9jÏ�6�8:72BD8�ÙcFtÁ�BD8�F�;LBx7Ó=d8:BDBDÂ�ã ÏTÈ^ËhÂhÎvÃ:9<6�Â¯9<Â Ã:Å2BH@b6L8:Â
F�ÊhÊ28�6tÒ�9EÇÄF§Ã�9E6LÂa9EÏ

Ḡ(~k, iωn) =
1

G−1
0 (~k, iωn) − Σ(~k, iωn)

≈
1

iωn − εk/~ + (i/2τc)
Ï�;�Â

(ωn)
.

Ü�I�ß



B

¶v¶v¶�· ½�öb»"¶#Jbð$º�¶v¼T¹ ¼Tô º�õ�ö ½�»T¾³½�ö{ô/¼T»Xó�¾�ù(ðçô�¼A» ¿T¼T¹�½³¾Ä¿
º�¶#J�¶�ºLK

þ1B�ÃTËhÏ
Â26§Í~Ã�Ëh8�ÂÓÃ�6´Ã:Å2B�ÎDF�ÆjÎ�ËhÆEF�Ã�9E6LÂ 6LÈ�Ã�Å2B�BDÆEBNÎ�Ã�8:9EÎNF�ÆCÎ�6LÂ07�ËhÎvÃ:9<Á�9<Ã�ÑL?
�áB�Ï�Å26LË2Æj7kÐ¥B�FLÐ2ÆEBXÃ:6ªÍ$8:9©Ã:B"Ã�ÅhB�ÎDË28�8:BDÂ�Ãd9<Âh72ËhÎ�Bx7
Ð�ÑªF�ÂàBDÒ�Ã:BD8:ÂhF�Æ%BNÆ<BxÎvÃ�8:9jÎ�Ô0BDÆj7a9EÂgÃ�Å2BTÈ^6�8�Ç

Jα (~r, t) =

∫

d~r ′

∫

dt′ σαβ (~r, ~r ′, t− t′)Eβ (~r ′, t′) ,
Ü�M�ß

Í$Å2BN8�B
σαβ (~q, ω)

9jÏÄÃ�ÅhBáÎ�6�Âh7�ËhÎ�Ã�9EÁ�9©Ã�Ñ Ã�BNÂhÏ�6�8´Í$9<Ã�Å-9EÂh7�9jÎ�BxÏ
α, β = x, y, z

?~åcÈTÃ�ÅhBáÏ�Ñ�Ï�Ã�BNÇ 9jÏ´9jÏ�6�Ã�8:6LÊh9EÎLÌ�ÍbB ÇXË0Ï�ÃªÅ0FtÁLB
σαβ = σδαβ

?Xä26�8AFªÅhFL8�Ç�6�Â29EÎ"ÔhBDÆj7 ~E (~r ′, t′) = ~E0e
i~q·~r ′

e−iωt′ 9<Â FªÅh6LÇ�6L;�BDÂ2BN6LËhÏdÏ�Ñ�Ï�Ã�BNÇgÌ%Ã:Å29jÏdÏ�9EÇ�ÊhÆ<9<ÔhBNÏdÃ:6 Jα (~r, t) =

σαβ (~q, ω)E0βe
i~q·~re−iωt ?>åcÃa9jÏ´F¯8:BNÏ�Ë2Æ<Ã´6�ÈAÆE9<Â2BxF�8´8:BNÏ�Ê¥6LÂhÏ�BàÃ�Å2BN6L8:ÑæÃ:ÅhF§Ã σαβ (~q, ω)

ÎDFLÂ Ð0BÓB�Ò�Ê28:BNÏ:Ï�Bx7n9EÂ Ã�BN8�ÇÄÏÄ6LÈTÃ�Å2B
Î�Ëh8�8:BDÂ�Ã�Ù�Î�Ëh8�8:BDÂ�ÃbÎD6L8:8�BNÆEF�Ã�9E6LÂªÈ^Ë2ÂhÎvÃ:9<6�Â

σαβ (~q, ω) =
i

ω

[

ΠR
αβ (~q, ω) +

ne2

m
δαβ

]

,
Ü�N�ß

Í$Å2BN8�B
n
9EÏbÃ:Å2BABDÆEBNÎ�Ã�8:6LÂà7�BDÂhÏ�9<Ã�ÑªF�Âh7

ΠR
αβ (~q, ω)

9jÏ�Ã:Å2BA8�BDÃ:FL8:7�Bx7ªÎD6L8:8�BNÆEF�Ã�9E6LÂ´È^ËhÂhÎvÃ:9<6�Â

ΠR
αβ (~q, ω) = −

i

~V

∫ +∞

−∞

dt eiωtθ (t) 〈[jα (~q, t) , jβ (−~q, 0)]〉 ,
Ü�í+O�ß

Õ�Å29jÏX9jÏ�ÎDF�ÆEÆEBN7�Ã�ÅhBQPTË2Ð¥6 È^6�8�Ç³Ë2ÆEFÓF�Âh7æFÓ7�BD8:9<Á§F�Ã�9E6LÂæÎDFLÂæÐ¥B´È^6LËhÂh7æ9EÂn5$BDÈ�?nì B§îc?Óå�Âæ6�8:7�BN8AÃ�6á;LBDÃXÃ�ÅhBaê�RØÎ�6LÂ07�ËhÎvÃ:9<Á�9<Ã�ÑLÌ
6LÂhBÓÃ�F�×LBxÏ

~q = 0
Ôh8�Ï�ÃkF�Âh7-Ã�Å2BNÂ{Ã:Å2B Æ<9EÇ�9©Ã

ω → 0
?S��BD8:BLÌ ~j (~q)

9EÏaÃ:Å2B¯ä26LËh8�9EBD8aÃ�8�F�ÂhÏ�È^6L8:Ç 6�È"Ã:Å2B¯Î�Ë28:8�BNÂ�Ãa6LÊ¥BD8�F§Ã:6L8
~j (~r) = (e/2m)

∑

i [~piδ (~r − ~ri) + δ (~r − ~ri) ~pi]
Ì�Í$Å29jÎ�Åà9<ÂkÏ�BNÎ�6�Âh7gÚ�Ë0F�Â�Ã�9EÉNF�Ã�9E6LÂªÐ¥BNÎD6LÇ�BNÏ

~j (~r) = −
ie~

2m

[

ψ† (~r)∇ψ (~r) −∇ψ† (~r)ψ (~r)
]

,
Ü�íLítß

Í$Å2BN8�B
ψ (~r)

9jÏbÃ�ÅhBTÔhBDÆj7g6LÊ¥BD8�F§Ã�6�8AÜ^ÍbBTÎNF�ÂgÈ^6L8:;LBDÃ�Ã:Å2B"Ï�Ê29<Âà9EÂh7�9jÎ�BxÏ�Å2BD8:Bxß�?/Õ�Å2BDÂàÍbBdÅ0FtÁLB

jα (~q) =

∫

d~r e−i~q·~rjα (~r) =
e~

m

∑

~k

kαc
†
~k− ~q

2

c~k+
~q
2

.
Ü�íxï�ß

T�6LÃ�B�Ì§Ã�Å26�Ë2;LÅ�Ì§Ã�ÅhF�Ã
ΠR

αβ

9EÂ�À�Ú0?�Ü�í+O�ß�Ì�Í$9©Ã:Å³6�Â2ÆEÑ"6LÂ2B
~q
ÌL9jÏ(ÁtFLÆ<9j7³Í$Å2BDÂ�Í�B�ÅhFtÁ�B)Ã:8:FLÂhÏ�ÆEF�Ã�9E6LÂhFLÆ�9EÂ�ÁtFL8�9jF�Â0Î�BL?:� Å2BDÂ�Ç�6LÇ�BDÂ�Ã:Ë2Ç

9jÏ�Â26�Ã�ÎD6LÂhÏ�BD8:ÁLBx7'Ì�Í�BAÎDFLÂgÏ�Ã�9EÆEÆ1Í$8�9<Ã�B
Jα (~r, t) ∝ E0βe

i~q·~re−iωt Ì2Ð2Ë�Ã�Í$9<Ã�Å σαβ (~q, ω)
8:BDÊhÆEF�Î�BN7aÐ�ÑÄÃ�ÅhBA;LBDÂhBD8�F�ÆE9<ÉxF§Ã�9E6LÂ

σαβ (~q, ω) →
i

ω





∑

~q ′

ei(~q ′−~q)·~rΠR
αβ (~q ′, ~q, ω) +

ne2

m
δαβ



 ,
Ü�í2B�ß

Í$Å2BN8�B

ΠR
αβ (~q ′, ~q, ω) = −

i

~V

∫ +∞

−∞

dt eiωtθ (t) 〈[jα (~q ′, t) , jβ (−~q, 0)]〉 .
Ü�í2C�ß

åcÃ�9EÏ�BxFLÏ�9<BN8�Ã�6�6LÐ�Ã�F�9EÂªÃ:Å2BA8:B�Ã:FL8:72BN7gÎ�6L8:8:BDÆjF§Ã�9E6LÂ´È^Ë2ÂhÎvÃ:9<6�ÂgÈ^8�6�ÇÛÃ�ÅhB
Ã:BDÇ�Ê¥BD8�F§Ã�Ëh8�B"ÎD6L8:8�BNÆEF�Ã�9E6LÂÄÈ^Ë2Â0ÎvÃ�9E6LÂ

Παβ (~q ′, ~q, iωm) = −
1

~V

∫ β~

0

dτ eiωmτ 〈Tτjα (~q ′, τ) jβ (−~q, 0)〉 ,
Ü�í�FLß

Í$Å2BN8�B
ωm
FL8�B�Ð¥6�Ï�6LÂ29jÎU� F§Ã�Ï�Ë2Ð0F�8�FÄÈ^8:BNÚ�Ë2BDÂ0Î�9EBNÏ

ωm = 2πm/β~
Ì�Ð�Ñ Ã:F�×�9EÂ2;gÃ�Å2BÄFLÂhF�ÆEÑ�Ã�9jÎDF�Æ�ÎD6LÂ�Ã�9EÂ�ËhF§Ã:9<6�Â

iωm → ω + iη
?

V�Ï�9EÂ2;�À)Ú¥?�Ü�ítïLßvÌ�ÍbBT;LBDÃ

Παβ (~q ′, ~q, iωm) = −

(

e~

m

)2

lim
η→0+

1

~V

∑

~k ~k ′

k′αkβ

∫ β~

0

dτ eiωmτ

〈

Tτc
†

~k ′−
~q ′

2

(τ + η) c
~k ′+

~q ′

2

(τ) c†~k+
~q
2

(η) c~k− ~q
2

(0)

〉

=
( e

m

)2 ~

V

∑

~k ~k ′

k′αkβ
1

β~

∑

n

G

(

~k ′ +
~q ′

2
, ~k +

~q

2
, iωn + iωm

)

G

(

~k −
~q

2
, ~k ′ −

~q ′

2
, iωn

)

.
Ü�í2G�ß



C

ωm

ωm

ωn

ωn
q’
2

q
2 ωn ωm

q
2k+ , +

ωn ωm
q’
2

, +k’+

q’ ,

q ,

,

,

k −

k’−

� ¡¢¨x�����LW��:;(�������¢�$��¡©�D¨N���N�÷�/¡£�����N���)���N  � �:���N�D��¡¢�x ��N�'�A�N�A�� §������­

Õ�Å2BN8�BDÈ^6L8:BLÌ
Παβ (~q ′, ~q, iωm)

9EÏ(F$Ã�Íb6�ÙcÊhFL8�Ã:9EÎDÆ<B/ÎD6L8:8�BNÆEF�Ã�9E6LÂdÈ^Ë2ÂhÎ�Ã�9E6LÂXÍ$Åh9EÎ�ÅXÎD6L8:8�BxÏ�Ê¥6LÂ072Ï%Ã�6�Ã�Å2B�Ê06�ÆEFL8�9EÉNF�Ã�9E6LÂAÐ2ËhÐ2Ð2ÆEB)9EÂ³ä(9<;�Ë28:B
B2?�å�ÂkÃ:Å29jÏ�7�9jF�;�8:FLÇgÌh6LÂ2B";�6�BNÏ$9EÂkÍ$9©Ã:Å Ç�6LÇ�BDÂ�Ã:Ë2Ç

~q
FLÂh7gÈ^8�BxÚ�Ë2BDÂhÎDÑ

ωm
FLÂh7kÎ�6�Ç�BxÏ�6�Ë�Ã�Í$9<Ã�ÅkÃ:Å2BXÏ:F�Ç�BAÈ^8:BNÚ�Ë2BDÂ0Î�ÑLÌ0Ð2Ë�ÃTF

7�9<ë¥BN8�BNÂ�Ã�Ç�6LÇ�BDÂ�Ã�ËhÇ
~q ′
?X��6§ÍbBDÁ�BD8xÌ�Í�BXFL8�BA8:BNFLÆ<ÆEÑ´9EÂ�Ã�BD8:BNÏ�Ã�Bx7à9<ÂàÃ:Å2BX7�9jÏ�6L8�7�BD8�ÙcFtÁ�BD8�F�;�BN7ÄÎ�6�8�8:BDÆjF§Ã:9<6�ÂªÈ^ËhÂhÎvÃ:9<6�Â1?$Ö�Ï�ÍbBAÅhFtÁ�B

7�9jÏ�ÎDËhÏ:Ï�Bx7'ÌhÃ:Å29jÏ�Ê28:6�Î�BN72Ë28�B³F�Ç�6LË2Â�Ã�Ï$Ã�6a7�8:FtÍ$9EÂ2;´7�9jF�;�8:FLÇÄÏ$Í$9©Ã:ÅkÃ�ÅhBX9EÇ�ÊhË28�9<Ã�ÑàÊ06�9<Â�Ã�Ï�Î�6�Â2Â2BxÎvÃ�Bx7àÐ�ÑÄÝ�9EÂ�Ã:BD8�FLÎ�Ã�9E6LÂ�ÞTÆ<9EÂ2BNÏ
9EÂ
F�ÆEÆ¥Ê06�Ï�Ï�9<ÐhÆ<BdÍbFtÑ�ÏN? ? 6�Ç�B
6LÈ'Ã�Å2BxÏ�BT7�9jF�;L8�F�ÇÄÏ�F�8:B�8�BNÊ28:BNÏ�BDÂ�Ã�Bx7Ä9<Âgä(9<;�Ë28�BYCh?ZT�6LÃ�B
Ã�ÅhF�Ãb6�Ë28�ÉN6�6X6�È�729EFL;L8�F�ÇÄÏ/9jÏb8�9jÎ�Å2BD8)Ã�ÅhFLÂª9<È
ÍbB�è�ËhÏ�Ãb8:BDÊ2ÆjFLÎDBN7�Ã:Å2B�6�Â2B�ÙcÊhF�8�Ã�9jÎ�ÆEB�=d8:BDBDÂ�ã Ï)È^Ë2ÂhÎ�Ã�9E6LÂ´Ð�Ñ

Ḡ(~k, iωn)
Ï�Å26§Í$ÂÄ9<Âgä(9<;�Ë28�BXí�Ð0BxÎDFLËhÏ�B�Í�BdÎDF�Â´ÎD6LÂ�Ã�8�FLÎ�Ã�FAÊ¥6�Ã:BDÂ�Ã�9jF�Æ

V (~r)
Ã�ÅhF�Ã�ÎD6LÇ�BNÏ/È^8�6�ÇØÃ�Å2B
ÊhF�8�Ã�9jÎ�ÆEB�ÆE9<ÂhB�Í$9<Ã�ÅaFLÂ26�Ã:Å2BD8

V (~r ′)
Ã�Å0F§ÃbÎD6LÇ�BNÏ)È^8:6LÇ Ã�Å2BdÅ26LÆEB�ÆE9EÂ2BL?�Õ�Å29jÏ)ÆEBNF�72Ï�Ã:6³7�9jF�;�8:FLÇÄÏ/ÆE9<×�B

Ã�ÅhB�6LÂ2BxÏC9<Â´ä(9E;LË28:B<C�Ù�Î�Ì[C�ÙcB�F�Âh7\C�ÙVÈ�?Z@�BxÏ�9j7�BxÏDÌ�Í$Å2BDÂ�ÍbB�FtÁLBD8�F�;�B�6§Á�BD8�7�9jÏ�6�8:72BD8xÌLF�ÆEÆ�Ã�ÅhB�Ç�6LÇ�BDÂ�Ã:FTÎNF�8:8�9EBN7³Ð�ÑXÃ:Å2B$9<Â�Ã:BD8�FLÎvÃ:9<6�Â
ÆE9<Â2BxÏ$8:BDÇÄF�9EÂa9EÂhÏ�9E72BTÃ�Å2B"ÐhË2Ð2Ð2ÆEBL?)Ö
Ï�FÄÎ�6�ÂhÏ�BNÚ�Ë2BDÂ0Î�BLÌ�Ã:Å2BAÇ�6LÇ�BDÂ�Ã:Ë2ÇÛÃ:ÅhF§Ã�ÆEBNFtÁ�BNÏbÃ�ÅhBAÐ2Ë2Ð2Ð2ÆEBABNÚ�ËhFLÆEÏbÃ:Å2B"Ç�6LÇ�BNÂ�Ã:Ë2ÇÛÃ:ÅhF§Ã
BDÂ�Ã:BD8�Ï�9©Ãx?�å�Âg6LÃ�Å2BN8$Í�6�8:7hÏDÌ�ÍbBd8:BNÎD6§ÁLBN8)Ã:8:FLÂhÏ�ÆjF§Ã:9<6�ÂhF�Æ%9EÂ�ÁtFL8�9jF�Â0Î�Bd9<ÂgÃ�ÅhBTÈ^6L8:Ç

〈Παβ (~q ′, ~q, iωm)〉dis = Παβ (~q, iωm) δ~q~q ′ .
Ü�í�ILß

þ1B�Ã
ËhÏ�Ï�6L8�ÃbÃ:Å2BX7�9jF�;�8:FLÇÄÏ�9<Âkä(9<;�Ë28:B�Ch?�ê
9jF�;L8�F�ÇÄÏ$Ï�ËhÎ�ÅkFLÏXCLÙcFhÌ]C�ÙcÐgFLÂh7^C�Ù�7gF�8:BA6LÐ�Ã�F�9EÂ2BN7gÐ�Ña7�8:BNÏ:Ï�9<Â2;�Ã:Å2B"6LÂhB�ÙcÊhF�8�Ã�9jÎ�ÆEB
=d8:BDBDÂ�ã Ï�È^Ë2ÂhÎvÃ:9<6�ÂhÏdÍ$9©Ã:ÅkÃ�ÅhB³9EÂ�Ã�BD8�FLÎ�Ã�9E6LÂkÆE9<ÂhBNÏN?�åcÈ/ÍbB�è�ËhÏ�Ã
8:BDÊ2ÆjFLÎDB

G0(~k, iωn)
Ð�Ñ

Ḡ(~k, iωn)
9EÂ À)Ú¥?�Ü_I�ß�Ì¥7�9jF�;�8:FLÇÄÏLC�Ù�FÄF�Â07

C�ÙcÐàF�8:BTFLË�Ã�6�ÇÄF§Ã�9jÎDFLÆ<ÆEÑ´9EÂhÎ�ÆEËh7�Bx7 Ü¬FLÏ�Í�BNÆ<Æ1F�Ï�F�ÆEÆ%Ã�Å2B³7�9EFL;L8�F�ÇÄÏbÍ$9©Ã:ÅàÊhF�8�Ã�9jÎ�ÆEBT6L8$Å26�Æ<BAÆE9<ÂhBNÏ$;�BDÂ2BN8:F�Ã�BN7aÐ�ÑÄÃ�ÅhBXÏ�BNÆ©ÈQÙcBDÂhBD8:;LÑÄ9EÂ
Ã�ÅhB
@b6L8:Â´F�ÊhÊ28�6tÒ�9EÇÄF§Ã�9E6LÂ¥ßv?�Õ�ÅhB�8�F�9EÂ�Ð¥6§Í 7�9jF�;L8�F�Ç`C�Ù�7�9jÏ)Â26LÃ�9EÂhÎ�ÆEËh7�Bx7´9EÂ´6LËh8bFLÊ2Ê28:6tÒ�9EÇÄF§Ã:9<6�Â³È^6�8

Ḡ(~k, iωn)
Ì�ÐhË�Ãb9EÂhÎDÆ<Ëh729<Â2;

Ã�Åh9EÏT×�9EÂh7 6LÈ�7�9jF�;L8�F�Ç,6�Â2Æ<Ñk8:BDÂh6L8:Ç�FLÆ<9EÉDBxÏ$Ã:Å2B�Ã�9EÇ�B
τc
?Xê
9jF�;L8�F�ÇÄÏdÏ�Ë0Î�ÅáFLÏYC�Ù�Î�F�Âh7aC�ÙcBX8:BDÊ28:BNÏ�BDÂ�ÃdÏ:ÎDF�Ã�Ã:BD8:9<Â2;gÐ¥B�Ã�ÍbBDBDÂÓÃ�Å2B

ÊhFL8�Ã:9EÎDÆ<B�FLÂh7�Ã:Å2B
Åh6LÆEB�Í$9<Ã�Å´Â26�Î�8:6�Ï:Ï�Bx7�9<Â�Ã�BN8:F�ÎvÃ:9<6�Â´Æ<9EÂ2BxÏD?�Õ�Å2BxÏ�B�FL8�B
ÎDF�ÆEÆEBN7cbedgf[fgh)iAfkj�d2lmi.dknpo�Ì2FLÂh7Ä9<Ã�Ã:Ë28:ÂhÏ)6�Ë�Ã�ÍbB�ÎNF�ÂªÏ�Ë2Ç
Ã�ÅhBD9E8ABDÂ�Ã�9E8�BÄÏ�BD8:9<BxÏdB�Ò2FLÎ�Ã�ÆEÑL?U�áB´Ï�ÅhFLÆ<Æ�7�6gÃ�Å0F§ÃXÏ�6�6�Â1Ì1Ð2Ë2ÃAÔh8:Ï�ÃAÍ�B�ÅhFtÁ�BXÃ:6kF�8:;LË2B�Í$Å�Ñ Í�BÄÎNF�Â 7�9EÏ:ÎDFL8:7áÎ�8:6�Ï:Ï�Bx7Ó7�9jF�;�8:FLÇÄÏ
ÆE9<×�BqC�ÙVÈ�?gä(9E;LË28:BQFàÏ�Å26§Í�Ï"F ÎDÆ<6�Ï�BN8AÆ<6�6�×�F�ÃAÃ�Å29jÏ³729EFL;L8�F�Ç Í$9<Ã�Å¯Ã:Å2B´Ç�6LÇ�BNÂ�Ã:Ë2ÇâÎDF�8:8:9<Bx7áÐ�ÑÓÃ�Å2BªÈ^BD8:Ç�9E6LÂ¯FLÂh7 9<Â�Ã:BD8�FLÎvÃ:9<6�Â
ÆE9<Â2BxÏDÌ2F�Ïb;L9EÁLBDÂªÐ�Ñ´Ã�Å2BAÎ�6�Âh7�9<Ã�9E6LÂa6�È(ÎD6LÂhÏ�BD8:Á§F§Ã:9<6�Â´6�È�Ç�6�Ç�BNÂ�Ã�Ë2Ç F�Ã�Ã:Å2BTÁLBN8�Ã:9EÎDBNÏN?CÖbÃ$ÆE6§Í BDÂ2BN8�;�9<BxÏDÌ�ÎD6LÂhÏ�BD8:Á§F§Ã�9E6LÂª6�È�BNÂ2BD8:;LÑ
9EÂ�Ã:8�6�7�Ë0Î�BNÏ�Ã�ÅhB³Î�6�ÂhÏ�Ã�8�F�9EÂ�Ã�Ã�ÅhF�Ã
Ã:Å2B"È^BN8�Ç�9E6LÂ29jÎ"Ç�6LÇ�BNÂ�Ã�F´ÆE9<B³6LÂkÃ:Å2B�ä2BD8:Ç�9(Ï�Ë28�È¬FLÎDBL?
äh6L8TÏ�ÇÄFLÆ<Æ

~q
F�Âh7

|~k| = kF
Ì¥9<ÃT9EÏ
BNF�Ï�Ñ

Ã�6ÄÇÄFL×LBAÏ�Ëh8�BdÃ�Å0F§Ã ~k + ~q1
F�Â07 ~k + ~q2

FL8�BT6�ÂaÃ:Å2B"ä2BN8�Ç�9�Ï�Ë28�È¬FLÎDBL?r��6§ÍbBDÁ�BD8xÌ�Ã�Å2BABDÒ�Ã:8:F�ÎD6LÂh7�9<Ã�9E6LÂgÃ:ÅhF§Ã�Ï�6Ä7�6�BNÏ ~k + ~q1 + ~q2Ê¥6�Ï�BNÏXFáÏ�BN8�9E6LË0ÏA8�BxÏ�Ã:8�9jÎvÃ:9<6�Â¯9<ÂæÃ�Å2Ba9<Â�Ã�BN;L8�F§Ã:9<6�Â�6§Á�BD8
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− + ~q1)δ~k,~k ′+~q1
+

+
1

~4V 2

∑

~q1~q2

W (q1) Ḡ(~k ′
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+)Ḡ(~p ′
−) + ...



 ,
ÜVïmO�ß

Í$Å2BN8�B�Í�B³ÅhFtÁLB�Ï�Åh9©ÈQÃ:BN7ÓÃ�Å2B�Ï�ËhÇ�ÏdÐ�Ñ Ï�B�Ã�Ã:9<Âh;
~p = ~q1 + ~k ′

Ì
~p ′ = ~q2 + ~p

Ì'BDÃ:ÎL?XÕ�Å2BDÂáÍ�B�8:BNÎ�6�;LÂ29EÉDB"Ã�ÅhF�ÃTÀ�Ú0?aÜJïmO�ß$ÅhF�Ï
Ã�Å2B
È^6L8:ÇÛ6LÈCF�ê
Ñ�Ï�6LÂ�ã Ï�BxÚ�Ë0F§Ã�9E6LÂaÈ^6L8

Πβ(~k ′
+,
~k ′
−)

Πβ(~k ′
+,
~k ′
−) = Ḡ(~k ′
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+)Ḡ(~k ′

−)k′β [1 + Λ (ωm, ωn)] ,
ÜVïmB�ß



G

k + k’+

k − k’−
+ q

1+ + ...+ q
1

q q
21

� ¡¢¨x�����L{��:|¥�x�����:�)�L¡©�N¨N���D� � ­

Í$Å29jÎ�ÅgÎNF�ÂàÐ¥BA8�BNÍ$8�9<Ã�Ã:BDÂ Ü^9EÂaÃ:Å2BTÃ�ÅhBD8:Ç�6�7�Ñ�ÂhFLÇ�9EÎdÆE9<Ç�9<Ã�ß�FLÏ

Λ (ωm, ωn)

1 + Λ (ωm, ωn)
~p ′ =

1

~2

∫

d~k

(2π)3
W (~k − ~p ′)Ḡ(~k+)Ḡ(~k−)~k.
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Â2BN;LÆEBNÎvÃ:BN7�Ã:Å2BªÆjFL7272BD8³729EFL;L8�F�ÇÄÏ"F�Â07æÎDFLÆEÎDË2ÆEF�Ã�Bx7
σ
è�ËhÏ�Ã�Ð�Ñ�7�8:BNÏ:Ï�9<Â2; Ã�Å2Ba6LÂ2BDÙVÊhFL8�Ã:9EÎDÆ<Bª=d8:BDBNÂ1ã ÏAÈ^Ë2ÂhÎ�Ã�9E6LÂ1Ì�ÍbB´Íb6LË2Æj7 ÅhFtÁ�B

È^6LËhÂh7 Ã�ÅhF�Ã
σ
9jÏÄÊ28:6LÊ¥6L8�Ã�9E6LÂ0F�ÆbÃ�6

τc
9<ÂhÏ�Ã�BxFL7�6�È

τtr
?{Õ�Å29jÏ´Î�6�Ç�BxÏÄF�Ð¥6LË�Ã´Ð¥BNÎNF�ËhÏ�BgÃ�Å2BkÆjFL7h7�BD8ª729EFL;L8�F�ÇÄÏ�F�8:BàF�Ï�Ï�6�Î�9jF§Ã:BN7

Í$9<Ã�Å Ê28:6�Î�BxÏ�Ï�BNÏ�9EÂ Í$Å29jÎ�ÅkÊhF�8�Ã�9jÎ�ÆEBXFLÂh7àÅ26LÆEBXFL8�B"Ï:ÎDF�Ã�Ã�BN8�Bx7àÐ�ÑªÃ:Å2BXÏ:F�Ç�B"9EÇ�ÊhË28�9<Ã�ÑàF�Âh7kÎNF�ÂàÃ�ÅhBDÂ 8:BNÎD6LÇXÐh9<Â2B�Ì28:BNÏ�Ã�6L8:9EÂ2;�Ã�Å2B
Î�Ëh8�8:BDÂ�ÃN?�Õ�Å2BTBxÚ�Ëh9<Á§F�ÆEBDÂ�Ã�Ã�BN8�Ç 9<Â^@b6LÆ<Ã�ÉDÇÄFLÂ2ÂaBxÚ�ËhF§Ã:9<6�Âª9jÏbÃ�Å2BA6�Â2B�Ã:ÅhF§Ã�F�ÎDÎD6LË2Â�Ã:Ï�È^6�8�Ã:8:FLÂhÏ�9©Ã:9<6�ÂhÏb9<Â�Ã�6ÄF�;L9EÁLBNÂªÇ�6LÇ�BNÂ�Ã:Ë2Ç
Ï�Ã:F§Ã:BLÌ(FLÏT6LÊhÊ06�Ï�Bx7 Ã:6àÃ�Å2B´Ï:ÎDF�Ã�Ã�BN8�9EÂ2;à6LË2Ã"6�È)Ã:Å29jÏXÏ�Ã:F§Ã:BÄ7�Ë2B�Ã�6 72BNÎDFtÑ�?q��6§ÍbBDÁ�BD8xÌ'Â26�Ã:B³Ã:ÅhF§Ã³9©ÈbÃ�Å2B´Ï:ÎDF�Ã�Ã:BD8:9<Â2;à9jÏT9EÏ�6�Ã:8�6�Ê29jÎ
(W = W0 =

Î�6�ÂhÏ�Ãx?
)
Ã:Å2B"Î�6�Â�Ã:8�9EÐ2Ë�Ã:9<6�Âa6LÈ�Ã:Å2BAÆEF�727�BN8�7�9EFL;L8�F�ÇÄÏTÜ^Í$Å29jÎ�Åg9<Â�ÁL6�Æ<Á�BNÏ

cos θ
ßbÁ§F�Â29jÏ�Å2BNÏ$FLÂh7

τtr = τc
?



I

¶~J´·��T¾�ðX¹�º�¾�ó ¿T¼T»X»"ö�¿
º�¶v¼T¹´ý�ðX¹�½ ùC¼"¿
ð³ù�¶���ð$º�¶�¼A¹

Õ�Å2BD8:B´9jÏXÏ�6LÇ�B�Ã:Å29<Âh; Ð0BNÑL6�Âh7�Ã�Å2BaÎ�ÆjFLÏ:Ï�9jÎDFLÆ/8�BxÏ�ËhÆ©ÃxÌ�Ã:Å26LËh;LÅ1?kÕ�Å26�Ï�BªFL8�B�Ã:Å2BaÚ�ËhFLÂ�Ã�Ë2ÇâÎ�6�8�8:BNÎ�Ã�9E6LÂhÏAF�Ï�Ï�6�Î�9jF§Ã�Bx7�Í$9©Ã:Å¯Ã�Å2B
Î�8:6�Ï:Ï�BN7 7�9jF�;L8�F�ÇÄÏAÍbB´ÅhFtÁ�BÄÂ2BD;�Æ<BxÎvÃ:BN7'? Ö
Ï"Ôh8�Ï�ÃXÊ06�9<Â�Ã:BN7¯6�Ë�ÃXÐ�Ñ�þ�F�Â2;�BD8XFLÂh7=T�BNF�Æ
ì CLîVÌ(Ã:Å2BNÏ�Bª7�9jF�;�8:FLÇ�Ï"ÅhFtÁLB´FáÏ�9EÂ2;LËhÆEFL8
7�BNÊ0BNÂh7�BDÂ0Î�B)6�ÂAÃ�ÅhB�9EÇ�Ê2Ë28:9©Ã�ÑTÎ�6�ÂhÎ�BNÂ�Ã:8:F�Ã�9E6LÂ1?�ÖbÃ�BNF�Î�Å"6L8�7�BN8NÌNÃ�Å2B�Ç�6�Ï�Ã(7�9EÁLBN8�;�BDÂ�Ã�Î�6�Â�Ã�8:9<Ð2Ë2Ã�9E6LÂhÏ�F�8:B/;L9EÁLBNÂAÐ�ÑdÃ:Å2B)ÇÄF§Ò�9EÇÄF�ÆEÆ<Ñ
Î�8:6�Ï:Ï�BN7�7�9jF�;L8�F�ÇÄÏ
Ü¬ä(9<;�Ë28:B
I�ß�Ì�FLÂh7�Ã:Å2B�BNÂ�Ã:9<8:B
Ï�BD8:9EBNÏ/6LÈ'Ã�Å2BxÏ�Bd7�9jF�;L8�F�ÇÄÏ�Å0FLÏ�Ã:6XÐ¥BdÏ�Ë2Ç�Ç�BN7�Ã:6L;�B�Ã�ÅhBD8x?(Õ�Å29jÏbÏ�Ë2Ç�ÇÄF§Ã:9<6�ÂªÎDFLÂ
F�ÆjÏ�6ªÐ¥B�7�6�Â2BLÌ'FLÂh7k9EÂ È¬FLÎ�Ãd9<ÃT9EÏdÁLBN8�ÑàÏ�9<Ç�9EÆEFL8�Ã:6gÏ�Ë2Ç�Ç�9<Â2;ªÃ�Å2B�ÆjFL727�BN8d729EFL;L8�F�ÇÄÏD?dÕ�6àÏ�BDB"Ã:Å2B�Î�6LÂhÂ2BNÎ�Ã�9E6LÂ1Ì%Â26LÃ�B"Ã:ÅhF§ÃT9<È�ÍbB
ÿh9EÊªÃ:Å2BTÅ26LÆEBdÆ<9EÂ2BT9<ÂàF³Ç�F�Ò�9<ÇÄF�ÆEÆEÑ´Î�8:6�Ï:Ï�Bx7´7�9jF�;L8�F�ÇçFLÂh7ÄÃ:Ë28�Âg9<Ã�9EÂ�Ã�6�FXÊ0F�8�Ã�9jÎ�ÆEB
ÆE9<ÂhBdÍ$9<Ã�Åg6LÊhÊ06�Ï�9<Ã�BdÇ�6LÇ�BDÂ�Ã�ËhÇgÌ�ÍbBT6LÐ�Ã�F�9EÂ
FaÆEF�727�BD8T7�9jF�;�8:FLÇ*9EÂ Ã:Å2Bp�]dmi��Ej��(beh(�7�]dmi��Ej��(beh>�.��dk���%h(b�Ü¬ä(9E;LË28:B\M�ßv?"äh6L8

W (~k − ~k ′) = W0 =
Î�6�ÂhÏ�Ãx?<Ì%Ã:Å2B�8�BxÏ�Ë2Æ<ÃT6�È�Ï�Ë2Ç�Ç�9<Â2;

Ã�ÅhB"7�9EFL;L8�F�ÇÄÏb9<Âkä(9E;LË28:B�I³9jÏTì�Ftî

Λ~k~k ′
(~q, ω) =

iτ−1
c W0

ω + iD0(~k + ~k ′)2
,

ÜEB[O�ß

Í$Å2BN8�B
D0 = v2

F τc/d
9jÏ$Ã�ÅhBX7�9<ë¥ËhÏ�9E6LÂ Î�6�ÂhÏ�Ã:F�Â�Ã�9EÂ

d
7�9EÇ�BDÂhÏ�9E6LÂhÏN?bÕ�Åh9EÏ$9jÏ�Ï�6LÇ�BDÃ�9EÇ�BxÏ�ÎDFLÆ<ÆEBN7gÃ:Å2B\R�6�6LÊ¥BD8:6LÂgÊ28:6LÊhFL;�F�Ã�6L8x?)Ö

Ï�9<Ç�9EÆEFL8dÊh8�6�ÊhF�;�F§Ã�6�8
ÎNF�ÂÓÐ¥B�È^6LËhÂh7Ó9EÂáÃ�Å2B�ÊhFL8�Ã:9EÎDÆ<BDÙVÅ26�Æ<B�Î�ÅhFLÂ2Â2BDÆVÌ1F�Â07 Ã:ÅhF§ÃA9jÏAÎDF�ÆEÆEBN7kÃ:Å2BÄ7�9<ë¥ËhÏ�9E6LÂ�Ê28�6�ÊhF�;�F§Ã:6L8�Ð¥BNÎNF�ËhÏ�B�9©Ã
9jÏ�9EÇ�Ê¥6L8�Ã:FLÂ�Ã$È^6L8$Ã:Å2BX7�BNÂhÏ�9<Ã�Ñ�Ùc72BDÂhÏ�9©Ã�ÑgÎ�6�8�8:BDÆjF§Ã:9<6�Â´È^Ë2ÂhÎ�Ã�9E6LÂæÜ¬Í$Å29EÎ�ÅkBxÏ�Ï�BDÂ�Ã:9EFLÆ<ÆEÑªÇ�BNF�Ï�Ëh8�BxÏ�Å26§Í{Ã:Å2B"BNÆ<BxÎvÃ�8:6LÂk7�9<ë%ËhÏ�BxÏ�9EÂàÃ�Å2B
Ï�Ñ�Ï�Ã�BNÇ´ßv?y��6§ÍbBDÁ�BD8xÌ�Í$Å29EÆ<B�Ã�Å2Bd7�9©ë%ËhÏ�9<6�Â´ÅhF�Ï/Ê¥6LÆEBNÏ�È^6�8

ω → 0
F�Â07

q → 0
ÌLÃ:Å2B�R�6�6�Ê0BN8�6�Â�9EÂ´À)Ú¥?$Ü�BgO�ßCÅ0FLÏ/Ê¥6LÆEBNÏ)È^6L8

~p ≈ −~p ′

F�Â07k9EÏ�Ã�Å�ËhÏd8:BDÆjF§Ã:BN7àÃ:6ªÐhF�Î�×�Ï:ÎDF�Ã�Ã:BD8:9<Â2;ÄÊh8�6�Î�BxÏ�Ï�BNÏ�6�ë�Ã�Å2B�9EÇ�ÊhË28�9<Ã�ÑL?�@bÑà9<ÂhÏ�BD8�Ã�9EÂ2;
Λ~k~k ′

9EÂkÃ�ÅhB�ÎDË28�8:BDÂ�Ã�ÙcÎDË28�8:BDÂ�Ã�ÎD6L8:8�BNÆEF�Ã�9E6LÂ
È^Ë2ÂhÎ�Ã�9E6LÂ1Ì�9EÂªFTÍbFtÑ�Ï�9EÇ�9<ÆjF�8/Ã�6"Í$ÅhF�Ã)ÍbB�7�9j7�Ã�6

Πβ(~k ′
+,
~k ′
−)
Ì�6LÂhB�ÎDFLÂ�;�B�Ã/Ã:Å2B�Ú�ËhFLÂ�Ã:Ë2Ç�Î�6L8:8:BNÎvÃ:9<6�ÂXÃ:6AÃ�ÅhB
Î�6�Âh7�ËhÎ�Ã�9EÁ�9©Ã�Ñ�?(Õ�Å2B

8:BNÏ�Ë2Æ©Ã
9EÏ
Î�6LÂ�Ã:8�6�Æ<ÆEBN7gÐ�ÑªÃ:Å2BXÐ¥BDÅ0FtÁ�9E6L8$6LÈ�Ã�Å2BX9<Â�Ã�BN;L8�F�Âh7àF�Ã
q̃ ≡ |~k + ~k ′| → 0

?X@�F�Ï�9jÎDFLÆ<ÆEÑLÌ26�Â2B"ÅhF�Ï$Ã:6ª7�BNFLÆ�Í$9<Ã�ÅÓFLÂk9<Â�Ã:BD;L8�F�Æ
6�È(Ã�ÅhB
È^6�8�Ç

∫

dq̃
q̃d−1

ω + iD0q̃2
,

Í$Å29jÎ�Åa;�9<Á�BNÏTì G�Ì%Itî

δσ (ω) =















− e2

π~

√

D0

ω

F�Ã
d = 1,

− e2

2π2~
ln

(

1

ωτ

) F§Ã
d = 2,ÎD6LÂhÏ�Ã

.+ e2

2π2~

√

ω
D0

F�Ã
d = 3.

ÜEB2ítß

Õ�Å2BXÎD6L8:8�BxÎvÃ:9<6�ÂhÏ�9<Â
d = 1

F�Âh7
d = 2

Ã�BDÂ07gÃ�6ª7�BxÎ�8:BNF�Ï�B
σ
F�Âh7k729<Á�BD8:;LBAFLÏ

ω → 0
?�Õ�Å29jÏ�9EÇ�ÊhÆ<9EBNÏ�Ã�ÅhF�Ã�Ê0BN8�Ã:Ë28:ÐhF§Ã:9<6�ÂaÃ:Å2BD6�8�Ñ

Ð28:BNFL×�Ï�726§Í$Â³È^6�8
d ≤ 2

F�Âh7³Ã�Å0F§Ã�Ã�ÅhB$È^8�BNB$BDÆEBNÎ�Ã�8:6LÂ�Ç�6�72BDÆ29jÏ/Â26LÃ)FT;L6�6�7�Ï�Ã�F�8�Ã�9EÂ2;TÊ06�9<Â�ÃN?Cå�Âh72BDBN71Ì�Ö�Â07�BD8�Ï�6�Âàì ïxî%Ï�Åh6§Í�Bx7"Ã:ÅhF§Ã
FXÏ�Ã�8:6LÂh;"BDÂ26�Ë2;LÅ´729EÏ�6L8�7�BD8�Ê28:BDÁLBNÂ�Ã:Ï/BNÆ<BxÎvÃ:8�6�ÂhÏ/È^8:6LÇØÅ26�Ê2Ê29EÂ2;"Ã:Å28�6�Ë2;LÅ´Ã�Å2B
ÆEF�Ã�Ã�9jÎ�BdÐ¥BNÎDFLËhÏ�B�6L8:Ð29<Ã:F�ÆjÏ�9<Â´ÂhBD9E;LÅ�Ð06�Ë28�Ï�9<Ã�BNÏ�ÅhFtÁ�B
7�9<ë¥BN8�BNÂ�Ã�BDÂhBD8:;L9EBNÏ�FLÂh7"Ï�6
7�6
Â26�Ã(Ç�9©ÒXÏ�9<;�Â29<Ô0ÎDFLÂ�Ã:Æ<Ñ�ÌNBNÁLBNÂ"Í$Å2BDÂXÃ�Å2BbÏ�Ê0F§Ã�9jF�Æ�6§ÁLBN8�ÆjF�ÊT9jÏ�ÆjF�8:;LB�?�Õ�Å2BbBDÆEBNÎ�Ã�8:6LÂhÏ�Ð0BxÎ�6LÇ�B�Æ<6�ÎDFLÆ<9EÉDBx7
9EÂªÃ:Å2B"Ï�BNÂhÏ�B�Ã:ÅhF§Ã$Ã:Å2BTÍbFtÁ�B�È^Ë2Â0ÎvÃ�9E6LÂà7�BxÎDFtÑ�ÏbB�Ò�Ê06�Â2BDÂ�Ã:9EFLÆ<ÆEÑ

ψ (x) ∼ e−x/ξ Í$9©Ã:ÅkF³Î�ÅhFL8:F�ÎvÃ:BD8:9EÏ�Ã�9jÎAbe�+� dkb�je�+dm�Ej��m��beh(�5l[�D�
ξ
?/Ö�Ï

Fk8:BNÏ�Ë2Æ<ÃNÌ�Ã�Å2BgÎ�6LÂ07�ËhÎvÃ:9<Á�9<Ã�ÑÓÇ³ËhÏ�Ã³ÁtFLÂ29jÏ�Å1?c� Å0F§ÃX6�Ë28"Ê¥BD8�Ã�Ë28:ÐhF§Ã:9<6�Â Ã�Å2BN6L8:Ñ Ã:BDÆEÆEÏXËhÏ"9jÏAÃ:ÅhF§Ã³È^6L8
d ≤ 2

ÆE6�ÎDF�ÆE9EÉNF§Ã:9<6�Â�Ã:F�×�BNÏ
Ê2ÆjFLÎDB´È^6L8�F�Â�Ñ¯F�8:Ð29<Ã�8�F�8:9<ÆEÑáÏ�ÇÄF�ÆEÆ$7�9EÏ�6L8�7�BN8N?�Õ�Å2BD8:Bª9jÏ³FLÂn9EÂ�Ã�BD8:BNÏ�Ã�9EÂ2; 9EÂ�Ã�BN8�Ê28:B�Ã�F§Ã:9<6�Âæ6�È$Ã:Å2BaÇÄF�Ò�9EÇÄF�ÆEÆ<Ñ¯ÎD8�6�Ï�Ï�BN7¯7�9jF�;�8:FLÇÄÏ
FLÏ
FLÏ:Ï�6�ÎD9EF�Ã�BN7àÍ$9<Ã�Å Ã�Å2B³9<Â�Ã�BN8�È^BN8�BNÂhÎ�B³Ð0BDÃ�Í�BNBDÂkÍ�FtÁLB"Ê0FLÎ�×LBDÃ:Ï$Ç�6§Á�9EÂ2;´9EÂ 6LÊ2Ê¥6�Ï�9<Ã�B³729<8:BNÎ�Ã�9E6LÂhÏ
F�ÆE6LÂ2;ªÏ�BDÆ<ÈQÙc9<Â�Ã�BN8:Ï�BNÎ�Ã�9EÂ2;ÄÊhF�Ã�ÅhÏ
ì�Ixîc?�Õ�Å29jÏ�BNÏ:Ï�BDÂ�Ã�9jF�ÆEÆ<ÑàÚ�ËhF�Â�Ã:Ë2Ç BDë¥BxÎvÃd9EÏ
Â26�Ã
8�BNÁLBNFLÆ<Bx7gÐ�ÑkÏ�BDÇ�9<ÙcÎDÆEF�Ï�Ï�9EÎNF�Æ1FLÊ2Ê28:6�FLÎ�ÅhBNÏN?XT�6�Ã:BAÃ�ÅhF�Ã�Ã:Å2BXBxÚ�Ëh9<Á§F�ÆEBDÂ0Î�B"Ð¥B�Ã�ÍbBDBNÂ
ÊhFL8�Ã:9EÎDÆ<B)FLÂh7AÅ26�Æ<B�Ê28:6LÊhFL;�F§Ã:6L8�Ï%8�BNÆ<9EBNÏ�6LÂAÃ:9<Ç�BDÙV8:BDÁ�BD8�Ï�FLÆLÏ�Ñ�Ç�Ç�B�Ã:8�Ñ�?Z}
ÂhÎDB/Ã�ÅhB)ÆjF§Ã�Ã:BD8(9EÏ�Ð28:6L×�BDÂÄÜ^Ð�ÑLÌ�Ï:FtÑLÌ§FLÂ"B�Ò�Ã�BN8�Â0F�ÆLÇÄFL;LÂ2BDÃ�9jÎ
ÔhBNÆE7hß�Ì�Ã�ÅhBA9<Â�È^8�F�8:BN7g7�9EÁLBN8�;�BDÂhÎDBNÏb9<ÂaÃ�ÅhBpR�6�6�Ê0BN8�6�ÂaÊh8�6�ÊhF�;�F§Ã�6�8�FL8�BT8:BDÇ�6§ÁLBx7'?
Õ�Å2B
7�9EÁLBN8�;�BDÂhÎDBNÏ�9EÂ

δσ (ω)
F�8:B�Î�6�ÂhÏ�9EÏ�Ã�BNÂ�Ã�Í$9©Ã:Å´Ã�ÅhB�8:BNÏ�Ë2Æ©Ã�Ï)6LÈ'Ã�Å2BdÏ�ÎNF�ÆE9<Âh;AÃ�Å2BN6L8:Ñ³6LÈ1Æ<6�ÎNF�ÆE9<ÉxF§Ã�9E6LÂkì Mtîc?Cå�Â´Ã�Åh9EÏ)Ã�Å2BN6L8:ÑLÌ�6LÂ2B

ÆE6�6�×�Ï�F�ÃbÅ26§Í�Ã:Å2BdÂ26L8:ÇÄF�ÆE9<ÉNBN7´ÎD6LÂh7�Ë0ÎvÃ:FLÂhÎ�B
g = G/

(

e2/~
) Ì�Í$Å2BN8�B

G
9jÏ�Ã�Å2BTÎ�6�Âh7�ËhÎ�Ã:F�Â0Î�BLÌ�Á§F�8:9EBNÏ�Í$9©Ã:Å´Ã�ÅhB
ÆEBDÂ2;LÃ�Å

L
6�È�Ã�Å2B

Ï�Ñ�Ï�Ã�BNÇàÌ�Ð�ÑgF�ÂhFLÆ<Ñ�ÉN9<Â2;³Ã�ÅhB�Ý�Õ�Å26�Ë2ÆEBNÏ:Ï�Â�Ë2Ç³Ð0BN8�Þ

β (g) =
d ln g

d lnL
.

ÜEB�ï�ß

k + k’+

k − k’−
Λ ++ + ...

� ¡¢¨N���������s����±�¡¢�"�D�©�£¤³�:��� ��� ������¡©�N¨D���N� � ­



M

q
1

q
2

q
1

q
2

− −k’−q 
1 −k’ −k’−q −q

1 2−k’ −k’−q 
1

k+ +k +q k +q +q+ 21 1
k+ +k +q k +q +q+ 21 1

k’−q −q
1 2

� ¡¢¨x�L���L�L�s���D±L¡¢�"�N�¢�£¤X�:��� ��� �v�Ä�L¡©�N¨N���D� � �D���$�v°§��¡¢�N�N�¢�� §�����T�©�x�����:���L¡<�D¨N���D� � ¡¢ X����� ¦ �D����¡¢���¢�:« ¦ ������¡©�:�©�������D � ��:�^­

��BN8�B�Ì
L−1
ÊhÆEFtÑ�Ï$Ã:Å2BX8:6LÆEB"6LÈ�Ï�B�Ã�Ã�9EÂ2;´Ã:Å2BXÆE6§Í�ÙcBDÂ2BN8�;�ÑªÏ�ÎNF�ÆEB"9EÂÓF�ÔhÂ29<Ã�B�Ï�Ñ�Ï�Ã�BNÇàÌ¥F�Ï�7�6�BNÏ

ω
9<ÂkÃ:Å2BXÊ¥BD8�Ã�Ëh8�ÐhF�Ã�9EÁLBXÎNF�ÆjÎ�Ë2ÆjF§Ã:9<6�Â

9EÂ Ã�Å2BÄÃ:Å2BD8:Ç�6�7�Ñ�ÂhF�Ç�9jÎ�Æ<9EÇ�9©Ãx? Ö�Â¯9EÇ�Ê¥6L8�Ã:FLÂ�ÃXFLÏ:Ï�Ë2Ç�Ê�Ã:9<6�Â1Ì(Í$Å29EÎ�Å¯9jÏ"Ï�Ë2Ê2Ê¥6L8�Ã�Bx7 Ð�ÑáÊ0BN8�Ã:Ë28:ÐhF§Ã:9<6�ÂáÃ:Å2BD6�8�Ñ�Ì�9jÏAÃ:ÅhF§Ã
β
9EÏ³F

È^Ë2ÂhÎ�Ã�9E6LÂà6�È
g (L)

6LÂ2ÆEÑL?�Õ�Å2BA8:BNÏ�Ë2Æ<Ã�È^6L8$ÍbBNF�×a7�9EÏ�6L8�7�BN8b9jÏTì N§î

β (g) = (d− 2) −
a

g
,

ÜEB[B�ß

Í$Å2BN8�B
a = π−2

È^6L8bF�Â�BDÆEBNÎ�Ã�8:6LÂ�;�F�ÏD?CÕ�Å29jÏ�Ç�BNF�Â0Ï�Ã�Å0F§Ã/Ã:Å2B�Î�6�Âh7�ËhÎ�Ã:FLÂhÎ�B$Í$9EÆ<Æ¥7�BNÎD8�BxFLÏ�B$Í$9©Ã:Å�Ã�Å2B
Ï�Ñ�Ï�Ã�BDÇ�Ï�9<ÉNB�È^6L8/Ð¥6�Ã:Å
d = 1F�Â07

d = 2
?�å�Âh72BDBN71Ì26LÂ2BdÔhÂ072ÏbÈ^6L8$Ã:Å2BAÏ�ÎNF�ÆEB�Ù�7�BDÊ¥BDÂ07�BDÂ�Ã�Î�6�Âh7�ËhÎ�Ã�9EÁ�9<Ã�Ñ��

σ3D (L) = σ0 −
e2

~π3

(

1

`
−

1

L

)

,

σ2D (L) = σ0 −
e2

~π2
ln

(

L

`

)

,
ÜEBmC�ß

σ1D (L) = σ0 −
e2

~π2
(L− `) .
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Ì%Ã�Å2BÄÚ�ËhFLÂ�Ã:Ë2Ç Î�6�8�8:BNÎ�Ã�9E6LÂÓ729<Á�BD8:;LBNÏ�È^6L8
d ≤ 2

?pT�6�Ã:BLÌ'Å26§ÍbBDÁ�BD8xÌ¥Ã�ÅhF�Ã
d = 2

9EÏdÃ:Å2B³ÇÄFL8�;�9<ÂhFLÆ(ÎNFLÏ�B
9EÂáÀ)Ú¥?gÜ�B[B�ßv?XÕ�ÅhB³ÿ06§Í~Ã�6àÉDBN8�6gÎ�6LÂ07�ËhÎvÃ:9<Á�9<Ã�Ñk9EÏTÁ�BD8:ÑkÏ�ÆE6§Í Ü^ÆE6L;�F�8:9©Ã:Å2Ç�9EÎxß�È^6�8
Ã:Å29jÏAÎDFLÏ�BLÌ'Í$Åh9EÎ�ÅáÇ�BxF�ÂhÏ
Ã:ÅhF§ÃA6LÂhB³Â2BNBN72ÏAFLÂ
B�Ò�Ê¥6LÂ2BNÂ�Ã�9jF�ÆEÆ<ÑáÆEFL8�;�B´Ï�Ñ�Ï�Ã�BDÇ Ü

L ∼ ξ2D = ` exp (πkF `/2)
ßdÃ:6 6LÐ0Ï�BN8�Á�B�Fà8:BN72ËhÎvÃ:9<6�Â¯9<Â Ã:Å2BaÎD6LÂh7�Ë0ÎvÃ�9EÁ�9©Ã�Ñ�?gÕ�Åh9EÏX9EÏX×�Âh6§Í$Â

FLÏdÍbBNFL×kÆ<6�ÎDFLÆ<9EÉNF�Ã�9E6LÂ1?³ä26L8
d = 3

Ì%Ã�ÅhB�ÎD6L8:8�BxÎvÃ:9<6�Â 8�BNÇÄF�9EÂhÏ
ÔhÂ29<Ã�B�Í$Å2BDÂ
L → ∞
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kF ` � 1
?XÖØÆ<6�ÎNF�ÆE9<ÉNBN7 ÊhÅhFLÏ�B�726�BxÏdB�Ò�9EÏ�ÃT9<Â�BLêØÈ^6�8dÏ�Ã�8:6LÂ2;
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6�ÎDÎDË28:Ï
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